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Abstract

The task of interpreting multidimensional data is as important as it is challenging. The

importance comes from the fact that virtually every data worth analyzing is multidimen-

sional, while the challenge comes from the very nature of these data sets, as the multiple

features describing each instance can quickly overwhelm our visual perception system, thus

making it difficult to observe meaningful information. Visualization techniques play an es-

sential role in simplifying this task, by preprocessing the data to extract critical features

and displaying them effectively, by using visual metaphors that can be easily understood.

Multidimensional Projection (MP) is one of such techniques, whose fundamental goal is

to present an overview of the data distribution in the form of a 2D scatterplot graph. It

does so by reducing the dimensionality of the dataset in such a way that distances are pre-

served as much as possible. MP approaches, along with most visualizations, are shifting

from a static display to a more interactive one, allowing human intervention to modify the

layout and facilitate exploration and understanding of the data. In this thesis, I present

contributions that specifically relate to interactive aspects of multidimensional projection.

First, I propose a computational framework and methodology for control points selection.

Control points are a particular set of projected points used to steer and rearrange the projec-

tion layout. I demonstrate the proposed method can improve the projection quality while

requiring only a small amount of control points. Second, I introduce inverse projection, a

novel paradigm to create multidimensional points exclusively through 2D interactions. The

projection space is transformed into a canvas, where new points can be added. These new

points are then mapped into the original multidimensional space, i.e., they become unique

multidimensional instances themselves. Lastly, I present the usability of the inverse pro-

jection framework in two demonstration examples. (1) A parameter exploration prototype

system for optimization with multiple minima. (2) A face-synthesis application, where new

face models are generated on the fly.
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Chapter 1

Introduction

Visualization algorithms and methods are fundamental to data analysis and communication

of information. The representation of data as images has long proven to be a powerful

mean to convey information and reveal patterns otherwise hard to identify. Whether the

dataset presents itself in a simple form, such as a table correlating two variables, or in a

more complex structure, like a graph, visualization can help us gain insights about the data,

leveraging the efficiency of humans’ visual perception [Few, 2013].

Multidimensional data is a particular type of data that poses many challenges for inter-

pretation. A dataset is said to be multidimensional when each instance (or data sample) is

represented by three or more attributes. Such a representation of data is ubiquitous and is

present in almost all real-world applications. Music and video [Joia et al., 2011], text doc-

uments [Chalmers, 1993] and vector fields [Daniels II et al., 2010] are just a few examples

of data that have been represented multidimensionaly.

Figure 1.1 illustrates four additional examples. Figure 1.1-(a) The wordle 1 representa-

tion of this chapter. Text documents can be represented as a multidimensional feature vec-

tor, each dimension accounting for the number of times a given word appears [Paulovich

and Minghim, 2006]. Figure 1.1-(b) Computer simulation of various phenomena, such as

fluid flow models of petroleum reservoirs, use grids for numerical simulations over a dis-

crete space. Each model often contains thousands or even millions of grid blocks, each of

which with dozens of simulated properties and parameters [Hajizadeh et al., 2012]. Fig-

ure 1.1-(c) 3D objects, such as face models, are often composed of a mesh with many points

and a corresponding texture layer, whose values may be arranged vector-wise to represent

1Wordle is a word cloud visualization that gives greater prominence to words that appear more frequently
in a text document.
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Figure 1.1: Examples of multidimensional data. (a) The wordle representation of this
chapter. (b) Computer simulation of natural phenomena. (c) 3D objects, such as face
models. (d) multidimensional representation of images

an object as a multidimensional feature vector [Amorim et al., 2015]. Figure 1.1-(d) Im-

ages can also have a multidimensional representation, by for example extracting the RGB

values and other attributes pixel by pixel like the G-buffer approach [Saito and Takahashi,

1990] or through other techniques, such as bag-of-visual features [Yang et al., 2007].

The ever increasing computing power and technological advances, paired up with de-

creasing of the cost of data storage, have substantially augmented the size, dimension and

complexity of data across several domains. This overwhelming data size and dimensions

have driven a recent influx of research and development work dedicated to techniques and

tools that aid in understanding multidimensional datasets. Typical methods for visualiz-

ing multidimensional data include: (1) non-projective mappings - e.g., parallel coordinates

[Inselberg and Dimsdale, 1990a] and star coordinates [Kandogan, 2000]; (2) scatterplots

– e.g., primarily scatterplot matrices; and (3) projective mappings, such as dimensionality

reduction techniques, also known as multidimensional projection (MP) in the visualization
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community.

The goal of MP methods is to create a 2D representation for the data and display it as

a scatterplot graph. In this graph, each point represents one instance of the dataset and,

in general, every instance is represented by one point in the graph. The scatterplot, or

projection, is organized in such a way that the distance between two points reflects, as

best as possible, the dissimilarity between the corresponding multidimensional instances.

In other words, points close together suggest that the corresponding instances are similar,

while points far apart indicate the opposite. Such an arrangement provides an important

panorama of the data structure, enabling to reveal potential clusters, patterns or outliers.

While there are multiple techniques designed to compute the projection of a multidi-

mensional dataset, few of them provide flexible mechanisms to visualize and interactively

explore the data simultaneously. In this thesis, we focus on the visual analytics2 aspects

of multidimensional datasets through MP. In particular, I propose the inverse projection

workflow, which transforms the 2D projection space into an interactive medium where new

2D points can be created. These points are then mapped to the original dimensionality of

the dataset. Inverse projection allows creating new multidimensional data in a 2D environ-

ment, entirely removing the complexity of dealing with multiple dimensions. Furthermore,

I propose a technique for the selection of control points, which are unique instances used

as a “steering” mechanism to rearrange the projection layout.

In the next Section, I present the objectives of this research. Section 1.2 introduces

the methodology adopted in the proposed techniques. A description of the main contribu-

tions of this thesis is given in Section 1.3. Finally, Section 1.4 presents a roadmap for the

organization of this thesis.

2Visual analytics is an outgrowth of the fields of information and scientific visualization, focusing on
analytical reasoning through interactive visual interfaces [Wong and Thomas, 2004, Sun et al., 2013].

3



1.1 Objectives

The primary goal of this work is to develop and improve interactive aspects of MP by

providing a means to explore and interact with the projection layout more fully. While a

2D static view of a multidimensional data is capable of providing insights on the under-

lying data structure, so much more can be accomplished when the visualization medium

empowers the user with the ability to manipulate and actively explore the data.

A critical approach to a more interactive MP environment is the use of control points

(CPs). Several MP techniques incorporate CPs as part of their pipeline. This pipeline is

divided into three main stages, as illustrated in Figure 1.2. In the first stage, the CPs are

selected as a subset of samples from the multidimensional dataset. The CPs are then pro-

jected into the 2D space through a traditional dimensionality reduction technique. Finally,

the remaining instances are projected into 2D through a mapping function that is designed

to approximate, or interpolate, the position of the CPs. The repositioning of a CP in the

projection space is followed by a change in the mapping function which, in turn, causes the

position of the remaining instances to change accordingly. Recent MP techniques introduce

the use of CPs as a steering mechanism, used to incorporate user input into the projection

layout interactively [Joia et al., 2011]. In this scenario, the data projection is presented to

the user, who is given the option to rearrange the position of the control points, which is

subsequently followed by an update of the projection results.

Even though control points have been established as a steering mechanism embedded

in MP, limited effort has been made towards techniques to select which data samples to

play their role. Part of this thesis focuses on developing a mathematical methodology for

the selection of control points. Since CPs are used to build a mapping that approximates

the projection of the data, our goal is to select the subset of points that best represent the

multidimensional dataset, resulting in an accurate mapping – i.e., the projection preserves

multidimensional distances as much as possible. Furthermore, given that CPs are also used
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Figure 1.2: General pipeline of MP techniques with control points. (1) Given a multidi-
mensional dataset, (2) a subset of samples, the control points, is selected; (3) the control
points are projected into the 2D space through some standard dimensionality reduction
technique. The correspondence between the high and low-dimensional position of control
points is used to create a mapping function which will then (4) approximate the position of
the remaining instances in the 2D projection space.

to steer the projection layout, another important goal is to select a concise subset, as to

simplify the projection’s interface.

I also propose a new workflow that takes full advantage of the MP layout, allowing users

to generate new multidimensional points in the same environment used for data exploration.

Some real-world applications go beyond exploring existing data but require the creation

and evaluation of new multidimensional instances. For example, consider the problem of

encountering input parameter combinations that result in a particular system output. This

case is a common problem in science and is usually modeled as an optimization problem.

Often, the parameter space that defines the regions of feasible solutions is large and difficult

to explore or navigate visually. Automatic optimization methods are usually employed

but fail on incorporating the user expertise and intuition into the process. Moreover, the

solution to the problem is often non-unique, i.e., several different parameter combinations

suit the required restrictions, making it necessary to perform an active exploration of the

parameter space. The proposed inverse projection framework can be “plugged” into such

applications, permitting an interactive visual exploration of the parameter space through

5



Figure 1.3: Inverse Projection framework: MP is calculated for a multidimensional dataset.
The user defines a point in the MP layout (orange circle in the projection), and this point is
transformed into a multidimensional vector (orange sphere in the multidimensional space).

data extrapolation, i.e., the creation of new multidimensional data instances by creating

new samples in the 2D projection space, as illustrated in Figure 1.3.

1.2 Methodology

In this section, I present an overview of the proposed methodology for the CP selection

approach, as well as the inverse projection framework.

1.2.1 Selection of Control Points

As shown in the previous section, control points play an essential role in the workflow

of several MP techniques. The correspondence between their high- and low-dimensional

positions is used to create mapping functions that calculate the projection of the remaining

instances. Assuming the task of selecting a suitable set of control points is intrinsically

linked to the task of creating the mapping function itself, I developed an MP technique

with a novel definition for the mapping function, with CP selection in mind.

The problem of finding a mapping function, given the correspondence between the high
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and low-dimensional position of control points, can be modeled as an interpolation prob-

lem. There are several mathematical theories and models devoted to the solution of inter-

polation problems, but Radial Basis Functions (RBF) stands out for our multidimensional

scenario. RBF presents a well-established mathematical formulation, which has been used

in diverse approximation applications. RBF is known for behaving well in the interpolation

of multidimensional samples [Buhmann, 2003].

An advantage of the proposed RBF formulation is the existence of different works ded-

icated to center selection, where centers are the data samples used to derive the RBF inter-

polation function. One of these approaches is based on the solution of Orthogonal Least

Squares problems to select a subset of samples that satisfactorily represents the dataset

[Chen et al., 1991]. We incorporate this technique into our MP framework as a means to

perform control points selection and to improve the final projection results. This approach

automatically determines a good number of control points; thus, the user is not required to

provide this important parameter. We evaluate our technique using various datasets, and

we compare the projection quality against that of other well-established MP techniques.

1.2.2 Inverse Projection

Given a multidimensional dataset and its corresponding 2D projection, the goal of inverse

projection is to find a multidimensional representation for a new user-defined 2D point. We

call this process inverse projection, since it operates in the opposite direction of the MP

workflow, as illustrated in Figure 1.3. In the proposed framework, the user is presented

with the projection layout to interact with, and he/she can create new points in regions of

interest inside the projection layout itself.

The intrinsic neighborhood information conveyed by MP makes it the ideal visualiza-

tion environment to incorporate such an extrapolation tool. Since the proximity of points in

2D indicates the similarity between their corresponding instances in the multidimensional

space, it is natural to interpret a new user-defined 2D point with respect to its distances
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from the projected points.

The problem of inverse projection is addressed as one of constructing a mapping func-

tion that maps a 2D point to the original parameter space, in such a way that user-defined

2D distances are preserved in the multidimensional space. I tackle this problem using two

different approaches: a linear mapping function, based on local affine mappings, and a

non-linear mapping function, based on the aforementioned RBF interpolation theory.

1.2.2.1 Linear Approach

The proposed linear approach for inverse projection is based upon the Local Affine Mul-

tidimensional Projection (LAMP) formulation [Joia et al., 2011], and we name it iLAMP

(inverse LAMP). For each user-defined point p, a local affine mapping function is con-

structed, taking into consideration the distance between p and p’s k-closest neighbors in

the projection layout.

In general terms, given k 2D points yi and their k corresponding multidimensional

points xi, we seek for an affine transformation f that maps yi into xi as best as possible, as-

signing more weight to yis that are closest to the user-defined point p. This function is then

used to map p into the multidimensional space. Figure 1.4 (a) illustrates the construction

of the iLAMP mapping function, as follows. Given a user-defined point (orange) in the

projection space, the proposed method finds the k-nearest neighbors (red, green and blue,

in this example k = 3) and constructs an affine mapping function. In the multidimensional

space – spheres in red, green and blue represent the k-nearest neighbors correct position and

dashed indicate the position after applying the mapping function, which should minimize

the sum of errors e1 + e2 + e3;

We demonstrate the usability of the iLAMP technique in an optimization problem,

where iLAMP is used to explore the multidimensional parameter space in a scenario with

multiple local minima. The method assists the user during the interactive exploration of the

parameter space allowing different local minima to be rapidly discovered.
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Figure 1.4: Inverse projection mapping Functions proposed in this thesis. Please refer to
the main text.

When control points are drastically rearranged in the projection space, iLAMP may not

be a suitable inverse projection choice, since its results can become exceedingly distorted.

Furthermore, iLAMP does not provide a smooth and continuous mapping function, which

may be desired in certain applications. Therefore, I also propose an alternative approach

to iLAMP, which can be defined as a non-linear inverse projection technique based on the

Radial Basis Function theory. This second approach is presented in the next section.

