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Abstract In this paper, the application of a populationbased sampling algorithm, i.e., differential evolution, in the
geological well testing of a multi-layered faulted reservoir
model is discussed. In this sense, the available multiple
well test datasets are used to calibrate the geological model
parameters rather than fitting simplified analytical models. In the exercise studied in this paper, the parameter
space includes a range of geostatistical, petrophysical, and
structural parameters. The differential evolution algorithm
starts with an initial random population from the ranges
of input variables and progresses with successive evaluation of the static models’ transient tests. The static models’
input parameters are perturbed to generate new populations,
which can finally match the truth model well test derivative with lower misfits. The ensemble of population models
(samples) along with the misfit values are used to highlight
the value of well test data in reducing the uncertainty in
the parameter space. A Bayesian framework is employed to
implement the Markov chain Monte Carlo (McMC) methods to estimate the posterior distributions of the parameters.
The results are confirmed by the sample-based Sobol sensitivity indices, which rank the influential parameters. To
reduce the computational cost of the McMC and sensitivity indices, a cross-validated proxy model (i.e., Multivariate
Adaptive Regression Spline) is constructed. The effect of
different variants of differential evolution algorithm on the
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geological well test matching is also discussed. This paper
provides a workflow for quantitative integration of well test
data into the reservoir characterization workflow.
Keywords Geological well testing · Markov chain Monte
Carlo · Proxy model · Differential evolution

1 Introduction
Well test data analysis and interpretation is a technique for
fluid sampling and indirect measurement of the reservoir
properties. The pressure and rate data are gathered from the
wells, and appropriate interpretation models are identified
so that a reasonable estimation of the reservoir parameters
and the heterogeneities can be made [1]. This information has an immediate use in reservoir evaluation, reservoir
characterization, and management.
The traditional well test interpretation process involves
assuming some simplified and idealized mathematical models that are calibrated against the real measured data. The
reservoir structure and properties are tuned and the average flow performance of the reservoir is estimated. This
technique is referred to as analytical well test interpretation and has strong mathematical and statistical background.
This provides good insight into estimating the average properties of the reservoir in the vicinity of a subject well
[2]. Yet, the correct well test data interpretation requires
the integration of multi-domain information [1]. However,
the underlying assumptions of analytical models, which
typically address the statistically homogeneous reservoirs,
do not allow the full translation of the interpreted results
between the well testing and other disciplines such as geology and geophysics. Furthermore, the developed analytical
models are very limited and clearly are not able to fully
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Fig. 1 The overall workflow that is proposed by this paper

describe the current well, reservoir and fluid heterogeneities.
This deficiency magnifies the need for numerical transient
well test simulations. For performing static model transient
tests, using large full field models does not usually add additional value for the well testing of frequently short but spars
wells. For such cases, a sector model is used which can
substantially reduce the computational cost of running the
well test simulations. The term “geological well testing” [3,
4], in a broader sense, can be used instead of “numerical
well testing”. This is referred to as numerical simulations
of transient tests by setting up the detailed geological models within which different required heterogeneity scales are
spatially distributed [5–8]. This approach is essentially a
forward modeling approach that can systematically illuminate the fluid and geological heterogeneities’ effects on the
well test data. However, in practice, the existence of considerable uncertainties in the measurement data and the
lack of conditioning spatial data urge the development of a
geology-assisted numerical well testing approach to match
the model against the dynamic transient well test data. In
this paper, a particular stochastic optimization technique,

Fig. 2 The layered reservoir
model used in this study with
higher (left) and lower (right)
fault throw

i.e., the differential evolution algorithm, is combined with
the controlling parameters of complex 3D structures and
spatially variable reservoir properties to match the simulated
well test responses of geological models against the truth
well test data.

2 Statement of the problem
The solution of the diffusivity equation under particular initial and boundary conditions leads to some mathematical
formula which form the foundation of analytical well test
models. Most often, the analytical solutions are obtained
under homogeneous conditions, which oversimplify the
reservoir heterogeneities. In practice, the well test is often
the only “dynamic” data available to calibrate the static
model. Even if the analytical interpretation gives an average single-point result over heterogeneities, it is crucial to
incorporate this dynamic behavior into reservoir characterization process. It is the authors’ experience that in many
occasions these analytical interpretations are left unused
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Fig. 3 A small cross-section for relative positioning of Well-A close
to the fault with variable fault throw (or displacement)

in the reservoir characterization disciplines because it is
a challenge to relate the average interpreted results (e.g.,
well test permeability) to complicated geostatistical distributions of reservoir properties. Hamdi et al. [9] and
Corbett et al. [4] showed that the well test response in

Fig. 4 The acoustic impedance
map for different layers of the
reservoir model (top left: the
topmost layer and bottom right:
the lowermost layer). The maps
are used in collocated cokriging
process to guide the porosity
distributions
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heterogeneous reservoir such as a fluvial environment can
be very complicated and is a function of facies transitions,
reservoir structures and layering, and spatial configurations
of the reservoir properties. In these environments, for example, the analytical well test application is very limiting and
its integration into reservoir characterization workflow is
usually qualitative [10]. The enhanced well test data integration into reservoir characterization can be made using a
geoengineering workflow [11] to set a framework for static
and dynamic data integration. The mathematical framework
for dynamic and static data integration falls within the area
of inverse problems, or history matching, which requires
a minimization technique and is based on rather complex
geological modeling and numerical simulations (geological
well testing).
The well test interpretation is an inverse problem with
non-unique solutions [12]. This is partly related to sparse
data over large 4D domain [1]. However, the external information (e.g., well log, core, production log, spatial pressure
measurements, and seismic data) can be employed to reduce
the non-uniqueness nature of the solutions [13–17]. The
solution to an inverse problem outlined in the geological well testing is obtained based on an iterative approach
and has three distinct steps: parameterization, forward
modeling, and inversion. The parameterization defines the
unknown parameters that can describe the reservoir model
(e.g., the semi-variogram of reservoir facies, fluid and
rock properties, fault throw, and fault transmissibility). The
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Fig. 5 A top structure map of the reservoir model with relative position of the conditioning data (C1 to C10 ) to the wells and the existing
fault