1.2.2.2 Non-linear Approach

The inverse projection with RBF, or iRBF, differs from the iLAMP approach in the way the

mapping function is defined. In contrast to a local affine mapping, which approximates the

position of k-closest neighbors, the iRBF method constructs a mapping function that inter-

polates the position of the projected points and their multidimensional counterparts. This

mapping function is formed by a linear combination of non-linear radial basis functions,

which are special basis functions that take as argument the distance between a point and

the so-called RBF centers.
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Figure 1.4 (b) illustrates the behavior of the RBF mapping function in the inverse pro-

jection framework. Note we are only using 4 RBF centers to simplify and facilitate under-

standing). Given RBF centers (y1..y4) and their corresponding multidimensional counter-

parts (x1..x4), the proposed iRBF mapping function interpolates exactly the given points

and provides a mean to approximate a user defined point p. The RBF function used to

approximate a new user-generated point p is continuous and interpolates the data samples

exactly.

The proposed iRBF technique is demonstrated by a face-synthesis application, in which

a 3D human-faces dataset is used as input, and iRBF is used to generate new 3D faces

interactively. The results show the simplicity, robustness, and efficiency of the proposed

approach to creating new face models from a structured dataset, a task that would typically

require the manipulation of hundreds of parameters.

1.2.3 Software Prototype System

Both the inverse projection and CP selection workflows involve the design and implementa-

tion of mathematical formulations. The implementations are integrated into one interactive

software prototype system, with five main capabilities: (1) Loading a multidimensional

dataset; (2) Performing the CP selection using the proposed mechanism; (3) Calculating

the 2D projection layout and displaying it in the projection space; (4) Allowig the user to

manipulate control points to rearrange the projection; and (5) Permitting the user to cre-

ate new multidimensional instances using inverse projection. Figure 1.5 presents the user

interface layout of the prototype system.

1.3 Contributions

The contributions of this thesis can be divided into two main parts. (1) proposing a new

form of control points selection, showing it can improve the projection quality and re-
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Figure 1.5: Software prototype system developed to incorporate and demonstrate the pro-
posed MP workflows. The system can load any multidimensional dataset from an input
file, select and position control points (squares on the plot), which can be interactively re-
arranged with real-time projection update. The system is also capable of processing inverse
projections.

duce redundancy in the set of control points. (2) Creating a new workflow named inverse

projection, incorporating an interactive exploration and extrapolation component into the

multidimensional projection framework.

1.3.1 Selection of Control Points in Multidimensional Projection

As part of this research, I propose a new multidimensional projection technique with a built-

in approach for control points selection. The method is built upon the radial basis function

(RBF) interpolation theory; it is demonstrated that the CP selection strategy can generally

improve the projection quality, while requiring a small number of CPs in comparison to

other MP methods. I present an evaluation of the CP selection when incorporated into

other MP methods, and we observe an improvement in projection quality when compared

to random CP selection approaches. The results of this part of my research were published

in [Amorim et al., 2014].
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1.3.2 Inverse Projection

Taking advantage of the neighborhood information captured by multidimensional projec-

tion, I also propose an inverse projection framework to allow users to create new high-

dimensional instances of data by creating reference 2D points in the projection space. The

inverse projection approach is designed to assist in tasks where data analysis is necessary,

but data extrapolation is also desirable. In the proposed framework, the projection space is

used as a mechanism to inspect the dataset and to identify potential regions of interest yet

to be sampled. Inverse projection operates in reverse to traditional projection mappings by

transforming user-input 2D information into a high-dimensional space.

I demonstrate the usability of inverse projection in optimization problems with func-

tions of various parameters, and in a 3D face synthesis application. I also propose a linear

and a non-linear alternative to map data from low to high dimensions and discuss the ad-

vantages of one over the other. The results of the inverse projection research have been

published in [Amorim et al., 2012] and [Amorim et al., 2015]. Also, in [Hajizadeh et al.,

2012] we demonstrate how MP techniques can be used to give insight into the parameter

exploration and exploitation in optimization problems, more specifically the history match-

ing problem defined in Petroleum Engineering.

1.4 Organization of Thesis

This thesis is organized as follows: Chapter 2 presents a background on multidimensional

data visualization, more specifically MP, with the mathematical details of the most impor-

tant techniques in this area. The usage of control points in MP is also discussed, along

with current applications of MP. Chapter 3 introduces the method based on radial basis

functions, which contains a built-in mechanism for control points selection. This chapter

presents results and comparisons with the most recent techniques, and also demonstrates

how the proposed control points selection mechanism can be successfully applied in other
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MP techniques. Chapter 4 presents the general inverse projection framework and soft-

ware prototype system developed as part of this thesis. Chapter 5 introduces the inverse

projection framework based on the iLAMP methodology. A detailed description of the

mathematical formulations of iLAMP is presented, as well as an application designed to

demonstrate examples for exploring multidimensional parameter spaces in an optimization

problem. Chapter 6 presents the inverse projection framework based on the RBF methodol-

ogy. I describe comparisons between RBF and iLAMP and introduce a new facial-synthesis

application using the proposed method. Finally, Chapter 7 presents the conclusion and re-

marks on future work.
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Chapter 2

Background

The goal of this chapter is to provide a background in multidimensional data visualization,

with a special focus on MP methods and most recent trends in MP research. We also

present a brief introduction to Radial Basis Function interpolation theory in Section 2.6,

the foundation of two of the methods proposed in this work.

2.1 Multidimensional Data Visualization

Virtually every dataset can be represented as a multidimensional dataset. Examples include

music and video [Joia et al., 2011], text documents [Chalmers, 1993], vector fields [Daniels

II et al., 2010], geometrical shapes [Amorim et al., 2015] and flowers [Fisher, 1936]. In

data visualization, there are techniques specially designed to visualize multidimensional

data and, in this section, we present an overview of them.

Multidimensional datasets are commonly organized into tables, where each row ac-

counts for one instance of data, and each column accounts for one attribute. As an example,

refer to Table 2.1 which represents the Iris flower dataset 1 in table format, which catalogs

150 flowers with four parameters each: sepal length, sepal width, petal length and petal

width.

Common tasks during analysis of multidimensional datasets include the identification

of correlations between attributes, outliers, clusters and patterns. Statistical and data mining

techniques play important roles in the accomplishment of these tasks, but they alone lack

the visual representation and appeal we have discussed in the previous chapter. Thus,

visualization plays an important role as a supporting analysis tool that aid users to make

1The iris dataset [Fisher, 1936] is popularly used in data classification and clustering as a primary example,
and will be used throughout this section to demonstrate some multidimensional visualization techniques.
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Exemplar Sepal Length Sepal Width Petal Length Petal Width Species

1 5.1 3.5 1.4 0.2 I. setosa
...

...
...

...
...

...
51 7.0 3.2 4.7 1.4 I. versicolor
...

...
...

...
...

...
150 5.9 3.0 5.1 1.8 I. virginica

Table 2.1: The Iris flower dataset, containing observations of 150 exemplars of iris flowers,
of three different species (Iris setosa, Iris versicolor and Iris virginica). Four attributes
describe this dataset: sepal length, sepal width, petal length and petal width. The complete
dataset can be found in the UCI Machine Learning Repository [A. Asuncion, 2007].

sense of such complex datasets and draw their interpretation of the results.

The common objective underlying multidimensional visualization techniques is to some-

how map high-dimensional data into a 1- or 2-dimensional visual space. For instance, par-

allel coordinates [Inselberg and Dimsdale, 1990b] is a traditional technique to visualize

and interactively explore multivariate data. Figure 2.1 presents the representation of the

Iris dataset by parallel coordinates. Each dimension of the data is represented as a verti-

cal axis with the value range of a particular parameter (i.e. its coordinate space); each of

these axes is arranged in parallel to each other, describing a non-projective mapping of the

N-dimensional space to the plane. A point in the N-dimensional dataset is represented as a

polyline in the parallel coordinates, connecting its value for each data dimension.

Techniques like Star Coordinates are variations of parallel coordinates in which the

axis of each dimension share a common origin [Kandogan, 2000]. This group of methods

is often called non-projective mappings.

In contrast to non-projective mappings, scatter plots describe a simplistic projective

view of the high-dimensional data [Cleveland and McGill, 1988]. A scatter plot is a stan-

dard plot, considering two variables of the high-dimensional data. Many visualization

toolkits provide interactive scatter plot capabilities, including Tableau/Polaris [Stolte et al.,

2002] and GGobi [Swayne et al., 2003]. Because scatter plots are limited in the number

of dimensions they visualize in comparison to the size of most datasets, multiple plots are
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Figure 2.1: Representation of iris dataset with parallel coordinates. Each of the four pa-
rameters is represented as parallel lines mapping its value range (or coordinate space), and
each instance of data is represented by a polyline connecting the values of each parameter.
The colors indicate to which species the instance belongs to (red - Iris setosa, green - Iris
versicolor and blue - Iris virginica).

typically arranged in rows and columns forming scatter plot matrices. Figure 2.2 illustrates

the scatter plot matrix representation for the iris dataset. Scatterplot representations of data

are classified as simple-projective mappings.

Both non-projective and simple-projective mappings are valuable tools to understand

the correlation between pairs of parameters of the dataset. However, there is a clear limita-

tion in the number of attributes that can be represented simultaneously, making it challeng-

ing to use such techniques for high-dimensional data. Moreover, these techniques fail to

provide a clear representation of proximity information in the dataset, an important aspect

in the identification of clusters, outliers and patterns. Dimensionality reduction solutions,

in turn, further extend scatter plots by encoding all dimensions of the original data within

the 2D visualization. In the visualization community, dimensionality reduction techniques

are often called multidimensional projection, and we discuss more in-depth about this set

of methods in the next section.
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Figure 2.2: Representation of iris dataset with Scatterplot matrix. For each pair of at-
tributes, a scatter plot graph is constructed.

2.2 Multidimensional Projection

Techniques for dimensionality reduction are commonly used in machine learning solutions,

for example, to decrease the number of attributes and consequently reduce the complexity

of the problem [Fukumizu et al., 2004]. In visualization, these techniques are used to

transform a multi-dimensional dataset into a 2-dimensional one 2, permitting the data to be

represented as a scatter plot.

Multidimensional projection methods have been the foundation of several high-dimensional

exploration and visualization tools. Examples include: feature exploration in multivariate

scalar fields [Janicke et al., 2008], vector fields [Daniels II et al., 2010], text mining [Chen

et al., 2009, Paulovich and Minghim, 2006], finances [Deboeck and Kohonen, 2010] and

23D mappings are also used in some cases [Poco et al., 2011]. The choice between 2D or 3D mappings is
driven by which space is likely to improve user perception of data groups. In this thesis, we are considering
2D mappings only.
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Figure 2.3: Representation of iris dataset with multidimensional projection. The colors
indicate to which species the instance belongs to (red - Iris setosa, green - Iris versicolor and
blue - Iris virginica). MP facilitates the interpretation of clusters and patterns, as opposed
to parallel-coordinates and scatterplot matrices.

psychology [Bennett and Hays, 1960] rely on the clustering nature of these projection tech-

niques.

In general terms, a multidimensional projection solution attempts to find a 2-dimensional

representation of the dataset in such a way that distances match, as well as possible, the

original dissimilarities. In other words, instances that are similar to each other should be

plotted close together, while dissimilar instances should be plotted far apart. When this is

the case, the resulting scatter plots become extremely useful for visual analysis and explo-

ration within the plane of similarities hidden in the high-dimensional data.

Consider for example the representation of the iris dataset in terms of multidimen-

sional projection in Figure 2.3. Each point in the plot represents one instance of the data,

i.e., one exemplar of the iris flower. Colors once again are used to differentiate between the

three observed species of iris. The distance between instances in this 2D representation,

or projection space, should match, as well as possible, the original distances in the mul-

tidimensional space. Thus, similar instances are rendered close together, facilitating the

interpretation of clusters and patterns. In fact, in Figure 2.3 we can more explicitly identify
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Figure 2.4: (a) Graphical representation of multidimensional projection process; (b) Pro-
jection of mammals dataset – 20,000 instances with 4 different quadruped mammal species:
dogs (blue), cats (green), horses (yellow) and giraffes (red); (c) Projection of “Breast can-
cer Winsconsin” dataset – 699 instances with 2 different groups: malign (red) and benign
(blue) tumors; (d) Parallel 3D swiss rolls projected into 2D through MP. Colors are used as
a gradient from red to blue to facilitate correspondence between 3D to 2D.

the clusters of the dataset in contrast with the other representations where this information

is not as clearly displayed. Furthermore, with such a representation one can comprehend

which iris species are more similar (or dissimilar) to each other based on the distances

between the three point clouds.

Figure 2.4 illustrates the MP process and presents some examples of MP results. Figure

2.4-(a) shows the general multidimensional projection process, which consists of mapping

a multidimensional dataset into a 2D plane, or the projection space. Figures 2.4-(b) and (c)

presents the projection results of the mammals and the Breast Cancer Winsconsin datasets,

respectively. Both datasets are part of the UCI Machine Learning repository [A. Asuncion,

2007]. The mammal’s dataset consists of 20,000 instances and 47 attributes, and it contains

four different quadruped animal species: dogs, cats, horses and giraffes. The features in

this dataset describe the height, radius and position of eight components: neck, four legs,
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torso, head and tail. MP can neatly separate these four clusters, as can be seen in Figure 2.4-

(b). The Breast Cancer Winsconsin dataset, in turn, consists of 699 instances divided into

two groups: malign and benign tumors. Each instance is described by ten attributes, such

as clump thickness and uniformity of cell size. MP gives an overview of how these two

groups are distributed, as seen in Figure 2.4-(c). Finally, Figure 2.4-(d) presents an example

of using MP as a manifold learning technique 3, where 3D swiss rolls are “unfolded” into

2D through multidimensional projection.

In mathematical terms, consider an m-dimensional dataset X = {x1, . . . ,xN},xi ∈ Rm

and let Y = {y1, . . . ,yN},yi ∈R2 be its 2D counterpart, i.e., yi is the 2D representation of xi.

Let δi j be a measure of dissimilarity between instances xi and x j (e.g., the distance in Rm

between the two instances), and di j be the Euclidean distance between 2D points yi and y j.

A common metric that measures the quality of MP results is the stress s(X ,Y ), written as

s(X ,Y ) =

n

∑
i, j=1

(δi j−di j)
2

n

∑
i, j=1

δ
2
i j

. (2.1)

The stress function indicates how well dissimilarities of the original dataset were mapped

into the 2D projection space. A stress value of 0 indicates that there is no loss of information

during the projection process, while higher stress values indicate poorer MP mappings.