forward model is essentially the numerical well test simulation, which includes all the non-linearities associated with
the reservoir fluid, properties, and structures. Finally, the
inversion takes advantage of the observed test data and an
optimization algorithm to infer the values of unknown
reservoir parameters (i.e., parameter estimation).
There are many available minimization algorithms that
are generally classified into two groups of gradient-based
and population-based sampling approaches. The gradientbased methods [18] are based on the sensitivity coefficients
and/or the Hessian matrix. These approaches are usually
considered to be computationally efficient; however, the
main drawback is that they depend on the starting point and
cannot guarantee to find the global minima [19]. Furthermore, they can only provide a single solution which is not
greatly appreciated in the inverse problems with non-unique
solutions [19]. On the other hand, the population-based
methods rely on collaborative search mechanisms to explore
the parameter space and find the global minima and provide
multiple solutions. Examples of such approaches include
particle swarm optimization [20], ant colony optimization
[21], and differential evolution [22]. An interested reader
should refer to Oliver and Chen [23] for an excellent review
on different approaches for reservoir history matching and
uncertainty quantification.
In this paper, in order to show how the process works,
we use the differential evolution (DE) algorithm in the geological well testing domain to find the solutions for single
or multiple available well test data. The main message of
the paper is to highlight the fact that the well test data can
be used to validate the static models. In this end, a workflow has been suggested. Therefore, we can go beyond the
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standard techniques of well test interpretation usage in the
reservoir description. Although DE is used for such a purpose, the element of the paper remains flexible to use the
other inversion algorithm such as ensemble Kalman filter [24] or polynomial chaos expansion surrogate model
[25] for such data integration workflows. However, the efficiency of such methods and their limitations as outlined in
Heidari et al. [26] and Lu et al. [27] would be part of a
detailed comparative study in the future. In this work, the
unknown parameters include structural elements (e.g., fault
throw and transmissibility), petrophysical parameters (e.g.,
permeability and kV /kH ), and geostatistical parameters controlling the porosity and permeability distributions (e.g., the
correlation coefficient with a secondary seismic attribute,
the correlation lengths, and the nugget effects) in a multilayer reservoir model. We also use a Markov chain Monte
Carlo method to quantify the uncertainty in the estimated
parameters and provide the posterior distributions for the
unknown parameters. Figure 1 shows the overall workflow
of the approach that we follow in this paper.

3 Differential evolution
Population-based optimization algorithms rely on a collaborative mechanism between agents of search to find
multiple optimal solutions for a given problem. The agents
work together to achieve a goal which is normally beyond
the capabilities of each individual. These algorithms have
become very popular in petroleum engineering in recent
years and are used to solve a wide spectrum of problems
[28].
Stochastic population-based methods are often seen as a
good choice for tackling inverse and optimization problems
for several reasons. These algorithms give the opportunity to balance exploration and exploitation while searching for optimal solutions, as there is a need for greater
accuracy in good-fitting regions of the search space [29].
Adaptive sampling algorithms are more likely to find optimum solutions in optimization problems where there are
discontinuities in the objective function due to numerical
errors of modeling [30]. Population-based algorithms are
also more robust in comparison with point-based methods when we deal with the optimization of noisy objective
functions [31].
Differential evolution (DE) is a powerful global optimization technique which was introduced by Storn and
Price [22]. DE uses Np D-dimensional parameter vectors as
the population in each generation. Then it tries to evolve this
population by simple arithmetic operations on these vectors
to form new solutions to the problem. In DE, the perturbation to the models in each generation is made by adding
a weighted difference between two (or more) other chosen
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Fig. 6 A cross plot of
poro-perm at the well locations
that represent the poro-perm
relationships for threefold
breakdown of reservoir rocks
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vectors. This forms the differential mutation part in DE. In
each generation G, a mutant vector is produced by

3.1 Objective function

vG+1 = r1,G + F (r2,G − r3,G )

Well test interpretations are mainly based on the specialized
log-log plots. A log-log plot shows two curves: the pressure
drop and the derivative curves [33]. In general, the derivative
is taken with respect to a rather complex superposition time
[12] for complex rate history, which reduces to a simple natural logarithm of time for a single drawdown case. In this
paper, we only consider the single-rate drawdown cases and
tend to match the corresponding well test derivative curves
from observed data. Finding the global solutions for structural and geostatistical parameters is central to this study.
Thereby, we did not include the effect of damage skin factor
on the matching procedure. The latter only affects the pressure drop curve that can be matched independently for the
single-rate drawdown cases. However, if the well test data
consists of a variable rate history, the pressure history should
also be included in the definition of misfit function. The
pressure misfit can either be added as a weighted term to
the derivative mismatch function or a multi-objective optimization technique [34] might be used. The misfit function
(M) used in this study is based on the sum of least-squared
errors [35], which tend to quantify the mismatch between

(1)

r1 is the base vector and r2 and r3 are two other vectors
which include a sample from the unknown parameters and
are chosen from the population from the range [1, Np ]. F
is called the step size or the scaling factor and is a real
positive constant parameter ≤2 that controls the rate which
population evolves. To increase the population diversity, a
crossover operation is performed after the mutation step in
differential evolution. In this step, the parent (donor) vector
is mixed with the mutated vector to produce the trial vector.
The crossover probability (CR) is a value in range [0,1] that
controls the fraction of parameter values in the trial vector
to be copied from the mutant vector [22]. Each trial vector
competes with its parent and the fittest one survives to form
the next generation. Variants of DE are different in the way
they perform mutation and crossover steps. In this work,
we have used DE/Rand and DE/Best [32]. In DE/Rand, all
r1 , r2 , and r3 vectors are selected randomly, whereas in
DE/Best, r1 is always the best member with the minimum
misfit value. Further details of the algorithm is given in [22].
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Fig. 7 The drawdown well test response of Well-A (ramp effect),
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Fig. 8 The drawdown well test response of Well-B, before adding the
noise, with the corresponding straight line analysis
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Fig. 9 The workflow for
building a numerical simulation
model from a sample in the
parameter space
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the derivative curves of observed and simulated transient
tests in logarithmic domain. A truth model response with
some noise is used as the observed data, and the other simulation cases are used as the simulation data. Therefore,
the differential evolution algorithm aims to minimize the
following misfit function
 o

T N
Si − Sim 2
1 1 
0.5
M=
NT
σi
j

(2)

i=1 j =1



dp
S = log
d ln t

the definition of misfit function. This does not impose any
difficulty as the number of observed pressure data is higher
than the number of model parameters [1]. The paper shows
the application of DE for an example with two wells in the
objective function. If we have multiple well tests, using a
multi-objective approach or an extended scalarized objective function would allow such generalizations. For such
situations and particularly when the test durations are short,
the multiple well tests can convey more constraining spatial
information around the corresponding wells and therefore a
better spatial characterization is expected.


(3)

in which “S” is the well test derivative in log space, “ln” is
the natural logarithm, “o” and “m” represent the observed
and simulated data, “t” is time in hours, “N” is the number
of well tests for multiple well test cases, “T ” is the number of data points in each well test, which is assumed to be
the same for all wells, p = pi − pwf is the drawdown
pressure, “pwf ” is flowing bottom hole pressure, “pi ” is the
initial pressure in psi, and “σ ” is the observation error in
log-space and is assumed to be 0.035 in this study. This random error was added to the truth derivative curve. It should
be noted that in Eq. 2, it is assumed that the data errors
are independent Gaussian random variables. Moreover, the
prior information of model parameters has not been used in

Best solution
vector
X1=0.0033
X2=1552.0587 ft
X3=0.9747
X4=2368.6690 ft
X5=0.0047
X6=1365.0059 ft
X7=0.0012
X8=1209.3301 ft
X9=48.3970 ft
X10=0.6139
X11=0.0004
X12=0.7164
X13=0.9997
X14=0.7591
X15=-0.7014

Fig. 10 The box plot of misfit values per generation of the best strategy of differential evolution with crossover and scaling factor both
being 0.5 (DE/Best)

4 Posterior distributions
The uncertainty and noise in the data and also in the selected
reservoir model impose to acknowledge that the proposed
solution by the minimization process is not unique. Other
reservoir models and other combination of the reservoir
parameters could lead to the same well test match quality.
Besides, the strong correlation between reservoir parameters
is an important factor, which affects the overall sensitivity of
the well test response with respect to a particular parameter.
Therefore, it is essential to find out how much information
on the unknown parameters is gained from performing well
test operations. Bayesian inference is a statistically consistent framework for updating our information about the
model parameters. In other words, we seek to find the posterior probability distributions of the priors from the misfit (or
the likelihood) information. The posterior probability distributions of model parameters or p(m|o) are obtained using
the Bayesian formulation from the following equation
p (m|o) = α × p (m) × p (o|m)

(4)

where p(m) is the prior probability distribution over the
parameters, p(o|m) is the likelihood, and α is the normalization constant.
Here, we assume the priors are normally distributed over
the specified ranges of parameters. About 99.7 % of the
samples drawn from a Normal distribution fall within 3 standard deviations (σ ) of the mean (μ). Therefore, we select
the Gaussian mean of parameters to be in the middle of the
intervals, and the standard deviations are selected in a way
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Fig. 11 The comparison of the truth model and the best model porosity maps for each reservoir layer

that the intervals cover 3 times the standard deviations (i.e.,
min = μ − 3σ and max = μ + 3σ ).
Assuming the Gaussian statistics, the likelihood, p(o|m)
is equivalent to the one defined by Erbaş and Christie [36]
p(o|m) = e−M

(5)

where M is the least square misfit defined in Eq. 2.
The main difficulty in applying the Bayesian formulation and finding the posterior distributions is to evaluate
the normalization constant [37]. However, different variants
of the Markov chain Monte Carlo or McMC methods [38]
have been developed to provide some approaches to directly
sample from the posterior distributions with an unknown
normalization constant (the interested readers could refer
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Fig. 12 The statistical log-log
plots of the derivative well test
response of Well-A. The unfilled
circle curve is the truth
drawdown derivative curve of
Well-A after adding noise, and
the gray curve is the best
matched case. The red curve is
the mean and the shaded bars
indicate the uncertain region
(mean ± SD) for all derivatives
curves generated in differential
evolution (DE/Best)

to Gamerman [39], Shonkwiler and Mendivil [40], and
Kruschke [38] for detailed explanations and applications
of McMC). In this study, we use the PSUADE package
[41], which implements the Gibbs sampler [42] to generate
a Markov chain of correlated samples from the univariate
conditional distributions of the model parameters.
One of the limitations of McMC method is its requirements for many forward simulation runs, which may turn
the process to a very time-consuming task. Therefore, there
is a tendency towards the use of proxy models (or response
surface models) that can approximate the flow simulation
results and reduce the computational time in the Monte
Carlo simulations. An interested reader can find detailed
information in Koziel and Leifsson [43] and Forrester et
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Fig. 13 The statistical log-log
plots of the derivative well test
response of Well-B. The unfilled
circle curve is the truth
drawdown derivative curve of
Well-B after adding noise, and
the gray curve is the best
matched case. The red curve is
the mean and the shaded bars
indicate the uncertain region
(mean ± SD) for all derivatives
curves generated in differential
evolution (DE/Best)
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al. [44]. In this study, we examined different types of
response surface models to approximate the misfit function.
However, only the Multivariate Adaptive Regression Spline
(MARS) model [45] provided less cross-validation error.
This point will be discussed in details in the next sections.
The MARS surrogate model [45] is a flexible nonparametric regression spline which can model the nonlinearities and the interactions between the variables in
high-dimensional spaces without considering any prior
assumptions for the model input-output functional relationships. MARS has shown by many authors to be a useful
response surface model in various engineering applications
[46–50]. MARS divides the independent parameter space
into some regions using a few knot points and uses different linear regression equations within each subset to model
the input-output relationships. The knots are initially placed
randomly in the parameter space and then MARS uses some
statistical approaches to adapt the knots and the corresponding basis functions. This is suitable for handling fairly large
data set with a tendency towards a good biased-variance

Best solution
vector
X1=0.2977
X2=1839.7092 ft
X3=0.8680
X4=906.0044 ft
X5=0.0093
X6=1564.8537 ft
X7=0.1041
X8=977.5425 ft
X9=43.9708
X10=0.4200
X11=0.4805
X12=0.7625
X13=0.4306
X14=0.4611
X15=-0.5799

Fig. 14 The box plot of misfit values per each generation of the random strategy of differential evolution with crossover and scaling factor
both being 0.9 (DE/Rand)

trade-off [46]. The details of MARS is elaborated in Friedman [45] and Cheng and Cao (2014) and is implemented in
PSUADE package [41]. The MARS model is built from all
the model parameters and misfit values obtained from the
differential evolution runs.