Dissimilarity metrics in the high dimensional space can be user-defined, and choice will

depend on the problem at hand. Common dissimilarity metrics for quantitative data are the

3In simple terms, a manifold can be defined as any object that is nearly flat on small scales - a more
formal definition can be found in [Lee and Verleysen, 2007]. For example, general non-linear surfaces are
considered manifolds. Manifold learning is the term used when dimensionality reduction is applied to find
a lower-dimensional representation of data that is originally embedded in a high-dimensional space while
preserving the topological structure.

20



p-norms, i.e.,

δi j =

(
m

∑
k=1

(xi[k]− x j[k])p

) 1
p

, p≥ 1. (2.2)

When p = 2 we have the Euclidean distance, which we often use in the experiments pre-

sented in this work.

In the next section, we discuss some classic dimensionality reduction techniques, used

as MP methods. Later on, in Section 2.5 we present some recent trends in MP research,

more specifically the usage of control points as means to speed up the process and give

users some exploration power.

2.3 Classic MP techniques

Principal component analysis (PCA) [Jollife, 1986] and multidimensional scaling (MDS)

[Cox and Cox, 2000] are traditionally used as MP techniques. Both techniques were

initially designed as mathematical tools to transform an m-dimensional dataset into a p-

dimensional one, with p�m. It didn’t take long for their data visualization potential to be

realized and explored. Next, we present the mathematical description of these methods.

2.3.1 Principal Component Analysis

The development of PCA is mainly attributed to [Pearson, 1901], more than a century ago.

The central idea of PCA is to reduce the dimensionality of a high-dimensional dataset with

interrelated variables while retaining as much as possible of the variation present in the

dataset. This dimensionality reduction is made by transforming the data into a new set

of uncorrelated variables, the principal components (PCs). The PCs are ordered such that

the first retains the most variation of the original variables, the second retains the second

most variation possible but subjected to the constraint of being uncorrelated to the first
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Figure 2.5: Application of Principal Component Analysis in a simple 2D example. The
plot on the left contains the dataset represented by its original variables x1 and x2. On the
right, the variables have been transformed into the principal components p1 and p2. It is
clear that p1 retains most of the data variation and, in this very simple case, it could be
used to represented the data in a 1-dimensional manner, ignoring p2 completely. The same
principle can be applied in multivariate datasets.

one, and so on. A very detailed presentation of PCA and its uses is encountered in the

book of [Jollife, 1986] and in this thesis we present the basic mathematical concepts of this

technique.

There are different ways to derive the PCA solution. Refer to [Shlens, 2005] for a

comprehensive representation of linear algebra approaches. We show how the PCs can be

found by decomposing the covariance matrix of the dataset into eigenvectors and eigenval-

ues. Consider the dataset X introduced in Section 2.2, but this time represented as an N×m

matrix, i.e., rows of matrix X are data instances and columns are the attributes. The first

step in PCA is to make each attribute of X mean-centered, i.e., subtract each column by the

mean of the column, yielding matrix X̄ . The next step is to calculate the covariance matrix

4 Σ of X̄ , which is given by the simple matrix-matrix multiplication

Σ =
1

N−1
(X̄T X̄). (2.3)

4Covariance is a statistical metric that indicates the linear relationship between two random variables.
Here, the covariance matrix captures the covariance between each pair of attributes present in the dataset.
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Matrix Σ is then decomposed regarding eigenvalues and eigenvectors. Because Σ is

symmetric, its eigenvector decomposition is written as

Σ = EDET , (2.4)

where D is a diagonal matrix, with dii the i-th eigenvalue of matrix Σ, and E = {e1, . . . ,em}

is an orthogonal matrix of eigenvectors of Σ arranged into columns. The measure of how

much variation of the original dataset X is preserved by vector ei is given by its correspond-

ing eigenvalue dii: the larger its value, the more variation is preserved by ei.

Figure 2.5 illustrates the PCA method in a simple 2D example. Consider that the basis

E is ordered according to variance preservation, i.e., d11 ≥ d22 ≥ . . . ≥ dmm. The vectors

ei will form a basis to transform the original dataset X into a set of uncorrelated variables.

If we make ET XT we find the representation of X in terms of the orthogonal basis E, but

nothing is gained regarding dimensionality reduction. If we take, however, only the first

k < m most important eigenvectors to form a basis, i.e., Ek = {e1, . . . ,ek} and apply ET
k XT ,

the dimensionality of X is reduced from m to k. For visualization purposes, k = 2 is used

to encounter a 2D representation of dataset X .

2.3.2 Multidimensional Scaling

Multidimensional Scaling (MDS) comprises a group of techniques that operates upon dis-

similarities directly, i.e., an Euclidean representation of the data is not required as long as

the dissimilarities δi j between each pair of instances is known. As defined by [Cox and

Cox, 2000], MDS is the search for a low-dimensional space in which points in the space

represent the instances of data, one point representing one instance, and such that distances
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between the points in the space match as well as possible the original dissimilarities. There

are various MDS methods, but the best-known are classical scaling, metric least squares

scaling and force schemes, as described next.

Classical scaling treats dissimilarities δi j as Euclidean distances and makes use of a

spectral decomposition of the doubly-centered matrix of dissimilarities. It developed from

the work of [Young and Householder, 1938] that demonstrated how to recover the original

coordinates of N points given only the Euclidean distances between pairs of the original

points. The spectral decomposition used in classical scaling is the same mathematical tool

used to derive the PCA formulation, as presented before. In fact, classical scaling yields

the same results as PCA when the dissimilarities used are exactly the Euclidean distances,

as demonstrated in the book of [Cox and Cox, 2000]. As in PCA, classical scaling makes

use of the first k “principal coordinates” (equivalent to the principal components in PCA)

calculated in the eigenvalue decomposition to represent the data in a lower-dimensional

space.

Metric least squares scaling, in turn, finds a configuration matching di j to δi j by min-

imizing a loss function S. Sammon’s mapping, proposed by [Sammon, 1969], is a well-

known MDS technique that suggests the loss function

S =
1

N

∑
i< j

δi j

N

∑
i< j

(di j−δi j)
2

δi j
, (2.5)

i.e., function S measures the error between original dissimilarities δi j and distances di j

between 2D yi and y j. The dissimilarities δi j are known, and a steepest descent optimization

algorithm is applied to find the coordinates of the 2D points that minimizes S, i.e., making

di j as close as possible to δi j. This approach is, as previously discussed, the goal of most

MP methods. In fact, the stress function presented in Equation (2.1) is very similar to the

Sammon’s mapping loss function. As we can see from the denominator, such loss function
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Figure 2.6: A simple example of the Sammon’s mapping loss function applied in a 2D to 1D
mapping. (a) Given two 2D points x1,x2 with dissimilarity of 5 units, a 1D representation of
the data is sought in such a way that the loss function (2.5) is minimized. In such a simple
example, there are infinite pairwise combinations of 1D points that will make the loss
function zero, i.e., whose distance equals 5. The loss function in this scenario is illustrated
in (b) - the horizontal and vertical axes represent the y1,y2 ∈ R. In real world datasets, the
number of instances and dimensions is much larger. The loss function may become very
complex and no guarantees can be offered regarding finding the global optimum of the loss
function.

gives greater weight to smaller dissimilarities, i.e., it works better to maintain similar pairs

close together than dissimilar pairs far apart. Different functions can be defined to work the

other way around or to provide a better balance between smaller or bigger dissimilarities,

such as the one presented in the work of [Demartines and Herault, 1997].

Force schemes use a spring model to try to minimize the difference between the dis-

tances in the projection space and in the multidimensional space. The basis of these meth-

ods come mainly from work developed by [Eades, 1984] in graph visualization, which

makes an analogy between stress minimization and mass-spring systems. Force-based

schemes rely on spring forces, similar to those in Hooke’s law, where repulsive and at-

tractive forces between the points in the multidimensional space dictate the final projection

layout. The springs generate forces in directions which tend to pull distant but similar
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objects towards each other, and push close but dissimilar ones apart [Tejada et al., 2003].

In the next section, we discuss MP techniques in terms of the linearity of their mathe-

matical methodology.

2.4 Linear and nonlinear techniques

The classification of linear and nonlinear accounts for the kind of transformation applied

to the instances of the original dataset. Linear mappings are designed to operate when the

submanifold is embedded linearly, or almost linearly in the observation space [de Silva

and Tenenbaum, 2002]. However, they cannot capture nonlinear relationships between

data instances, which are usually accomplished by nonlinear transformations. Some ex-

amples of linear projection methods are the aforementioned principal component analysis

(PCA) [Jolliffee, 2002] and classic multidimensional scaling [Cox and Cox, 2000].

Least-squares scaling methods, such as the Sammon’s mapping [Sammon, 1969], are

examples of nonlinear mappings. Nonlinear techniques attempt to minimize a function of

the information loss caused by the projection. Such a function measures the error between

dissimilarities in the original and projected spaces. Sammon’s mapping and many others

that derive from it applies a steepest-descent procedure to solve the optimization prob-

lem. One of the disadvantages of least-squares techniques is that gradient-based methods

do not guarantee convergence to the global minimum of the function. Consequently, the

final projection layout may not be a good representation of the original dataset. Roweis

and Saul [Roweis and Saul, 2000b] proposed a method called Locally Linear Embedding

(LLE) that uses local information to achieve an optimization without local minima. There

are other examples of nonlinear projection methods. (a) Curvilinear Component Analysis

(CCA) [Demartines and Herault, 1997], which presents a variation on the loss function

proposed by Sammon. (b) Isomap [Tenenbaum et al., 2000] which applies the the geodesic

distance information to compute dissimilarities. (c) Least Square Projection (LSP), intro-
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duced by [Paulovich et al., 2008a].

Some recent methods propose the combination of linear and nonlinear transformations.

For instance, the aforementioned LLE [Roweis and Saul, 2000b] computes some weights

and vectors linearly, but the overall process is nonlinear. Also, Part-linear multidimensional

projection (PLMP) [Paulovich et al., 2010] and LAMP [Joia et al., 2011] makes use of

a subset of samples (control points) initially positioned in the projection space through

a nonlinear technique. The remaining instances are subjected to a linear transformation

constructed based on the final position of the CPs in the projection space.

As described in Chapter 1, the use of CPs have gained some popularity in MP tech-

niques, and we present a more in-depth discussion about them in the next section.

2.5 Multidimensional Projection with Control Points

Recently, control points have become an essential part of the workflow of many MP tech-

niques. Generally, control points are a set of multidimensional points XS = {xs1, . . . ,xsk}

formed by a reduced number of samples of the original dataset X , i.e., XS⊂X , with k <<N.

In a preprocessing step, the set of control points XS is projected into the 2D space with stan-

dard techniques such as MDS, PCA or force-based. Once the 2D correspondence YS ∈ R2

of XS is known, it is used to construct a mapping function f : Rm→ R2 that approximates

the 2D position of the remaining instances of X . This workflow is illustrated in Figure 2.7.

Control points were first introduced in multidimensional projection as a means to speed

up the projection process, since traditional techniques can become computationally pro-

hibitive as N increases. The process indeed is faster by using a reduced number of points

k << N and a mapping function f to approximate the 2D position of the remaining points.

[Pekalska et al., 1999] were the first to introduce the use control points in multidimensional

projection with the goal of specifically speeding up the Sammon’s mapping algorithm while

preserving the projection quality. The mapping function f created in their work is a linear
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Figure 2.7: General workflow of techniques with control points. Given a multidimensional
dataset, a subset of samples is selected and projected in a 2D space through a standard tech-
nique. A mapping function f is constructed based on this subset high to low dimensional
correspondence. The remaining instances are projected to 2D through f .

transformation that respects the high to low dimensional mapping of the control points.

Since Pekalska et al.’s work [1999], different techniques based on control points have

been proposed. Exampled include L-Isomap [de Silva and Tenenbaum, 2002], L-MDS [de Silva

and Tenenbaum, 2004], LSP [Paulovich et al., 2008a], PLMP [Paulovich et al., 2010],

LAMP [Joia et al., 2011] and PLP [Paulovich et al., 2011]. The technique used to project

the control points and the type of mapping function f are what make each method unique.

A comparison of the methods is presented in Table 2.2.

Method Projects CPs with... Mapping function

Pekalska Sammon’s mapping Linear transformation
L-MDS Classical MDS Linear triangulation procedure
L-ISOMAP ISOMAP Linear triangulation procedure
LSP MDS Laplace operator
PLMP Force-based Linear
LAMP Force-based Local affine
PLP Force-based Local Laplace operator

Table 2.2: Comparison between various methods that use control points, regarding projec-
tion technique and mapping function.

2.5.1 Control Points and User Interaction

In recent years, control points have gained even more significance in visualization appli-

cations, as they have been leveraged as a way for users to control, to some extent, the
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Figure 2.8: Modification of the iris dataset projection layout, by means of control points
manipulation. By rearranging control points one is able to better separate clusters that
would be cluttered otherwise. Compare this layout with the one displayed in Figure 2.3,
where the green and blue clusters are more overlapped.

projection results. In such applications, the user can move control points and rearrange

their positions in the projection space. Since the mapping function f is created based on

the 2D position of the control points, these rearrangements are reflected in the final 2D

projection of the remaining points.

This use of control points is demonstrated to be useful in different scenarios. For exam-

ple, it can be utilized as a means to incorporate a priori knowledge of the dataset into the

projection or to better separate clusters in the visual space, as illustrated for the Iris dataset

in Figure 2.8. It can also be a valuable tool to unveil points that can become hidden due to

cluttering in the projection space, as presented in Figure 2.9. A more in-depth exploration

of control points rearrangement can be seen in [Joia et al., 2011], where it is used to create

correlations between different datasets in the projection space.