5 Simulation model setup
The geological model considered here represents a faulted
four-layer reservoir with different layer thicknesses (layer
1 = 7 ft, layer 2 = 76 ft, layer 3 = 42 ft, and layer
4 = 48 ft). The model includes 80×81×4 coarse cells in
x-, y-, and z-directions, respectively. Each cell covers an
area of 80×80 ft2 . Figure 2 shows the structural framework
of the reservoir model with different fault displacements.
The fault displacement has a direct relationship to fault
throw. Figure 3 is a sector cross-section of the reservoir
which shows the position of a well in this faulted reservoir
model and displays the relationship between the fault throw
and the fault displacement in this study.
Two fully penetrated vertical wells are placed in the
model. The first well (Well-A) is located close to the center of the model near to a normal fault (i.e., at a distance of

Fig. 15 The average misfit plot for various combinations of F and CR
in DE/Best
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Fig. 16 The average misfit plot for various combinations of F and CR
in DE/Rand

280 ft), and the other well (Well-B) is located at a distance
of 1670 ft away from the Well-A in the same faulted block
(Fig. 2). The wells produce simultaneously at the same
production rate of 980 STBO/D for almost 14 days of drawdown. A single-phase black oil reservoir simulator (e.g.,
Eclipse 100) is used to simulate the drawdown well test
responses, and in all simulations, the pressure stayed well
above the bubble point pressure (i.e., single-phase flow).
Initial reservoir pressure is 2436 psi at the depth of 5198 ft
TVD.
Logarithmic time stepping along with an extensive Cartesian local grid refinement (C-LGR) around the wellbore
are employed to capture the early time well test phenomena and reduce the associated numerical artifacts on the
well test results [51]. The C-LGR is laterally extended for
two hosting cells away from the wellbore and included
55×55×4 cells in x-, y-, and z-direction respectively. Several
sensitivities were performed to validate the selected
C-LGR.

6 Results and discussion
Analytical well testing typically considers the reservoir with
uniform layer properties. However, the layer cake models
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with uniform petrophysical properties are rarely considered
in the reservoir characterization workflows, because they
cannot adequately represent the geological heterogeneities.
In the last 15 years, the geostatistical approaches have been
widely used in the reservoir modeling workflows. Sequential Gaussian Simulation, or simply SGS [52], is perhaps
the most widely used geostatistical technique, which has
the flexibility of incorporating different types of conditioning data. The conditioning data includes the primary
hard data (e.g., core or log) and the secondary soft data
(seismic attribute maps). In this study, and for the sole purpose of explanation, we use the collocated cokriging with
SGS algorithm to populate the reservoir porosity. Collocated cokriging [52] is usually used, where only sparse well
measurements are available. This tends to improve the simulation of porosity in one location by means of a secondary
measurement (e.g., the inverted seismic acoustic impedance
maps). Using collocated cokriging instead of kriging leads
to having a narrower conditional probability density functions (PDF) with smaller estimation variances and, therefore, a smaller uncertainty in geostatistical simulations
[53].
The collocated cokriging process requires having the
covariance function of the primary variable, the variance of
the secondary variable, and the cross-correlation coefficient
between the secondary and primary variables [54], which
all are acknowledged to be uncertain. For example, in the
presence of limited well data, the semi-variogram (or covariance function) of primary variables cannot be accurately
modeled. Besides, there is always an uncertainty in the correlation level between the secondary and primary variables,
which is usually obtained from local well data measurements and inversions. Therefore, in this study, we aim to
explore the value of geological well testing to constrain such
input geostatistical parameters using differential evolution
techniques. This is of a great importance as the well test
data can reflect the impact of spatial variability of the porous
medium’s properties on the derivative well test curves [3].
This will add an extra liability on well test parameter estimation, where the geostatistical parameters are also used in
conjunction with the structural and petrophysical properties
to impact the derivative curves.
6.1 Petrophysical simulations

Fig. 17 The average misfit plot for different sizes of starting initial
population in DE/Best (F = CR = 0.5)

The model structure was described earlier. The conditional
SGS with collocated cokriging is used to simulate the porosity in different reservoir layers. The acoustic impedance and
porosity cross-correlation must be calibrated for each reservoir. In this synthetic example, the seismic data predicts
the local porosity values with an estimated negative correlation of 0.7, for the truth case. The acoustic impedance
(AI) has a negative correlation with porosity (ϕ). The lowest
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Fig. 18 The histogram of
residuals (left) and the
prediction quality of the MARS
model (right) obtained from the
proxy model cross-validation
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value of acoustic impedance, 5900 (kg×m)/(s×m3 ), corresponds to a porosity of 0.35, and the highest value of 13370
(kg×m)/(s×m3 ) corresponds to a low porosity of 0.001.
Figure 4 shows the acoustic impedance maps that are used
as secondary variables to guide the porosity population in
each layer. The maps represent the fluvial reservoir models with more meandering and anastomosing elements. The
proportion of permeable channels and accretionary sides
and point bars are also different for the layers. This mimics
a variable volumetric net-to-gross in each layer. It is noted
that these maps are only used for explanation purposes, and
it is also acknowledged that those information may not be
available for the thin reservoir sections (e.g., layer 1 in our
model with a thickness of 7 ft) form low-frequency (˜30 Hz)

Fig. 19 The histogram of
residuals (left) and the
prediction quality of the
sum-of-trees interpolating
method (right) obtained from
the proxy model cross-validation
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surface seismic responses. High-frequency (˜90 Hz) vertical
seismic profiling is normally required for imaging such thin
reservoir zones.
Isotropic spherical semi-variograms [52] with variable
nuggets and correlation lengths are employed to laterally
autocorrelate the porosity values using SGS. The correlation
length and nugget are the important elements that construct
a semi-variogram. Correlation length is a separation distance, beyond which the spatial data is uncorrelated [54].
A longer correlation length leads to a more uniform spatial variation in the simulated property. Nugget effect, which
is a discontinuity at the origin of semi-variogram, indicates
the measurement error or the heterogeneity smaller than
semi-variogram lags. A high nugget effect or a very small
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Table 1 The conditioning porosity data for each reservoir layer (see Fig. 5)
Conditioning data

C1
C2
C3
C4
C5
C6
C7
C8
C9
C10
Well-A
Well-B

Layer 1

Layer 2

Layer 3

Porosity

Permeability

Porosity

Permeability

Porosity

Permeability

Porosity

Permeability

0.230
0.266
0.158
0.192
0.175
0.191
0.236
0.277
0.245
0.154
0.188
0.234

138.906
251.047
3.9804
7.2683
5.4074
7.1407
152.552
300.81
177.754
3.682
6.7712
154.318

0.173
0.310
0.047
0.132
0.147
0.147
0.039
0.142
0.140
0.169
0.059
0.136

5.2563
517.495
0.0038
2.5116
3.2758
3.2758
0.003
3.0195
2.8786
4.8365
0.0055
2.7103

0.193
0.061
0.026
0.185
0.151
0.135
0.126
0.192
0.087
0.008
0.216
0.248

7.3459
0.0058
0.0021
6.4894
3.5602
2.658
2.2745
7.2812
1.132
0.0012
110.348
187.664

0.229
0.027
0.159
0.205
0.029
0.167
0.230
0.171
0.238
0.117
0.288
0.249

136.641
0.0021
3.9036
9.15
0.0023
4.6847
139.823
5.1094
159.214
1.9189
360.438
191.088

correlation length boils down to generating spatially random
properties. The nugget effect and the correlation length have
an important effect on the flow behavior [52].
Some hard data (i.e., porosity values) at the well locations
and within the reservoir domain are used to condition the
porosity distribution. The SGSIM Fortran codes of GSLIB
[55] are employed for the geostatistical simulation of porosity in the model. Figure 5 is a reservoir map which indicates
the relative position of the subject wells and the location
of conditioning hard data. The corresponding conditioning
porosity values in each layer are listed in Table 1.
Constant kV /kH for each layer is used to simulate the
vertical communication between the reservoir layers. To
reduce the dimensionality of the problem, some porositypermeability (poro-perm) cross plots are used to directly
estimate the horizontal permeability for three assumed
facies (i.e., low porosity and low permeability facies, high
porosity and low permeability facies, and high porosity
and high permeability facies) from simulated porosity realizations. For this problem, we assume that the poro-perm
relationships are obtained from the cross plot of some
hard data at the wells (Fig. 6). The simplified poro-perm
relationships are defined as follows:
A:

Low porosity and permeability facies for background
silt and shales
ln k = −6.9 + 29.15 (ϕ − 0.001) ,

B:

Layer 4

0.001 < ϕ < 0.08

High porosity, low permeability facies for abandoned
channel deposits
ln k = 17.72 (ϕ − 0.08) ,

0.08 ≤ ϕ ≤ 0.21

C:

High porosity, high permeability facies for the point
bars
ln k = 4.6 + 16.44 (ϕ − 0.21) ,

0.21 < ϕ ≤ 0.35

This threefold breakdown of reservoir rocks allows for the
fact that there might be three dominant facies, rather than
just two sand/shale facies. The labels of the three rocks are
therefore indicative rather than specific and can be varied
for each system where the reservoir systems fall into three
discrete rock types.
6.2 Geological well test matching
In this exercise, two single-rate drawdown tests are carried
out simultaneously with a similar rate of 980 STBO/D for
a duration of 14 days. The simulated well test responses
are from one realization of the reservoir model, which is
hereafter called a truth case. The truth case parameters are
summarized in Table 2.
The well test response of Well-A corresponds to a ramp
effect [3, 51, 56], where the pressure derivative monotonically increases over a few log-cycles. The ramp effect
happens in particular fluvial and carbonate environments
where the reservoir quality (e.g., connectivity) laterally
deteriorates away from the wellbore. The ramp effect finally
stabilized over a plateau indicating the effective k×h of the
system. Figure 7 shows the drawdown well test response
of Well-A with and without the interfering effect of WellB, before adding the Gaussian noise. The derivative curve
rapidly increases from 98 md, with a one-half slope trend on
the log-log plot. The linear flow interpretation of this trend
line gives a channel width of 340 ft and the final pseudoradial flow provides an effective permeability of 5.5 md
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Table 2 The truth model and
parameter ranges used in the
differential evolution process

Parameters

Ranges

Truth case

X1: Nugget effect of layer 1
X2: Correlation length of layer 1
X3: Nugget effect of layer 2
X4: Correlation length of layer 2
X5: Nugget effect of layer 3
X6: Correlation length of layer 3
X7: Nugget effect of layer 4
X8: Correlation length of layer 4
X9: Fault displacement
X10: (kV /kH )1
X11: (kV /kH )2
X12: (kV /kH )3
X13: (kV /kH )4
X14: Fault transmissibility
X15: Cross-correlation coefficient

0.0 to 1.0
500 to 2500 ft
0.0 to 1.0
500 to 2500 ft
0.0 to 1.0
500 to 2500 ft
0.0 to 1.0
500 to 2500 ft
−180 to 50 ft
0.0 to 1.0
0.0 to 1.0
0.0 to 1.0
0.0 to 1.0
0.0 to 1.0
−0.9 to −0.1

0.0
1500 ft
0.0
1000 ft
0.0
1500 ft
0.0
1200 ft
0.0 ft
1.0
0.001
0.1
1.0
0.01
−0.7