One of the contributions of this work is a mechanism for CP selection, which is built

upon the Radial Basis Functions (RBF) interpolation theory, as will be presented in the

next chapter. Since RBF is also the foundation of one of our proposed inverse projection
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Figure 2.9: Control points manipulation can unveil points cluttered in the projection. In
this example, we used a dataset called Segmentation, comprised of 2310 instances and
19 attributes extracted from seven outdoor images. Points with the same color indicate
instances that belong to the same image [A. Asuncion, 2007]. (a) Initial projection; control
points are represented by squares. The numbered control points (1−7) are repositioned in
(b), and the projection layout changes substantially, revealing new instances mainly in the
highlighted areas.

formulations (Chapter ), we present an overview of its theory below.

2.6 Radial Basis Functions

The problem of reconstructing an unknown function f from a finite set of discrete data

is very common in several applications from various domains [Wendland, 2004]. The

available data are usually formed by data sites Ξ = {ξ1, . . . ,ξN} ⊂ Rm and data values

fi = f (ξi) ∈ R,1 ≤ i ≤ N and the reconstruction of f consists on finding a function s that

approximates the data values at the data sites. The approximant function s should either

interpolate the data, i.e. s(ξi) = fi, or at least approximate it, i.e. s(ξi) ≈ fi. When data
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sites Ξ are multivariate, one of the best methods for reconstruction is radial basis functions

(RBF).

In RBF, the approximant s takes the form of a linear combination of radial basis kernels

φ centered at the data sites:

s(x) =
N

∑
i=1

λiφ(‖ξi− x‖) (2.6)

where λi are real coefficients; φ : R+ → R are given, continuous functions, called radial

basis kernels centered at ξi; and ξi are the data sites, here called RBF centers. The function

φ and centers ξi are given, while the real coefficients λi need to be calculated. Figure 2.10

illustrates a 1-dimensional RBF interpolation using five data samples and Gaussian kernel.

In this thesis, we are interested in a function s that interpolates the available data, thus

λi’s are sought so as to make s(ξ j) = f j,∀ξ j ∈ Ξ:



s(ξ1) =
N

∑
i=1

λiφ(‖ξ1−ξi‖) = f1

. . .

s(ξN) =
N

∑
i=1

λiφ(‖ξN−ξi‖) = fN .

(2.7)

The solution of coefficients λi’s comes down to the solution of a linear system

Aλ= f , (2.8)

whereA is the N×N interpolation matrix, λ is an N-dimensional vector of unknowns and
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Figure 2.10: Radial Basis Function interpolation with five data samples X = {0,1,3,4,5}
and function values Y = {0,2,5,3,1}. The data samples are represented as colored points
in the graph. The blue curve is the function obtained with RBF interpolating between
the data samples. Below the graph, the Gaussian radial basis functions φ(r) = e−(εr)2

are
represented, where r is the distance between a point and the data sample, with ε2 = 0.5.
The colors of the curves make the correspondence to the data samples.

f is an N-dimensional vector. Let φi j = φ(‖ξi−ξ j‖), Equation (2.8) can be written as


φ11 φ12 . . . φ1N

...
...

...
...

φN1 φN2 . . . φNN




λ1

...

λN

=


f1

...

fN

 . (2.9)

Once the scalar λi’s are calculated, function s can be used to approximate the value of

any given point x ∈ Rm.

2.6.1 RBF kernels

We showed in the previous section that the solution of the radial basis function interpolation

problem reduces to the solution of linear system (2.8). Thus, a fundamental matter in RBF
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Figure 2.11: (a) Gaussian, (b) multiquadrics and (c) inverse multiquadrics functions in one
dimension. In this example all of the functions have ε = 1 and c = 1, when applicable.

approximation is to ensure the non-singularity of the interpolation matrix A. Remember

from Equation (2.9), that the entries ofA are determined by the RBF centers ξi and the ker-

nel function φ . Therefore, the kernel function φ is crucial and cannot be arbitrarily chosen,

as it plays an essential role in the form the interpolation matrix assumes. In fact, much of

the research done in the area of RBF approximation focus precisely in encountering kernel

functions that produce non-singular interpolation matrices with the reasonable assumption

the RBF centers are all unique.

Three of the most common kernels that guarantee the non-singularity of matrix A are

called Gaussian, Multiquadrics and Inverse Multiquadrics and their definitions are given

in Table 2.3. Figure 2.11 presents the graph of these three functions with respect to the
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Name Definition of φ(r)
Gaussian e−(εr)2

Multiquadrics
√

c2 +(εr)2

Inverse Multiquadrics 1√
c2+(εr)2

Table 2.3: Commonly used kernels in RBF. r is the distance argument of φ ; ε and c are
positive parameters also referred to as shape parameters [Mongillo, 2011].

distance argument r. Note that RBF kernels have as argument a positive real number that

measures the distance between the point x ∈ Rm and the RBF center. Euclidean distance is

typically used, in which case the kernel is radially symmetric.

In Chapter 3, we present how we apply the RBF theory to create a new MP method with

control points. We also propose an embedded CP selection mechanism that employs ROLS,

a well-established RBF center selection strategy, for the selection of control points. We

demonstrate that the proposed CP selection mechanism significantly improves the projec-

tion quality, measured by the stress, as shown in Equation (2.1), while requiring a reduced

amount of control points when compared to other techniques.
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Chapter 3

Control Points Selection for Multidimensional Projection

As presented in Section 2.5, the use of control points in multidimensional projection has

become a valuable asset to both speeding up the projection process and providing user

control for interactive data exploration. Even though the control points paradigm is gaining

attention and being incorporated in many new MP techniques [Joia et al., 2011, Paulovich

et al., 2011], the selection of instances that should be used as control points has not been

thoroughly investigated. And yet, the set of control points play a central role in the quality

of the final projection, as illustrated in Figure 3.1.

Recall from Figure 2.7, how the set of control points, together with their corresponding

2D position in the projection space, is used to approximate the projection of the remaining

instances. A satisfactory approximation can only be achieved if the set of control points is

composed of good representative samples of the entire dataset.

The works of [Pekalska et al., 1999], [de Silva and Tenenbaum, 2002] (L-Isomap),

[de Silva and Tenenbaum, 2004] (L-MDS), [Paulovich et al., 2010] (PLMP) and [Joia et al.,

2011] (LAMP), suggest to select control points randomly. On the other hand, works from

[Paulovich et al., 2008a] (LSP) and [Paulovich et al., 2011] (PLP) make use of clustering

techniques to divide the dataset into regions, and select one or more representative instances

of each region as control points. When the dataset is uniformly distributed in the multidi-

mensional space, a random selection of control points is a viable option. If that is not the

case, i.e., the data distribution is not uniform, the random approach will likely fail to select

a subset of samples that is a good representative of the entire dataset, resulting in poor-

quality mappings. The clustering approach avoids this issue by introducing an additional

step to the control point selection process. The dataset is first divided into clusters and, sub-
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Figure 3.1: Shuttle dataset (see Table 3.1 for description) used to exemplify the influence
of the set of control points in the final layout and quality of the projection. Both (a) and
(b) depict the projection results achieved through PLMP technique [Paulovich et al., 2010].
The only difference between the two examples is the set of control points used in the ap-
proximation step. Two distinct sets with 20 control points each are used to calculate the
projections. Projection (a) has a stress value of 0.8, while the stress of (b) is only 0.17. We
can also observe how their layout differs, with (b) presenting a much more separated cloud
of points than (a).

sequently, one or more instances from each cluster are randomly selected to form the set of

control points. This strategy guarantees a better distribution of control points in comparison

to the random approach, but it presents challenges of its own. It is not always clear what

is the number of clusters in a dataset and most clustering techniques, like k-means, rely

on this parameter to divide the dataset. Also, the clustering process can become compu-

tationally expensive. Furthermore, both approaches present the drawback of requiring the

user to determine the number of samples to compose the set of control points, which may

not be an obvious parameter to choose. Of course, one could apply a brute-force approach,

and iterate between various subset sizes to decide which is ideal, in an automated fashion.

This process, however, would prove very computationally expensive, as one would need to

compute a multidimensional projection for each of the subset of control points, and also its

stress to evaluate the projection quality.
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Besides these limitations, imposed by the CP-selection strategy, most MP techniques

require a minimum number of control points to ensure better projection quality. For ex-

ample, the methods PLP, PLMP and LSP indicate that a minimum of
√

n control points

are necessary to produce a projection with low stress, n being the number of instances in

the dataset. This limitation is mainly due to a lack of CP-selection strategy to better define

a compact subset of samples capable of approximating well the overall dataset. A large

number of control points create a less efficient high to low-dimensional mapping, and may

not be ideal for applications with user intervention, as shown by [Joia et al., 2011].

In this thesis, I propose a novel multidimensional projection technique, built upon Ra-

dial Basis Function (RBF), with a built-in mechanism for control points selection. RBF

presents a well-established mathematical formulation, which has been used in diverse ap-

proximation applications [Buhmann, 2003], and has been introduced in Section 2.6. I also

propose to apply RBF to create an interpolation function that respects the low-dimensional

position of previously projected control points and use that function to approximate the pro-

jection of the remaining instances. This method provides an explicit mapping from high

to low dimensions, and allows one to incorporate new data in real time with little compu-

tational effort. The multidimensional projection technique introduced by [Pekalska et al.,

1999] is a particular case of RBF. I generalize this traditional method and improve it by

reducing the number of required control points.

In the proposed multidimensional projection, the problem of selecting CPs becomes

the problem of selecting instances that will act as RBF centers. Various methods have been

proposed to systematically choose a subset of samples to serve as RBF centers. One of such

methods is based on the solution of Orthogonal Least Squares problems [Chen et al., 1991].

I incorporate this technique into the proposed Multidimensional Projection framework as

a means to perform control points selection and to improve the final projection results.

This approach automatically determines a good number of control points; thus, the user
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is not required to provide this important parameter. Furthermore, the proposed technique

can produce good-quality results with a reduced number of control points, which improves

efficiency as well as favors user interactivity [Joia et al., 2011].

3.1 Multidimensional Projection with RBF

In this thesis, we propose a novel MP method that uses control points along with RBF

approximation to create the mapping function s(x). The main advantage of the proposed

technique over the existing ones is the fact that a built-in mechanism for control points

selection is provided, which improves the projection quality with respect to stress (Equa-

tion 2.1) while reducing the number of required control points. Recall that the stress is a

metric that indicates how well original distances are preserved in the projection results. I

will discuss the CP selection methodology later on, but first let us discuss some technical

aspects of the proposed MP technique.

A natural way to formulate the MP problem using RBF is to consider control points as

the RBF centers and their 2D position as the function values we want to interpolate (read

Section 2.6 for a description of the RBF theory). The illustration presented in Figure 1.2 is

a good reference to understand how these elements come together in the MP pipeline. Let

XS = {xs1, . . . ,xsi, . . . ,xsk} ∈Rm be the set of control points and YS = {ys1, . . . ,ysi, . . . ,ysk} ∈

R2 be its 2D counterpart, i.e., ysi is the known 2D position of control point xsi . As discussed

in Section 2.6, the interpolation with RBF functions requires data sites, or RBF centers, ξi

and data values fi. For the MP formulation, xsi are RBF centers and ysi are data values.

The difference, in this case, is that the function values ysi are 2-dimensional vectors instead

of scalar values. Thus, the proposed formulation presents two separate RBF functions, one
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for each output dimension:

f1(x) =
k

∑
i=1

λ1iφ(‖x− xsi‖),

f2(x) =
k

∑
i=1

λ2iφ(‖x− xsi‖),
(3.1)

where λi are real coefficients; φ : R+→ R is the radial basis kernels. Note, however, that

in this scenario we can solve the interpolation problem component-wise, as the interpo-

lation matrices of both functions are the same. A linear system equivalent to the one in

Equation (2.9) is written as

ΦΛ = Y, (3.2)

where

Φ =


φ11 φ12 . . . φ1k

...
...

...
...

φk1 φk2 . . . φkk

 , Λ =


λ11 λ21

...
...

λ1k λ2k

 and Y =


ys11 ys21

...
...

ys1k ys2k

 ,
,

where φi j = φ(‖xsi− xs j‖). We solve the linear system only once in the process by fac-

torizing Φ. There is a vast array of techniques designed to solve linear systems. The

interpolation matrix Φ is always symmetric (since φi j = φ ji) and, depending on the choice

of kernel φ , it can be positive-definite. In such cases, the Cholesky factorization is a good

choice. Otherwise, general factorizations such as LU or QR can be used 1 [Golub and

Van Loan, 2012].

The proposed RBF methodology is illustrated in Figure 3.2 through a simpler 2D to 1D

projection example.
1The linear solvers used in this thesis are from the LAPACK library [Anderson et al., 1990].
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Figure 3.2: RBF Projection example. (a) A 2D dataset is given, and three control points
are chosen; the CPs are projected into 1D through PCA (see Section 2.3.1). (b) An RBF
function is sought to approximate the projection of the remaining instances. (c) The RBF
coefficients λ s are determined by solving a linear system, in such a way that the CPs output
positions are interpolated. (d) The RBF function for this example, using a Gaussian kernel
φ(r) = e−(εr)2

, with ε = 0.1. (e) Applying the function to every instance in the dataset
approximates their position in the projection space.
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Some aspects of RBF makes it a suitable and appealing interpolation method for multi-

dimensional projection:

1. A good approximation of multivariate functions. As stated by Martin Buhmman in

his book entitled Radial Basis Functions [Buhmann, 2003], the RBF approach is well

suited for cases with large datasets with multiple attributes.

2. Operation upon the distance between a point in the domain and the RBF center di-

rectly. Even though the most commonly used distance metric is the Euclidean, in prac-

tice, one could use different dissimilarity measurements not necessarily defined in a

Cartesian space. For instance, [Cox and Cox, 2000] presents an example where the

dataset consists of 10 whisky bottles from different distilleries. The dissimilarities be-

tween each pair of them is an integer score between zero and ten given by an expert

judge. Note that, in this specific example, instances are not necessarily defined in the

Cartesian space, but dissimilarities are provided. The proposed technique can handle

such scenarios, making it more flexible than recent multidimensional projection meth-

ods, which require the original dataset to be embedded in a Cartesian space [Paulovich

et al., 2010, Joia et al., 2011].