(i.e., 60 % reduction of permeability). The production effect
of Well-B impedes the late-time flattening of the Well-A
derivative response.
Figure 8 shows the well test response of Well-B with
and without the interfering effect of Well-A before adding
the Gaussian noise. The radial flow interpretation at the
early time provides a near wellbore permeability of 78 md.
The derivative curve rises with a one-fourth slope trend line
and stabilizes at an average permeability of 30 md. The
late-time one-half slope trend line gives a channel width
of 780 ft. Simultaneous production of Well-A reduces the
drainage area of Well-B and leads to a late-time unit slope
semi-steady-state flow regime.
Analytical well test interpretation provides a good insight
into the average reservoir performance. However, the full

integration of well test data into the reservoir characterization process is accomplished by the geological well test
matching workflow.
Table 2 shows the 15-dimensional parameter space, the
truth model, and the prior ranges of the geostatistical and
reservoir parameters, which are used in the geological well
test matching process. The unusual wide ranges of parameters are selected to address the higher level of uncertainty
in the geological interpretations. For example, the selected
range for the fault throw causes the displacements that
could actually produce a compressional reverse fault from
an extensional normal fault which are practically two different logical scenarios. The semi-variogram nugget can
be seen as a combination of geological discontinuity and
other non-geological factors such as measurement errors
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Fig. 20 The histogram of residuals (left) and the prediction quality of the nearest neighbor interpolation method (right) obtained from the proxy
model cross-validation
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Fig. 21 The assigned Gaussian prior distribution (the Gaussian red curves) and the corresponding estimated posterior histograms for all
parameters which are obtained from the Bayesian inference using McMC method

and positioning problems (usually with a small component) [57, 58]. A “real” geological nugget is usually <0.3,
and for most petroleum data, there is no nugget as many
geological variables of depositional sediments are locally
continuous [59]. The increase of sampling accuracy would
also improve the accuracy of the measurements. Therefore,

in this study, for a pure geological continuity assumption,
we felt comfortable to use the “modeled” variograms to have
zero nuggets for the truth case.
These wide uncertainty bounds for the priors are used to
impose a wider data exploration in the differential evolution algorithm in search of global minima of the objective
function. Hence, it is acknowledged that the studied case
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Fig. 22 The total oil production contribution from each layer penetrated by the subject wells in the truth case at the end of drawdown
period
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Fig. 23 Insensitivity of Well-A response in the truth model by changing the parameters that control special distribution of layer-1
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Fig. 24 Very low sensitivity of Well-B response in the truth model by
changing the parameters that control special distribution of layer-1

is somewhat extreme. In practice, the geological and geophysical data interpretation can impose smaller uncertainty
bounds to each parameter. Figure 9 shows the workflow on
how the parameters are used to describe a numerical model
for running a well test simulation.
An initial population with 40 members (Np = 40) is
generated; each member (sample) is a random vector that
is constructed from the parameter space and represents
one reservoir model. The differential evolution creates 30
different generations during the convergence process and
a total of 1200 simulations are performed. The DE/Best
variant of differential evolution is used and the corresponding crossover (CR) and scaling factor (F ) are both
selected to be 0.5. The misfit values representing the difference between the observed (truth model well test derivative response) and simulated (differential evolution models’
well test responses) data are calculated from Eq. 2. The

Total Order Sobol Indices (bootstrap)
0.6

Total Order Sobol Index

0.5

0.4

0.3

0.2

0.1

X15

X14

X13

X12

X11

X10

X9

X8

X7

X6

X5

X4

X3

X2

X1

0

Fig. 25 The total order Sobol sensitivity indices (total effects). The
blue bars and the line with green circles are the mean and standard
deviation of sensitivity indices calculated from 1000 replications from
the bootstrap sampling

differential evolution run took around 12 h to complete the
optimization process with 1200 black oil well test simulations. Figure 10 shows the corresponding boxplots of misfit
values. The best solution vector (i.e., simulation model
1166) is also displayed in the figure. The box plot is a statistical plot with a box that extends the distance between
the 0.25 quantile to the 0.75 quantile adjacent the median.
The corresponding porosity maps of the truth model and the
best member are shown in Fig. 11. Except for layer 2, an
excellent match is obtained for each reservoir layer.
Figures 12 and 13 show the statistical derivative response
of wells A and B in conjunction with the final matched case
(gray curve) and the truth case response with added Gaussian noise of 0.03 (the unfilled circle curve). An excellent
match has been obtained for either wells after around 17
generations (or 680 simulations) from the parameter space.
The mean derivative is the average response over all well
test derivatives generated by the differential evolution algorithm. The pink bars indicate the variability around the mean
response (i.e., mean ± standard deviation).
To increase the parameter space exploration by the differential evolution and to search for the other possible solutions,
we also tried the random variant of differential evolution
(DE/Rand) with a crossover and scaling factor both being
0.9. The DE/Rand is not biased towards the members with
the best misfit value. The same population size and the number of iterations as DE/Best strategy were used. However, in
this try, the misfits converged to a higher and the final match
quality was deteriorated. Figure 14 shows the boxplots of
misfit values per generation in this optimization process. It
should be noted that the random variant of DE is slower
compared to DE/Best in finding the minimum misfit value
as the convergence depends very much on the initial population size as well as the crossover and scaling factor [60].
Perhaps we needed to increase the initial population size
and the number of iterations to allow the algorithm finds
the required combinations of parameter space for the quality
match.
The paper’s focus is on the application of DE within
a geoengineering workflow, and hence, a thorough investigation of DE performance is not really the objective of
this paper. An interested reader could refer to [61] and
[62] for some detailed study. Nevertheless, for this problem, some sensitivities were performed to merely show the
impact of the differential evolution parameters on the convergence. For this purpose, we performed multiple DE runs
to observe how F , CR, and Np can impact the convergences. Figure 15 shows the convergence (average misfit)
of DE/Best for different values of F and CR but for a fixed
Np = 40 and maximum of 1200 simulations. A similar
figure (but with fewer runs) for DE/Rand is also provided
(Fig. 16). As expected from our numerical simulation experience [49, 63], DE/Best with F = CR = 0.5 and DE/Rand
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important to find the best numerical values form an inverse
problem, it is equally important to also address the uncertainty associated with each parameter [10]. Therefore, a
Bayesian method is used to address the value of well testing
on reducing the uncertainty in parameter space.
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Fig. 26 The first order Sobol sensitivity indices (main effects). The
blue bars and the line with green circles are the mean and standard
deviation of sensitivity indices calculated from 1000 replications from
the bootstrap sampling

with F = CR = 0.9 could successfully provide reasonable
results with good convergence rates and low misfits.
Moreover, the impact of Np was also shown to be an
important parameter for the convergence of DE. If the
initial population is low, then the exploration of parameter space for the initial population reduces, while a much
larger population will require more iterations for final
convergence. This can be observed in Fig. 17, which
shows the impact of halving or doubling Np for a fixed
number of simulations.
In summary, finding a ubiquitous set of DE parameters
for the optimum convergence is not straightforward particularly when we have a restriction in total number of
simulations that can be performed. This seems to be usually a function of the problem type and the dimension
[61, 64]. However, for the similar types of problems that
we have been working on (e.g., [63]), satisfactory history
matches were obtained for DE/Best with F = CR = 0.5 and
DE/Rand with F = CR = 0.9 when NP and iteration numbers were almost 2 or 3 times the number of dimensions.
For the rest of the paper, we only focus on the results of the
two latter DE cases.
Differential evolution provides a set of solutions with
lowest misfit values. For example, Fig. 10 reveals that the
models that are created after generation 17 all have the
acceptable minimum misfits. These models have different
numerical values for each input parameter. This clearly
shows the non-unique nature of the problem. The geological well test matching is indeed an inverse problem, where
many different solutions can describe the same input-output
of a system. It should be now clear that, although it is very

The models created in the DE/Rand and DE/Best strategies provide many adaptive samples with the associated
likelihoods (i.e., misfit values) that explore the parameter space. Obviously, a uniform sampling of the parameter
space would be favorable for building a more robust proxy
model to use in the uncertainty quantification. This will add
further computations. This is acknowledged that a future
detailed study will be required to analyze the accuracy and
improvements of the proxy models from different sampling
schemes. This step is, however, somewhat beyond the scope
of the paper, which tries to merely present a workflow
towards a better use of well test data in reservoir characterization step. Therefore, to take advantage of the explored
space by differential evolution, we used a pool of samples
generated by the two variants of differential evolution. To
even further explore the parameter space and improve the
proxy model predictively, the Latin-Hypercube sampling
approach [65] was used to create an extra 200 model parameters. The full flow simulations were performed on the extra
samples and the newly generated samples were added to
previous models from differential evolution runs. In this
study, different proxy models, e.g., kriging, support vector
machine (SVM) with radial basis function, nearest neighbor
interpolation, Legendre polynomials, quadratic regression,
sum-of-trees, and MARS, were examined to approximate
the model performance for the Bayesian update and sensitivity analysis. The kriging method (with parameter optimization) and the SVM with radial basis function were slow
algorithms, and it was not practical to continue with these
approaches. Legendre polynomials and quadratic regression models failed to produce an acceptable fitting error.
The MARS model, sum-of-trees [66], and nearest neighbor
algorithms could give a better prediction error. However,
only the MARS model could provide the flexibility of handling complex non-linearities with smaller fitting errors.
The calibrated MARS model, based on PSUADE, includes
100 basis functions and 8 interaction levels. This MARS
model configuration has been calibrated using leave-outone cross-validation (CV) technique [67] which has an
almost unbiased accuracy estimate [68]. In the leave-outone CV, one sample is held out at a time and the MARS
model is built each time based on the remaining training
samples and, therefore, the prediction error for the test sample can be evaluated. This process can be complicated and
costly for response surface models with expensive setup
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time because it requires repetitive construction of the proxy
model from the remaining dataset. The scaled training rootmean-square error and maximum error for the calibrated
MARS model were 0.12 and 1.5, and the corresponding CV
errors were 0.15 and 2.98. Figure 18 shows the CV relative error histogram (left) and the prediction CV cross plot
(right). This indicates the MARS model can reasonably represent the model input-output relationships. Figures 19 and
20 show the cross-validation and associated errors for sumof-trees and nearest neighbor proxy models. However, as
these methods provided higher CV errors and also considering the fact that these interpolating algorithms may work for
conditions with dense samples (Charles Tong, pers. comm.),
the MARS model was selected to proceed with the Bayesian
inference and the sensitivity analysis.
Figure 21 shows the priors and corresponding posterior
probability distributions of the model parameters as a result
of applying McMC and Gibbs sampler with one million
Monte Carlo samples from the calibrated MARS model.
The McMC process was completed after around 10 h of
successive evaluation of the MARS model. For some model
parameters like the nugget effect and the correlation coefficients of the top two layers and the kV /kH of all layers,
the prior and posterior distributions are approximately identical. This highlights the fact that little or no information
has been added by truth well test data. In other words, the
model does not show much sensitivity with respect to these
variables. This is mainly because the wells have been perforated in thin and/or low-permeability cells for the top two
layers in comparison to the bottom layers. Layer 1 is very
thin and layer 2 is abundant with low-permeable facies in
the whole layer and close to the wellbore. Table 1 shows
the porosity and permeability of the perforated cells for the
subject wells. Therefore, the overall contribution of these
two layers to the constant drawdown rate for both wells is
negligible (Fig. 22; truth case). Although layer 1 parameters
are insensitive and little or no information has been added
by the well test data, previously presented porosity maps on
Fig. 11 show that a very good match is obtained for layer 1.
The reason is mainly because of low sensitivity of the output towards these variables, and therefore, the match for the
porosity is rather a random match. Such a behavior was the
main motivation behind using the McMC and global sensitivity analysis to understand the confidence on the match
results or to quantify the value of well testing in construing
the reservoir parameters.
The small sensitivity of the output misfit with respect
to the first two parameters could also be inferred from
comparison of DE/Rand and DE/Best which led to a similar match with different values of X1 and X2. However,
to back up our thoughts with robust observation, we performed several other well test simulations derived from the
truth case. For this purpose, we fixed all parameters of the
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truth case except the variorum distribution parameters of the
first layer. We performed many sensitivity runs, in which
the nugget effect, correlation length, and dependency to the
seismic was turned off/on. In all cases, Well-A did not show
any sensitivity to those variations (Fig. 23) and sensitivity of the Well-B (Fig. 24) was very small. It is also noted
that in the assisted history matching, we used a combined
objective function and very small mismatch of Well-B was
even more alleviated in our history matching and statistical
calculations. Therefore, the well test could not update the
information on these parameters. This is also the reason for
the insensitivity of vertical permeability and vertical flow
at the interfaces. Several other numerical experiments on
different reservoir models with the same structural framework as the one in this paper have also been performed.
In the layer cake model examples, the effect of kV /kH was
significant. On the other hand, the prior knowledge of the
other parameters has been updated and the well testing
added some information to reduce the associated uncertainties. In particular, the nuggets and correlation lengths of the
third and the fourth layers, fault throw, and cross-correlation
between the acoustic impedance and porosity have been
remarkably updated. It is also noted that for the high
fault throw (zero displacement), the effect of fault transmissibility which is highly correlated with the fault throw
is compromised.
The information obtained by the McMC method can
also be confirmed using the global Sobol sensitivity indices
from decomposition of variance [69, 70]. The sensitivity
indices are based on multiple random sampling of parameter space while evenly covering individual parameter ranges
[71]. The total order Sobol sensitivity indices (total effect)
shows the sensitivity of the output variable (here the misfit function) with respect to an individual input parameter
when all the interactions between all parameters were considered [72]. This is a higher order coupling effect between
the input variables [69]. The PSUADE package was used to
calculate the sensitivity indices using the calibrated MARS
model and intensive bootstrap replications. In this exercise, we have used the quasi-random sequence sampling
design as suggested by Sobol [70] and Shukhman and Sobol
[73] which can improve the convergence characteristics
in sensitivity calculations. Figure 25 shows the calculated
average values of total effects over all bootstrap samples
[74]. The green dots are the standard deviation of sensitivity indices for the variables for 1000 bootstrap samples.
The effect of interactions gets clear when the total effect
is compared with the first order sensitivity indices (main
effect), as they do not include the parameter interactions.
The first order sensitivity indices are calculated using a
similar sampling method as it is described by Sobol [70]
and Tong and Graziani [75]. The computation of sensitivity
indices and the associate statistics for successive bootstrap
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samples were completed after around 4 h. Figure 26 shows
the first order bootstrap sensitivity indices. Wherever the
total effect is greater than the main effect, it is indicative of a secondary interaction effect. The total effect helps
rank the importance of the input parameters. In this exercise, cross-correlation coefficient of seismic impedance and
porosity, nugget effect of the third layer, nugget effect
of the fourth layer, fault displacement, correlation length
of layers 4 and 3, and kV /kH of layers 4 and 3 show
a descending order of the highest effects on the misfit
value.
5.