3. No constraints over number of control points. The number of centers is not a restriction

in RBF, i.e., the MP mapping function can be created with a very small-sized set of con-

trol points. This characteristic is an advantage over some MP techniques, for instance,

the PLMP method [Paulovich et al., 2010], that requires the number of control points to

be larger than the number of parameters in the dataset. It was previously discussed the

importance of a reduced number of control points in applications with user interaction.

4. Center selection. This aspect is an important topic in RBF research, and different ap-

proaches have been proposed to determine a suitable subset of representative samples to

be used as centers, the correspondent to our control points. Techniques based on cluster-
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ing [Uykan and Guzelis, 1997], genetic algorithms [Zhao et al., 2002] and Orthogonal

Least Squares [Chen et al., 1991, Chen et al., 1996] are among the most popular. The

methodology applied in this work is based on the former, and we believe it provides a

good starting point to investigate the impact that a careful selection of CPs can have in

the quality of MP results.

In the next section, I discuss the Regularized Orthogonal Least Squares (ROLS), the

method used to select representative control points.

3.2 Control Points Selection through Regularized Orthogonal Least

Squares

The set of control points is an essential part of the RBF technique, having a significant im-

pact on the quality of the RBF approximation and, in the case of this thesis, in the quality of

the final projection. Ideally, the set of control points should represent well the entire dataset

domain and still be small sized and with low redundancy. In this thesis, I propose to em-

ploy a method based on Orthogonal Least Squares (OLS), introduced by [Chen et al., 1991]

for center selection in RBF. OLS is a well-established methodology, and its mathematical

formulation is derived exclusively from RBF approximation/interpolation. It is a determin-

istic approach, unlike other methodologies such as the one presented in [Zhao et al., 2002],

and it was the natural choice to start exploring with control points selection. In general

terms, the proposed CP selection mechanism applies an iterative forward-selection strat-

egy, whose process starts with an empty set and, at each iteration, the instance that reduces

the RBF approximation error the most is added to the set. This process is repeated until

stop criteria are met. Figure 3.3 illustrates the pipeline of the proposed RBF methodology

with embedded control points selection.

To understand how OLS works for control points selection, it is important to view RBF
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Figure 3.3: RBF projection with embedded CP selection. This scheme highlights in red the
extra steps when compared to the general pipeline presented in Figure 2.7.

as a linear regression 2 model [Rencher and Christensen, 2012]. Let us assume we have K

control points candidates {xi,yi}K
i=1, where yi is the output corresponding to control point

xi. If all xi are used as control points, Equation (2.6) can be rewritten as:

s(xt) =
K

∑
i=1

λiφ(‖xt− xi‖),1≤ t ≤ K. (3.3)

Let

φi(t) = φ(‖xt− xi‖), (3.4)

we can express the desired output yt as

yt =
K

∑
i=1

λiφi(t)+ et ,1≤ t ≤ K, (3.5)

where e(t) is the error between the desired output yt and the approximated output s(xt), i.e.,

e(t) = yt − s(xt). Note e(t) will be zero when all candidates are used as control points, but

the goal of the method is to reduce this set. Finally, we can write Equation (3.5) in matrix

form as

y = Φλ + e, (3.6)

2In general terms, linear regression is an approach to model the relationship between the output and the
data samples in a linear fashion.
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Figure 3.4: Overview of the CP selection mechanism. Starting with a set of candidate
control points (a), calculate the approximation error, assuming each CP alone is used as
RBF center. The candidate that reduces the error the most is included in the set of control
points (b) and removed from the set of candidates (c). In this diagram, we show two
complete iterations, where two CPs have been selected. This process is repeated until the
stop criteria are met.

.

where y = [y1 . . .yK]
T , Φ = [φ1 . . .φK], φi = [φi(1) . . .φi(K)]T , λ = [λ1 . . .λK] and e =

[e1 . . .eK].

Equation (3.6) has the form of a linear regression model and the vectors φi can be

referred to as regressors. Thus, the question of how to select control points can be translated

into the problem of selecting significant regressors. The adopted technique is based on a

“forward selection”, i.e., the process starts with an empty set of regressors and one regressor

from the set of candidates is selected at a time. Each selection is made in such a way to

maximally decrease the squared error eT e.

Since the regressors are usually correlated, it is not clear how to measure their individ-

ual contributions to the error decrement. Applying the concept of the OLS method, which

transforms the set of φi into a set of orthogonal basis vectors, it is possible to isolate the re-
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gressors and calculate their individual contributions. Using QR factorization, the regression

matrix Φ can be decomposed as

Φ =WA, (3.7)

where A is an upper-triangular matrix with diagonal 1 and W = [w1 . . .wK] with orthogonal

columns that satisfy wT
i w j = 0, if i 6= j. The model (3.6) can now be written as

y =Wg+ e (3.8)

with Aλ = g.

However, as discussed by [Chen et al., 1996], the minimization of the squared error eT e

alone may become prone to overfitting, i.e., although the approximant s(x) interpolates the

control points candidates, it may not be able to generalize well to the remaining instances

of the dataset - what could result in poor-quality projection results. To prevent this problem,

a regularization term is added to the error, which penalizes large λ values. Observe that,

since Aλ = g, penalizing λ is equivalent to penalizing g; thus, the final formulation for the

error we aim to minimize is:

eT e+βgT g, (3.9)

where β ≥ 0 is the regularization parameter. This error formulation renames the technique

to Regularized Orthogonal Least Squares (ROLS). Equation (3.9) can be rewritten as

eT e+βgT g = yT y−
K

∑
i=1

(wT
i wi +β )g2

i . (3.10)

Dividing (3.10) by yT y we have

(eT e+βgT g)
yT y

= 1− ∑
K
i=1(w

T
i wi +β )g2

i
yT y

, (3.11)
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and the regularized error reduction ratio due to wi is defined as

[rerr]i =
∑

K
i=1(w

T
i wi +β )g2

i
yT y

. (3.12)

At each step of the selection, the control point xi associated with vector wi and maximum

rerr is included in the control points’ set.

In this work, I also propose the inclusion of an extra step, which is the calculation of the

stress metric, given by Equation (2.1), of the remaining CP candidates. It is clear that using

all candidates as control points reduces the error rerr (3.12) at most, but not necessarily

the stress. The goal is to select a limited amount of points that better explains the entire

dataset and potentially reduces the stress. This objective is achieved by introducing a stop

criterion in the selection process: (1) Akaike-type criteria reaches a minimum, as suggested

in [Chen et al., 1991] and (2) a maximum number of control points is reached. At the end

of the selection process, the iteration with minimum stress is identified. As a final step,

we seek a trade-off between the minimum stress and the reduced number of control points,

by finding an iteration with fewer control points than the one with minimum stress, but

with stress slightly higher. Heuristically, I found in the experiments that stress values up to

5% higher yield a good trade-off between number of control points and projection quality.

This threshold was defined through a trial-and-error process, where various thresholds were

tested with regards to its final stress and size of control points’ set.

To prevent ill-conditioning 3, a simple check can be built into the procedure. The re-

lation wT
i wi = 0 implies that φi is a linear combination of the previously selected control

points. Thus, if wT
i wi is less than a preset threshold γ , φi will not be selected as a control

point.

The ROLS technique for control points selection is summarized in Algorithm 1. Note

3An ill-conditioned matrix is one that has a very large conditional number, which indicates the matrix is
almost singular. In such case, the solution of the linear system is prone to significant numerical errors.
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Algorithm 1 Control points selection with ROLS
1: Given Xc = x1, . . .xK (set of control points candidates);
2: Given Yc = y1, . . .yK (candidates’ position in the projection space);
3: Construct matrix Φ = [φ1 . . .φK ], φi = [φi(1) . . .φi(K)]T (Equation 3.4);
4: W = Φ

5: X0 =∅
6: it = 1
7: while Stop-criterion not met do
8: for each candidate i where wT

i wi > γ do
9: Calculate [rerr]i(wi) (Equation (3.12))

10: end for
11: wk = argmax([rerr]i)
12: Xit = Xit−1∪{xk} (Select xk as a new control point)
13: Remove wk from W
14: Calculate stress for instances in W
15: for each wi ∈W do
16: wi = Orthogonalization of wi with respect to wk through Modified Gram-Schmidt [Chen et al., 1996]
17: end for
18: it = it +1
19: end while
20: Find iteration it with minimum stress (smin)
21: X = Xi, with i the iteration with less CPs and stress < 1.05∗ smin

22: Return X

that the orthogonalization of matrix Φ is done step by step until a stop criterion is met and

the selection process is terminated. The orthogonalization process is acquired through the

Modified Gram-Schmidt algorithm [Chen et al., 1996].

Even though the first step in the proposed process is to select K candidates for control

points randomly and use a force-based technique to calculate their low-dimensional posi-

tioning, which an extra computational overhead, as soon as the number of control points is

reduced the RBF becomes acutely simple. Moreover, we attested that, in most cases, the

projection quality indicated by the stress (Equation (2.1)) significantly improves when this

careful selection process is adopted. In fact, Figure 3.5 experiments with three datasets:

Page Blocks, Ionosphere and Yeast; with RBF using a Multiquadrics kernel (c = 1 and

ε = 30). The green boxplots present the stress for random selection of control points, while

the pink boxplots present the results for ROLS selection. Since there is a randomness asso-

ciated with the experiment, each test was performed 100 times, and the stress results were
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calculated for each of them.

The ROLS parameters used are: 30 maximum number of final control points and γ =

1.e− 5, selected heuristically. The average number of control points selected is shown in

the row #FCP. Observe that the stress achieved with ROLS selection with a few control

points (less than 30) is lower than the ones obtained with a larger number of randomly

selected control points. Another interesting fact to observe is that, increasing the number

of candidates N, the chances of picking more meaningful control points are increased, and

the stress is improved, but there is a tradeoff between projection quality and computational

time. In the next Section, I present an evaluation of the proposed RBF projection and

comparison with other techniques.
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Figure 3.5: Impact of CP selection with ROLS in the MP stress (Equation (2.1)), for three

datasets.4In ROLS results, #FCP indicates the average number of control points selected in

the experiments. Each test was executed 100 times, and the stress distribution is represented

through boxplots. Note how the average stress value of the experiments with ROLS CP

selection (pink boxplots) is smaller than the ones that use pure random selection, even

when the number of CPs used is considerably less than in the baseline experiments (green

boxplots).

4Box plots are used throughout this thesis to provide a visualization of the distribution of metric values
for a given set of experiments. To provide guidance for their interpretation, the description of the graphs used
in this thesis are presented below. The tops and bottoms of each box are the 25th and 75th percentiles of the
data, respectively. The line in the middle of each box is the median of the data. The lines extending above
and below each box extend up to the maximum and minimum data value, respectively. In case of outliers,
they are represented as circles above/below these lines.
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3.3 Evaluation of Technique

The experiments presented in this section were executed in a 2.80 GHz Intel Core i7 CPU

860 with 12 GB of RAM. I compare the proposed technique to four other methods, namely

LAMP [Joia et al., 2011], PLMP [Paulovich et al., 2010], Pekalska [Pekalska et al., 1999]

and Fastmap [Faloutsos and Lin, 1995]. The first three techniques are control-points-based.

All of these techniques propose a random strategy to select control points and, with excep-

tion of LAMP, suggest a minimum number of control points to ensure projection quality,

based on experimentation. The Fastmap technique, in turn, is known for its computational

efficiency as its methodology is more focused on computational speed than in projection

accuracy.

For the RBF setup in these experiments, I adopted the Multiquadrics kernel, with c =

ε = 1. For the control points selection process, I used the following parameters: number

of candidates N = 150, the maximum number of control points 30 and γ = 1.e−5 to avoid

matrix ill-conditioning. The datasets used in the experiments are described in Table 3.1.

Dataset # Instances # Dimensions
Ionosphere 350 35
Pima indians diabetes 768 8
Yeast 1152 8
WDBC 569 30
Segmentation 2085 16
Wine Quality 3961 11
Page blocks 5405 10
Letter Recognition 18667 16
Shuttle 42365 8

Table 3.1: Datasets used in the experiments, downloaded from the UCI Machine Learning
Repository [Bache and Lichman, 2013].

For each dataset 100 tests were executed, to account for the variance introduced in the

results due to the random factors of the techniques (except for Fastmap, which is a de-

terministic approach). The methods were compared in terms of mapping quality (stress -

Equation (2.1)) and execution time. The results are shown in Figure 3.6, and the experi-
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ments are discussed in Section 3.4.

Figure 3.6: Stress and time comparison for RBF, LAMP, PLMP, Pekalska and Fastmap.
The proposed RBF technique was only outperformed by Pekalska in terms of stress, but it
performs better in terms of computational efficiency.

3.4 Discussion

Figure 3.6(a) presents the comparison of projection quality between the RBF approach and

the other four techniques. The y-axis was truncated for stress = 0.6. We can see that the

stress achieved by the proposed method is very low and outperforms all the other methods,

except Pekalska, which present stress only slightly smaller. Notice, however, that Pekalska

requires a large number of control points
√

n(where n is the number of instances in the

dataset) to produce good-quality results, On the other hand, the proposed method used a

maximum of 30 control points in every test case, and an average of 15 control points for

the datasets presented in Table 3.1.

Figure 3.6(b), in turn, shows the boxplots with the time variance for each technique.

The results indicate that the overhead created by the procedure for control points’ selection

gives a small disadvantage to RBF compared with LAMP, PLMP and Fastmap. However,

it was observed that the execution time was around 1 second for the current experiments,
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which is small in practical terms. Moreover, the created overhead is only caused by the

control points’ selection process, which depends on the number of candidates N chosen by

the user. The experiments indicate that 150 control points candidates are usually enough to

yield good quality projection results, independent of the size of the dataset. Furthermore,

this only creates a lower bound for computational time, since the control points selection is

accomplished in a pre-processing step, and the final RBF process with only a few control

points is extremely fast.

Regarding ROLS for control points selection, the results achieved with this technique

were very satisfactory. The proposed CP selection strategy was applied to all 9 datasets

presented in Table 3.1 (a reduced number of results was presented in Figure 3.5) and the

stress produced by less than 30 control points was always equal or better than the ones

produced by 50 randomly selected control points. Figure 3.7 presents an illustration of

how the ROLS-based control points selection work in the Mammals dataset, which contains

data that characterizes dogs, cats, horses and giraffes, forming four well-separated clusters

[A. Asuncion, 2007]. Figures 3.7(a) and 3.7(b) present 150 randomly selected and 15

ROLS-selected control points, respectively. We can observe that the method automatically

selects representatives of each cluster, maintaining the general behavior of the projection

(results in the top row).

3.5 Control Points Selection Applied to Other MP Techniques

To investigate even further the effects of control points selection, I have applied ROLS to

other MP techniques. The methodology for control points selection proposed in this thesis

is intrinsically connected to the RBF formulation. However, the basic idea of ROLS is to

find points in the domain that better represent the entire dataset, and this selection could

benefit and improve the solution of other techniques. In fact, we have evaluated the per-

formances of LAMP and PLMP with ROLS-based control points selection and compared
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Figure 3.7: Example of control points selection through ROLS in the Mammals dataset
(20,000 instances and 47 dimensions). This dataset contains four well-defined clusters,
indicated by the different colors in the projection. Figures on the bottom present only the
control points used to produce the projection, depicted on the top.

them against their performances with random selection. Preliminary results are encour-

aging and indicate that ROLS-based control points selection can improve the projection

quality of these techniques.

Similarly to the RBF projection experiments (Figure 3.5) LAMP and PLMP were both

executed with 10, 20, 30, 40 and 50 randomly selected control points for each dataset;

and we have employed control points selection using 50, 100, 150, 200 and 250 initial CP

candidates. Each experiment was run 100 times, to account for the stochasticity of the

method.

Some of the results evaluating the projection stress of LAMP are presented in Figure

3.8. It is very clear from the graphs that LAMP can have its projection quality substantially

improved when combined with the proposed control points selection mechanism. Note that

ROLS returned no more than 15 control points for each of the test cases I present. Even

using such a small amount of control points, the final projection stress is lower than the

ones that resulted from using a larger number of control points chosen randomly. In fact,

we can observe that using ROLS-selection the stress median is almost always smaller that
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Figure 3.8: Applying ROLS-based control points selection to LAMP. It is evident from
the graphs that a careful selection of control points can significantly improve the iLAMP
projection stress.

this value using 10-50 randomly selected control points. Notably, a drastic improvement in

projection quality can be observed in the Segmentation and Yeast datasets.

Note that, in the Segmentation test case in Figure 3.8, using 15 or fewer control points

selected from 150 candidates reduced the stress median close to 50% when compared to

50 random control points. In the Yeast experiment, in turn, it was observed that random

selection produced projections with very high stress, with median greater than 0.6 in most

of the tested cases. Using ROLS-selection with 100 candidates we already see a significant

reduction in the stress median to less than 0.1. Using less than 15 control points selected

from 100, 200 or 250 candidates, this very small stress level was maintained for all 100
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runs, except for a few outliers.

In the PLMP experiments, we can observe a similar behavior since ROLS-selection

helps to reduce the overall stress of the projection while keeping the number of control

points low. There are a few things to consider about PLMP before discussing the results:

(1) Due to its formulation, PLMP technique requires the number of control points to be

greater than the number of parameters m of the dataset. Thus, in the experiments I ensured

that ROLS would return at least m+1 control points when coupled with PLMP; and (2) in

the paper describing PLMP [Paulovich et al., 2010], the performance in terms of stress was

evaluated using a clustering-based and a random-based control points selection approach.

Through these experiments, it was concluded that the clustering-based approach only out-

performed the random method when the number of control points was low. However, to

achieve satisfactory stress values with either approach, the number of control points has to

be increased (the authors suggest
√

N control points). In such cases, clustering and random

yielded similar stress results, which justified the use of random selection in their work.

Figure 3.9 presents the results of Yeast and Page Blocks datasets obtained when incor-

porating ROLS-based selection into the PLMP workflow. In order to compare the stress

value to the state-of-the-art of the method, we have also included the results achieved with
√

N random control points as suggested by PLMP. In both test cases, we can observe a

considerable reduction in stress when using ROLS-selection.

Note, for instance, the drastic decrease in stress achieved by selecting an average of 23

control points out of 150 or 200 candidates in the Yeast example. The projection quality

outperforms, by far, even the experiments using the suggested
√

N (in this case 40) control

points. Similarly, the stress in the Page Blocks experiment is much reduced when using

the proposed selection mechanism. Note that using 25 control points selected out of 200

candidates; the overall stress also outperforms the stress using
√

N (in this case 75) control

points.
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Figure 3.9: Applying ROLS-based control points selection to PLMP. These results indicate
that PLMP can be greatly improved when combined with a careful CP selection mecha-
nism, such as the proposed ROLS.

In summary, this chapter presented a novel multidimensional projection technique,

based on RBF. The main advantage of the proposed method is its ability to perform con-

trol points selection, a step generally not present in most MP techniques. Experiments

indicate that the ROLS-selection method offers a good trade-off between time and stress

while reducing the number of control points. It was also shown that the proposed control

points selection strategy could benefit techniques other than RBF-based, such as LAMP

and PLMP.
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Chapter 4

Inverse Projection

So far, I have focused on the classic definition of multidimensional projection (MP) and

its application for data analysis and visualization. In Chapter 3, I presented a new mul-

tidimensional projection technique with a built-in mechanism for control points selection

and demonstrated that this method could improve the projection quality even with a low

number of control points. Another significant contribution of this thesis, however, lies

beyond this traditional usage of MP techniques, in a process called inverse projection.

Inverse projection was designed with the goal of providing a simple and easy-to-use way

of creating new multidimensional data samples. This work was mainly inspired by the

possibility of establishing a 2D point and having a tool to automatically infer the position

of this point in the multidimensional space. I propose to use inverse projection to achieve

this goal, by using the MP layout as a canvas, on which new points can be created amongst

an existing projection scatter plot. Figure 4.1 illustrates the inverse projection framework.

The MP layout space provides a good medium on which to build the proposed frame-

work: the neighborhood structure of the original dataset is preserved in the 2D projection

space, and we know the exact correspondence between projected 2D points and multidi-

mensional instances. This information can be leveraged to derive a reasonable assumption

about the multidimensional position of a newly-defined 2D point. Generating a multidi-

mensional sample can be a cumbersome task, due to either the large number of pa-rameters

or to the lack of knowledge about them. On the other hand, with the inverse projection ap-

proach, the parameter information can be presented in an abstract fashion to the user, who

would only need to decide in 2D the neighborhood in which he/she wants the new sample

to be located.
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Figure 4.1: Given a multidimensional dataset (illustrated by the colored circles inside the
cube), a multidimensional projection maps the data into a projection space. Inverse projec-
tion operates in the other direction. With any input device, the user interactively defines a
new 2D point in the projection space (illustrated by the cross), which is then mapped back
into the multidimensional space (cross inside the cube). MP provides two essential data for
inverse projection: the neighborhood structure preserved in the projection space and the
correspondence between 2D projected points and the multidimensional instances.

Inverse projection can be used in applications where data analysis is necessary, but cre-

ating new samples, i.e., extrapolating the actual samples of a given dataset, is also desirable.

In this thesis, I present two such applications with demonstration examples: (1) A param-

eter space exploration using an optimization problem (Chapter 5); (2) A face-synthesis

application (Chapter 6).

The next section presents an overview of the existing methods in multidimensional

parameter exploration and how they compare to the proposed inverse projection framework.

4.1 Multidimensional Parameter Space Exploration

The exploration of multidimensional parameter spaces has been a recurring research topic

in visualization in the past few years. For instance, systems like the ones presented by

[Bruckner and Möller, 2010] and [Pretorius et al., 2011] have been designed to assist the
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user to perform this task. [Bruckner and Möller, 2010], introduced a system that allows

the user to explore simulation results for special effects. The focus of their system is not

to provide a complete understanding of the parameter space but to enable users to achieve

the desired animation sequence without the hurdle of parameter tuning. Therefore, the sys-

tem is not designed to support resampling of the parameter space. Likewise, in [Pretorius

et al., 2011], the authors proposed an interactive visualization technique that enables users

to analyze the relationship between sampled input parameters and corresponding outputs.

Their system is designed to assist users in the task of parameter tuning for image analysis.

The first step in their pipeline is to sample the parameter space uniformly. The outputs

for each parameter combination are calculated and displayed in such a way that users can

understand the input-output relationship. Their system also does not permit resampling the

parameter space during the process. In fact, just a few techniques and systems allow for

resampling as part of the data exploration process. [Wang et al., 2013], propose a system

that allows the user to create and edit multidimensional data points from an existing dataset

or from scratch. They use traditional visualization tools, as parallel-coordinates and scat-

terplot matrices, to create an interface that permits the user to sketch the distribution of new

points. In another work, [Torsney-Weir et al., 2011] present a system that assists the user

in resampling a continuous parameter space. Their system is designed to help users to find

a suitable parameter combination for segmentation methods. They start by automatically

sampling the parameter space, and then they evaluate each parameter combination based

on multiple-objective optimization functions. Scatterplot matrices and Hyperslice are used

to display the samples and the corresponding function values. Their interface guides users

in the search for regions of interest of the parameter space while permitting to resample

user-defined areas. The resampling mechanism, however, requires the user to set each pa-

rameter manually and the system is not designed to deal with a high number of parameters.

[Igarashi et al., 2005] propose a system that supports performance-driven animation by
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blending input poses of an object using RBF interpolation. In their application, the user

defines poses and associates each of them with a point in the 3D space, and a user-defined

motion path in 3D creates a corresponding character animation. Their system is specifi-

cally designed for animation of 3D characters, while my proposed inverse projection is a

general framework that can be applied to any multidimensional dataset. Furthermore, mul-

tidimensional projection is a key component of my framework, as it automatically provides

a coherent 2D correspondence for each of the objects. This renders our framework scal-

able with regards to the number of objects in the dataset, since the user is not required to

manually create these correspondences in the 2D space.

In inverse projection, since data analysis and extrapolation are carried out in the 2D pro-

jection space, the user is not necessarily aware of the number of parameters in hand. The

idea is to use the projection of the data to identify regions of interest and generate new sam-

ples in these areas. The basic premise of inverse projection is that both a multidimensional

dataset and its 2D projection are provided.

In the next section, I will present an overview of inverse projection and the main com-

ponents necessary for its application.

4.2 Interactive Inverse Projection Framework

The proposed inverse projection is an interactive methodology that allows users to create

new multidimensional instances in a straightforward manner. It all starts with a multidi-

mensional dataset, which is projected into a 2D projection space. Besides being the user

interface where data analysis takes place, the projection space also provides the interactive

medium over which the user can create new multidimensional samples. The user creates

2D points with any pointing device (e.g., mouse, stylus) in regions of interest over the pro-

jection space. This area may be either under-sampled, i.e., few or none projected points, or

sampled with some projected points of interest. In the latter, the user can further explore
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the dataset and generate additional instances sharing similarities with the existing ones. For

each user-defined point, the inverse projection finds a multidimensional representation for

it using a mapping function.

One may generalize the main components of the interactive inverse projection frame-

work as follows. (a) A multidimensional dataset used as the basis for parameter exploration.

(b) A mapping function used to project these multivariate samples onto a projection space.

(c) An interactive projection area allowing the user to rearrange the projected data and to

create points in it. (d) An inverse mapping function used to map user-created 2D points

into the multidimensional space. This framework is illustrated in Figure 4.1.

Two basic premises need to hold true when using the proposed framework for a given

dataset: (1) The instances of the dataset can be represented as an n-dimensional feature

vectors. (2) There is a mechanism that transforms an n-dimensional feature vector into an

object of the same type as the ones in the original dataset. Both points will be addressed

and exemplified next.

For the first premise, the numerical representation of the dataset is the information used

to find the corresponding 2D projection. It is true that some multidimensional projection

techniques like multidimensional scaling (MDS) [Cox and Cox, 2000] only require the

dissimilarity information between pairs of instances. However, when the inverse projection

takes place, it is the direct correspondence between 2D points and their multidimensional

counterparts that permit the creation of a mapping function. The way to find a good feature-

vector representation for a dataset is very case-dependent. In some cases, the object itself

is the feature-vector. For example, in the optimization application presented in the next

chapter, the data instances are multidimensional points in the parameter space. These points

are directly used as the feature-vector representation required for the inverse-projection

framework. In other cases, this relationship is not as explicit. For instance, the dataset of

3D humans faces (Chapter 6) requires a proper definition of how to extract feature vectors
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that represent each face. The definition of feature vectors in this specific scenario will

be described in Section 6.3.1. Once each instance in the dataset is represented by feature

vectors of same dimension and semantic, one is ready to start using the inverse-projection

framework.

Regarding the second premise, the output of inverse-projection is a multidimensional

point with the same dimension as the feature vectors describing each instance of the data.

A mechanism is required to transform this point into an object of the same class as the ones

from the given data set. This mechanism would allow users to comprehend a newly created

point entirely and to move forward with the interactive exploration process. For example, in

the proposed face-synthesis demonstration application, a multidimensional feature vector

is transformed into a 3D face model.

4.3 Inverse Projection Mapping Function

The inverse projection transformation from 2D to multi-dimensions is carried over by a

mapping function f : R2→ Rm. This function is essential in the inverse projection frame-

work, and it should work in such a way that the position of the multidimensional output,

with respect to the multidimensional points of the original dataset, is coherent with the 2D

neighborhood as defined in the projection layout. In other words, the new multidimen-

sional point should be similar to the points that are in its neighborhood in 2D. The MP

components allow us to create such a mapping.