7 Conclusions
In this paper, the application of a population-based optimization technique (i.e., differential evolution) on geological well testing of a multi-layered faulted reservoir was
studied, and some key conclusions were drawn:
1. The paper showed how differential evolution and
geological well testing can be used in a geoengineering workflow to integrate the transient well test
responses into the process of the reservoir characterization and uncertainty quantification. In particular, the
static model transient test data was used to constrain
the geological model against the truth model well test
responses.
2. To preserve the generality of the presented geological well test matching workflow, the parameter space
included some geostatistical, petrophyscical, and structural parameters. In particular, these included the correlation length, nugget effect, cross-correlation between
the collocated seismic and simulated porosity values,
kV /kH of different layers, and fault throw and fault
transmissibility. Differential evolution was employed to
calibrate these parameters from the information conveyed in the real well test derivative curves of two
individual wells.
3. Several models (samples) with corresponding misfit
values were generated in each iteration (generation) of
differential evolution. The resulting multiple samples
enabled us to employ the McMC within a Bayesian
approach to generate the posterior distributions from the
assumed normal priors. These results were also confirmed by the calculated first and total order Sobol’s
sensitivity indices. The higher total order sensitivity
coefficient comparing to the first order values showed
a degree of interaction between input parameter on
altering the output misfit values.
4. The cross-correlation coefficient between the seismic
and porosity was the most sensitive parameters. This is
largely because the well test response is heavily driven

6.

7.

8.

by the value of permeability and its distribution around
the wells in the contributing layers, and permeability
was correlated to porosity in this model setup. This
highlighted the importance of the secondary parameters
in guiding the local distribution of the reservoir parameters. The Bayesian McMC method showed the well test
data could add an important value in reducing the uncertainty on this parameter. The geostatistical parameters
of the layers with higher production contributions and
the fault displacement were among the most influential
parameters on the well test response.
Two different variants of differential evolution
(DE/Best and DE/Rand) were implemented. DE/Rand
had slower convergence while DE/Best showed a better
and quicker convergence towards the minimum misfit
value. The combination of the generated models with
their misfit values were used to construct the proxy
models.
The impact of DE’s parameters (i.e. F , CR, and Np ) on
the performance of DE was studied by performing multiple DE runs. The total number of well test simulations
was fixed as 1200 per each DE run. For the problem
studied in this paper, DE/Best with F = CR = 0.5 and
DE/Rand with F = CR = 0.9 showed reasonable convergence with an initial population size of Np = 40
members.
To reduce the computational cost of the McMC process and the sample-based Sobol’s sensitivity indices,
a MARS proxy model with 100 basis functions and
8 interaction levels was employed. This MARS model
showed a lower cross-validation error compared to the
nearest neighbor and sum-of-trees models.
The paper described how the well test data could be
used to reduce the uncertainty in the geological parameter space. The workflow presented in this paper is flexible to be part of more detailed studies in the future for
focusing on other optimization and uncertainty quantification techniques. Nevertheless, this work is a step
forward in quantitative integration of dynamic well test
data and static models.
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