The general idea is very much like the process of establishing a mapping function for

MP with control points. Recall from Chapter 3 that the correspondence between multidi-

mensional control points and their 2D position is used to create an interpolation function

that approximates the 2D projection of the remaining instances. In inverse projection, a

similar function is desired, but one that maps a point from 2D to the original multidimen-

sional space of the dataset. The inverse projection problem does not have a unique solution:
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Figure 4.2: In the left, a simple multidimensional dataset with 3 instances is illustrated;
and in the right, we present its 2D projection. A function f : R2→ Rm is sought in such
a way that it respects the known 2D-to-multidimensional correspondence of the data sam-
ples. When a new 2D point is created (gray circle to the right), this function is used to
approximate its multidimensional position.

there are multiple ways to map a 2D point into a multidimensional space. Using the cor-

respondence between 2D and multidimensional points, one can restrict the solution space

to make it unique. In this case, the correspondence between each 2D position and their

multidimensional feature vector is given by the MP framework. We propose to use this

information to create a mapping function that maps an existing 2D point exactly back to

its feature vector. This function can later be used to approximate the multidimensional

position of any user-given 2D point. Figure 4.2 illustrates the different components of the

inverse projection framework, emphasizing the role of the mapping function.

The mapping function defines important properties that will make each inverse projec-

tion method unique. In this thesis, we propose two different mapping functions for inverse

projection. One is based on the Local Affine Multidimensional Projection (LAMP) [Joia

et al., 2011] methodology. We use the same mathematical formulation proposed in LAMP

to approximate the projection with the use of control points, but this time to infer the mul-

tidimensional position of 2D samples. The other one is based on the RBF formulation
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presented in the previous chapter. Again, the same formulation and logic are used but to

create a mapping from low to high-dimension instead.

Before moving on to the inverse projection formulations (Chapters 5 and 6), I will

present an overview of the system developed in the course of this research to integrate MP

and inverse projection.

4.4 System Overview

As presented in this chapter, inverse projection is a framework that allows users to inter-

actively create new multidimensional points. As such, it requires an interactive system

platform to support close to real-time interaction. Part of this research is to design and

develop such an interactive system.

The implementation of inverse projection requires a user interface which integrates MP

with the inverse projection functionalities. To this end, I have developed a system using

the C++ programming language, Qt API to create the GUI and OpenGL API to handle the

graphics and projection/inverse projection rendering.

When the system in launched, the user can load a file that describes a multidimensional

dataset. The file format consists of a header that contains the number of instances and

parameters in the dataset, besides the optional names of each parameter. An extra col-

umn can also be included, providing a value associated with the instance. If present, this

information is used to assign a color (based on a colormap) to each instance in the pro-

jection space. The same input file formatting used in the pex toolkit for multidimensional

projection [Paulovich et al., 2008b] was adopted for this prototype.

Once the dataset is loaded into the system, an MP technique is chosen to project the

data. Three CP-based techniques are implemented and integrated into the prototype sys-

tem, namely, LAMP [Joia et al., 2011], PLMP [Paulovich et al., 2010] and my proposed

RBF method presented in the previous chapter. The user is also given the option to choose
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Figure 4.3: Loading the mammals dataset, which consists of 20,000 instances and 47 pa-
rameters, with four different animal groups, encoded by colors. This figure illustrates 20
control points projected into the projection space through a forced-based technique. The
MP method drop-down menu is highlighted; the screen on the right is a 3D visualizer,
which is useful in applications such as face-synthesis.

the number of control points to use, and whether random or ROLS-based selection (Sec-

tion 3.2) should be carried out. Figure 4.3 illustrates 20 control points projected and dis-

played in the projection space.

In case RBF-projection is selected, one can also choose the basis function to be used

in the approximation and the shape parameter of the function (as described in Section 2.6).

The projection is then calculated and displayed on the projection screen, which becomes

an interactive display (Figure 4.4).

In the prototype system, CPs can be rearranged, and the projection recomputed on-the-

fly. New CPs can also be created, or existing ones can be deleted. A free-form region of

the projection can be selected and a separate window will display the parallel-coordinates

representation [Inselberg and Dimsdale, 1990b] of the selected instances, as illustrated in

Figure 4.5.
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Figure 4.4: The final projection is calculated, using the method selected in the drop-down
menu. In this stage, control points can be rearranged or even deleted, or new control points
can be added as illustrated.

The inverse-projection mode can be activated by toggling one button in the menu (see

Figure 4.4 highlighting this button in the menu). The desired mapping function is chosen

(i.e., iLAMP or iRBF) and new 2D points can now be created with the aid of any pointing

device. The selected mapping function calculates a multidimensional representation for

each point created. At this point, depending on the application in hand, the user needs to

plug-in the code that processes the new multidimensional vector accordingly. For example,

the optimization application we present in Chapter 5, the new vector is used as a starting

point for a gradient-descent calculation. In the face-synthesis application, on the other

hand, the new vector is used to compute both a new 3D model and texture information that

will become a new face model, which is displayed in the 3D-visualizer window.

This chapter introduced the inverse projection framework, its main components were

discussed, as well as the prototype system I developed. The following chapters present the

mathematical formulation, as well as the evaluation results and proposed applications for
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Figure 4.5: By toggling the lasso selection button, one can create free-form regions to
select instances of interest, which in turn can be rendered as a parallel-coordinates in a
pop-up window to further enhance data exploration.

both iLAMP and iRBF.
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Chapter 5

Inverse Local Affine Multidimensional Projection

In this chapter, we introduce the mathematical formulation of the iLAMP technique. We

also present the evaluation carried out to validate the method and a demonstration applica-

tion to optimize a function with many local minima.

5.1 Mathematical Formulation

In general terms, iLAMP maps a 2D point in the low-dimensional space, i.e, the visual

space, into a multidimensional vector. The proposed method takes as input a multidi-

mensional dataset and its correspondent low-dimensional representation, calculated by a

multidimensional projection technique. iLAMP provides an mathematical framework that

allows to create new points in the visual space that contains the data projection. iLAMP

computes an affine transformation that takes a point p, defined by the user in the visual

space, to a point q in the original multidimensional space.

Let xi be an instance in dataset X ⊂ Rm, and its correspondent instance yi in the visual

space Y ⊂ R2; i.e., yi is the correspondent projection of xi in the visual space. Both sets,

X and Y , are given as input to iLAMP, which uses this information to build local affine

transformations f : R2→ Rm to map a point p from the visual space to a point q in Rm.

Given a point p ∈ R2 and k ∈ N, the first step in the iLAMP algorithm is to find the

k closest neighbors to p among the instances in Y . All the subsequent calculations are

done solely based on these k instances and their correspondent multidimensional vectors

encountered in dataset X . Let YS = {y1,y2 . . .yk} be the subset of Y that contains the k

closest points to p and XS = {x1,x2 . . .xk} the dataset containing the correspondent multi-

dimensional instances on X .
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iLAMP maps p from the visual space to the original multidimensional space Rm by

finding the isometric affine transformation f (p) = pM+ t that minimizes

E(M, t) =
k

∑
i=1

αi‖ f (yi)−xi‖2, (5.1)

where matrix M and vector t are the unknowns. Note that f (p) is isometric iff MT M = I,

where I is the identity matrix. Moreover, the constraint MT M = I enforces Euclidean

distances (norms) to be preserved as much as possible during the mapping, as demonstrated

bellow

‖Mx‖2 = (Mx)T Mx = xT MT Mx = xT x = ‖x‖2,

i.e., the Euclidean norm of a vector x remains the same after applying M to x. Since the

Euclidean norms are preserved, the orthogonal matrix M acts as an isometric transformation

in the mapping. Such methodology results in an accurate mapping scheme, as shown in

Section 5.4.

The scalars αi are weights defined as weights defined as

αi =
1

‖yi−p‖2 . (5.2)

The main goal is to find the minimizer E (Equation (5.1), and the singular value de-

composition (SVD) [Baker, 2005] is a good approach to achive this. To find the minizer E,

we set the partial derivative of E with respect to t to zero, thus t can be written in terms of

M as

t = x̃− ỹM, x̃ =
∑

k
i=1 αixi

ᾱ
, ỹ =

∑
k
i=1 αiyi

ᾱ
, (5.3)
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where ᾱ = ∑
k
i=1 αi. The minimization problem described on (5.1) can be written as

min
M

k

∑
i=1

αi‖ŷiM− x̂i‖, subject to MT M = I, (5.4)

where

x̂i = xi− x̃, ŷi = yi− ỹ. (5.5)

The minimization problem (5.4) can be written in matrix form as

min
M
‖AM−B‖F , subject to MT M = I, (5.6)

where ‖.‖F denotes the Frobenius norm and A and B are matrices given by

A =



√
α1ŷ1

√
α2ŷ2

...
√

αkŷk


k×2

, B =



√
α1x̂1

√
α2x̂2

...
√

αkx̂k


k×m

. (5.7)

The rationale behind the minimization problem (5.6) is to build affine mappings that

respect the correspondence yi ↔ xi. Note that when p is precisely one of the projected

points yl,1 ≤ l ≤ k, αl weight goes to infinity (Equation (5.2)), forcing the minimization

to give emphasis to the term ‖ f (yl)− xl‖2 (Equation (5.1)). This fact guarantees that the

inverse mapping of a projected data yl is precisely its counterpart xl . In practice, to avoid

division by zero in Equation (5.2), when ‖yk− p‖2 < 1.e−13 iLAMP simply returns the

feature vector xk, i.e., the multidimensional counterpart of yk.

The solution of (5.6) is given by

M =UV, AT B =UDV, (5.8)
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Algorithm 2 iLAMP
1: Given X ⊂ Rm (multidimensional dataset)
2: Given Y ⊂ R2 (2D projection of X)
3: Given p ∈ R2 (user-generated 2D point)
4: Given k ∈ N (Number of closest neighbors)
5: Calculate k-dimensional vector α (Equation (5.2))
6: ᾱ = 0
7: for i = 1..k do
8: ᾱ = ᾱ +α [i]
9: end for

10: Calculate m-dimensional vector x̃ and 2-dimensional vector ỹ (Equation (5.3)
11: for i = 1..k do
12: x̂i = xi− x̃
13: ŷi = yi− ỹ
14: end for
15: Assemble matrices A and B (Equation (5.7)
16: UDV = Calculate SVD of AtB
17: M =UV
18: q = (p− ỹ)M+ x̃ (Equation (5.9))
19: return q

where UDV is the singular value decomposition (SVD) of AT B. Once M has been com-

puted, the mapping of a point p to the multidimensional space is accomplished by

q = f (p) = (p− ỹ)M+ x̃. (5.9)

The procedure to calculate the inverse projection of a point p through iLAMP is summa-

rized in Algorithm 2.

Figure 5.1 presents a simple numerical example using a 3D dataset and its 2D projection

as input and parameter k = 3, with the step-by-step calculation of inverse projection through

iLAMP.
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Figure 5.1: A numerical example of iLAMP with a 3D dataset and k=3 closest neighbors.
(a) Projection space – user-defined point p (orange cross) and 3-closest neighbors(blue,
red and green circles); (b) Multidimensional space – three instances corresponding to the
3-closest neighbors (colored accordingly); (c)-(h) all steps to derive the iLAMP mapping
function culminating in (i) applying the function to p to derive q ∈ R3.
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Before attesting the quality of iLAMP, we discuss some computational and implemen-

tation aspects of the technique.

5.2 Computational Aspects and Implementation

In this Section we discuss some implementation and computational aspects of the iLAMP

technique. We provide a time analysis of the method, a discussion on the neighborhood of

point p and interaction scheme of the proposed method.

5.2.1 Compact SVD and Time Analysis

The bottleneck of the iLAMP computation is the calculation of the SVD of matrix AT B

(Equation (5.8)). Matrices AT and B are 2× k and m× k, respectively, what makes AT B a

2×m matrix. Since AT B contains only two rows, one may employ compact SVD meth-

ods to compute the required decomposition, reducing the computational costs considerably

when compared to a full SVD scheme. In my implementation I use the LAPACK library

[Anderson et al., 1990] compact SVD routine.

The complexity of the iLAMP algorithm depends only on the number of neighbors k

and in the dimensionality of the original data, as the calculation of the closest neighbors to

point p can be accomplished using efficient methods, such as quadtrees [Arya et al., 1998].

Figure 5.2 displays the data dimensionality versus time spent by iLAMP to calculate 100

(one hundred) backward mappings, for three different values of k. The experiments were

performed in an Intel Core i7-860 Processor (8M Cache, 2.80 GHz). Fifty runs of the

algorithm were performed for each test case, and the illustrated results are the average time

acquired. We observe that iLAMP is extremely fast, what allows for interactive real-time

applications. For instance, for k = 100 and m = 450, the average time spent to calculate

100 backward mappings was 263 milliseconds. Notice there is a linear correlation between

data dimensionality and time, which indicates that iLAMP is scalable even to datasets with
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very high dimensionality.

Figure 5.2: Time, in milliseconds, consumed in the generation of 100 samples using iL-
AMP.

5.2.2 Number of Neighbors

The number of neighbors k is an important parameter for the iLAMP algorithm. It defines

how many instances of the original dataset is taken into account on the construction of the

affine transformation matrix M that will map point p ∈ R2 to a point q ∈ Rm. Thus, the

value of k has a significant impact on the quality of the output transformation. In this thesis,

we chose k in a heuristic fashion. We experimented with various datasets and we concluded

that 3≤ k ≤ 20 is sufficient to achieve proper inverse mappings.

5.2.3 Interaction Scheme

The main component of our system is a screen that displays the multidimensional projection

of a multidimensional dataset. The displayed projection provides the visual feedback that

allows the user to analyze the data and identify possible regions of interest to be further
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explored. For instance, these can be empty regions in the projection space that are close

to instances of particular interest. Using interactive point selection, the user is able to

extrapolate the data in such regions, by creating new points in the projection space and

mapping them to the original space using the iLAMP technique. This strategy allows the

user to experiment what-if scenarios, exploring the parameter space in an interactive and

intuitive way.

5.3 Handling False Neighborhoods and Tears

False neighborhoods and tears are artifacts that may appear in multidimensional projec-

tions. A false neighborhood occurs when a significant distance in the original space is

associated with a small distance in the projection space. This distortion falsely suggests a

neighborhood of points that do not accurately reflect the initial data distribution. In con-

trast, a tear occurs when a small distance in the multidimensional space is associated with

a large distance in the projection space. This distortion falsely conveys a large difference

between nearby neighboring points.

Some projection techniques attempt to reduce these artifacts; however, in many cases

they are unavoidable [Aupetit, 2007]. For instance, consider a dataset composed of samples

of a hypersphere (or any other closed surface). The projection of such samples is somehow

distorted with the existence of false neighbors, tears, or both [Lespinats and Aupetit, 2009].

More generally, the presence of outliers in a dataset often lead to false neighborhoods in

the projection.

If these artifacts are disregarded in the inverse projection process, iLAMP-generated

points may become distorted and end up in unexpected regions of the original space. So

far, we have considered that the k closest points to p are searched among the instances of

dataset Y . In fact, this is the most natural procedure, as p and y ∈ Y are defined in the

same space R2. However, if false neighborhoods and/or tears are present in the projection,
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using only the low-dimensional information for this task can result in misleading inverse

projection mappings.

To accommodate for artifacts in the projection, it is possible to incorporate the multidi-

mensional data in the neighborhood definition of a point p. The closest instance yi ∈Y to p

seeds the neighborhood search in the original space. The k−1 nearest neighbors to the mul-

tidimensional instance xi ∈ X corresponding to yi, (xi1,xi2,xik−1), define the neighborhood

of p. This multidimensional neighborhood search prevents the usage of a neighborhood set

composed of false neighbors.

Note that we do not enforce the usage of the multidimensional neighborhood for the

inverse projection mapping. Instead, we allow the user to decide whether to use the low-

dimensional information only or to include the multidimensional information. However,

the user should have a way to assess the quality of the projection both as a whole or as

considering regions of interest of to make an informed decision on how the neighborhood

set will be formed.

We provide three visual tools to give indications to the user of artifacts within the pro-

jection. These methods are based on proposed visualization techniques of false neighbor-

hoods and tears [Aupetit, 2007]. In particular, [Lespinats and Aupetit, 2009] propose two

metrics that should help in the identification of such artifacts and that we use in this the-

sis. Based on Sammon’s [Sammon, 1969] and Curvilinear Component Analysis’ (CCA)

[Demartines and Herault, 1997] loss functions, each of these metrics account for the iden-

tification of tears and false neighbors, respectively. The difference between the calculation

of each metric is in the weight assigned to the error between distances in the low and high

dimensional spaces. In Sammon’s metric, the smaller the distance in the multidimensional

space, the more the error is penalized. On the other hand, in CCA’s metric, the smaller the

distance in the low-dimensional space, the more the error is penalized.
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(a) (b)

Figure 5.3: Color mapping of the (a) Sammon’s (tears identification) and (b) CCA’s (false
neighborhoods identification) error for the projection of a dataset composed of 5D-sphere
samples. Colors vary from black (low-error projection) and bright red (high-error projec-
tion)

.

The definition of each metric, for a given instance i, is given as follows:

PSammon(i) = ∑
j

(
‖d̄i j−di j‖2× 1

d̄i j

)
,

PCCA(i) = ∑
j

(
‖d̄i j−di j‖2× 1

di j

)
,

where d̄i j and di j are the distances between instances i and j in the high- and low-dimensional

space, respectively. Each point has an associated P-value (one for Sammon’s and other for

CCA’s loss function), which can be mapped to colors on the projection screen. In our

system, the colors vary from black (low error) to red (high error), as seen in Figure 5.3.

We also propose the visualization of a distance map related to a projected point called

a pivot. In the projection screen, the user selects a point to be the pivot, and the multidi-

mensional distance to the pivot is used as a color mapping for each instance. The distance-

mapping information can be utilized as a guidance for the user in the replacement of LAMP

control points, in an attempt to reduce the artifacts aforementioned in this section. It can
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also be valuable for the user decision of using the low-dimensional information only or

including multidimensional information in the neighborhood used on iLAMP. In this case,

the maps vary from black (small distances) to green (high distances). Figure 5.4 presents

an example of the usage of such information.

(a) (b)

Figure 5.4: Projection of a 5D sphere dataset. (a) Original Projection colored according
to the Distance map of the pivot. Dark green and light green points indicate that the cor-
responding multidimensional instance is close to the pivot or far from it, respectively. It
is easy to visualize many false neighbors (light green points close to the pivot). (b) Using
distance map information, LAMP control points are rearranged. The left points’ cloud con-
tains close neighbors to the pivot. Creating new points close to this cloud minimizes the
incident of false neighborhoods and tears.

Thus, we cope with false neighborhoods and tears by providing visual feedbacks that

allow the user to identify such artifacts. An informed decision regarding the iLAMP-

neighborhood type (low- or multidimensional) can be made to reduce or prevent distortions

in the iLAMP-generated points.

5.4 Validation

In this section, we present the experiments and results used to measure the quality of the

iLAMP method. As previously stated, iLAMP is used to map an instance p ∈ R2 to an

instance q ∈ Rm in a coherent way. While there are an infinite number of vectors that may
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be assigned to q, the goal of iLAMP is to compute the vector that is consistent with the 2D

projection and user-defined point and also with the original dataset. More specifically, we

calculate the vector q whose multidimensional projection is near to the multidimensional

original surface. In this section, we also describe the experiments and measurements that

lend credence to our inverse projection technique.

5.5 Curve Back-Projection

We begin with a qualitative analysis by applying iLAMP to a user-designed 2D curve back-

projecting it into a 3D space. Operating in lower dimensions provides visual confirmation

of the iLAMP results. In this experiment, we construct a parallel Swiss roll dataset by

randomly sampling 2000 instances from two adjacent Swiss rolls that are separated by a

small gap. The Swiss roll dataset is a 2-dimensional manifold embedded in a 3-dimensional

space. It is extensively used as a benchmark to evaluate manifold-learning and dimension-

ality reduction techniques [Roweis and Saul, 2000b]. In this experiment, we demonstrate

that, given the 2D projection of a Swiss roll dataset, iLAMP can be used to sample its

3-dimensional surface as explained below.

Our parallel Swiss roll is projected to the plane using LAMP, in which 80 control points

are strategically selected along the edges of each Swiss roll. As demonstrated in Figure 5.5,

a free-hand curve is drawn on the 2D visual space, between the two projected Swiss rolls.

Using 60 iLAMP neighbors, we back-project the user defined curve, mapping it back into

the original 3D space. Figure 5.5 illustrates the iLAMP reconstructed curve, which appears

to be lifted in dimension in a precise and coherent way.

5.6 Hypersphere Reconstruction

For the quantitative analysis of iLAMP, we use hypersphere datasets, with various dimen-

sions and densities. Hyperspheres are very prone to distortions when projected to a lower-
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(a) (b)

(c)

Figure 5.5: An example of inverse projection in a swiss roll dataset. (a) original dataset;
(b) projection and 2D curve samples (black); (c) 3D swiss roll and inverse-projected curve.

dimensional space, and a challenge for the inverse projection framework. Thus, the evalu-

ation of iLAMP with such datasets can provide evidence of the robustness and capabilities

of iLAMP.

The unit hypersphere embedded in an m-dimensional space, ∑
m
i=1 x2

i −1 = 0, provides

the basis for our quantitative analysis of iLAMP. We create synthetic hypersphere datasets

designed to test the robustness of iLAMP under varying sample density and increasing

space dimensionality. The datasets are constructed by randomly sampling hyperspheres

with various densities (100, 500 and 1000 instances) and dimensionalities (3-, 5-, 10- and

20-dimensional spaces). For each dimensionality, three datasets were created, with 100,

500 and 1000 random points sampled from the hypersphere’s surface. This sampling re-

sulted in 12 unique hypersphere datasets, against which the following tests are run.

For a given hypersphere dataset, we begin by projecting the samples to the planar do-

main using LAMP. In these experiments, a multidimensional projection is calculated for
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each of the data sets. To thoroughly evaluate iLAMP in each hypersphere scenario, 200

points are randomly sampled over the projected domain. iLAMP is used to calculate their

corresponding multidimensional position. Figure 5.6 illustrates the projection of the four

hypersphere datasets with 500 samples. In this figure, the red points are the projected

samples and the blue points are the 200 randomly selected iLAMP input points.

(a) 3D (b) 5D

(c) 10D (d) 20D

Figure 5.6: This figure illustrates the 2D projection (red points) of four hypersphere
datasets, with 500 instances each, embedded in (a) 3, (b) 5, (c) 10 and (d) 20 dimensions.
The projection is carried out through LAMP [Joia et al., 2011]. In each of these projec-
tions, 200 2D points (blue) are created and used as input to iLAMP. The results of inverse
projection for these samples are used to validate the iLAMP methodology.
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Additionally, note that the iLAMP procedure is applied to each 2D point multiple times

with different neighborhood sizes. We increment the number of nearest neighbors consid-

ered by iLAMP over the interval between 2 and 20, producing 19 different inverse projec-

tions.

Three metrics monitor the result accuracy, including (1) the distance between back-

projected samples and the analytically defined surface; (2) the stress function; and (3) the

LAMP-validation.

5.6.1 Distance to Surface

The first measure computes the distance between the back-projected samples, generated via

iLAMP, and the nearest point on the unit hypersphere. This value indicates how consistent

the iLAMP results are to the originating surface. The distance ds of the back-projected

point q is defined as,

ds(q) = |1−
m

∑
i=1

q2
i |.

Figure 5.7 presents box plots of the distances computed between iLAMP’s back-projected

multidimensional samples and the hypersphere. Observe that the extrapolated points re-

main close to the hypersphere surface over which the dataset had been sampled. In partic-

ular, the mean distance error is below 0.15 in each experiment. The reported distances rely

on the best inverse projection solution found amongst the different iLAMP neighborhood

sizes used. The following quality measure analyzes the effects of neighborhood size.

5.6.2 Stress Function

As presented in Section 5.1, the design of iLAMP’s transformation matrix is motivated by

LAMP. Specifically, the inverse projection closely preserves the relative distances between

a 2D point p and its neighbors as the relative distances between the inverse projection

of p with the multidimensional images of its 2D neighbors. Projection techniques, such
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Figure 5.7: Boxplots of distribution of distances between newly created samples and the
sphere surface for each hypersphere dataset. Note that, even for a 20-dimensional hyper-
sphere, the distance median is close to 0.1, i.e., most of the points were distant by 0.1 units
or less from the hypersphere surface.

as LAMP, rely on the stress function to measure this preservation of relative distances to

validate their dimensionality reduction approaches.

To determine the stress function, let l and n be the number of new and original instances,

respectively. Let di j and d̄i j be the distances between pi and y j, and qi and x j, respectively.

Recall that x j ∈ X ∈ Rm (the original dataset) and y j = LAMP(x j). The iLAMP stress

function is defined (see Section 5.1 for the notations),

s =

l

∑
i=1

n

∑
j=1

(di j− d̄i j)
2

l

∑
i=1

n

∑
j=1

d2
i j

.

Note that the stress function measures the distance preservation between all pairs of points

in the dataset, not just the k nearest neighbors, to measure the global distortion of space.

Figure 5.8 plots the stress function for the iLAMP reconstructions of the multiple hy-

persphere datasets with respect to the iLAMP neighborhood size (k nearest neighbors).
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Figure 5.8: Number of neighbors X stress functions obtained with 500 sample’s datasets.
The lower the dimension of the dataset, the lesser the impact of the number of neighbors
in stress. As the dimensionality increases, the results indicate that more neighbor points
must be used to maintain stress low. However, this number seems to stabilize after a certain
threshold (10-15 in this example).

Observe that the number of neighbors is inversely correlated to the projection’s stress func-

tion; but, with diminishing returns. Further, larger neighborhoods are necessary as the

dimensionality of the original dataset increases to maintain a high quality in the inverse

projection.

5.6.3 LAMP-Validation

Lastly, the LAMP-validation applies the LAMP projection technique to back-projected

points, measuring the distance between the new projection and the original point. The

user selected 2D point p is lifted into the original multidimensional space, q = iLAMP(p).

This point q is projected back to the 2D domain as p′ = LAMP(q). The LAMP-validation

measurement becomes,

L(p) =
‖p−p′‖
‖p′‖
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Figure 5.9: Boxplots with error measurement distributions according to the LAMP-valida-
tion metric. Note that the error distribution is very low (less than 0.05 for 75% of the cases
in almost all experiments). This analysis indicates that, if the iLAMP-generated point q
existed in the original multidimensional dataset from the beginning, it would have been
projected very close to the user-defined 2D point p.

Figure 5.9 presents the LAMP-validation error for various hypersphere datasets of var-

ious sample density and dimensionality. This test utilizes the LAMP projection method

to attest to the coherence of the extrapolated instances. The small distance residuals sug-

gest that the iLAMP extrapolated instances are consistent with the LAMP projection. In

particular, the mean error is below 0.1 across each experiment.

The results presented in this section indicate that the iLAMP technique can extrapo-

late instances of an existing dataset based on local neighborhoods from the layout of a

projection. The method creates new instances that are coherent with the original dataset

(Figure 5.7) and its projection (Figure 5.9). Further, it closely preserves relative distances

between point pairs in the m-dimensional space (Figure 5.8). In the following section, we

present applications of iLAMP in more specific scenarios.
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5.7 Exploring Parameter Spaces in Optimization Problems

In this section, I present an application in which the user expertise is incorporated into the

optimization process through iLAMP. The problem of parameter-space exploration in op-

timization is often hard to address and, when addressed, it is done in an automated fashion,

as multiple parameter combinations can provide reasonable outputs. Inverse projection can

be used to provide an interface to include the user in the exploration loop.

In this application, an optimization problem consists of finding x ∈ Rm that minimizes

a given smooth function f (x) : Rm→R or, in more general terms, finding the best solution

among many feasible solutions. It has countless applications in virtually every discipline,

like reservoir simulation [Hajizadeh et al., 2012], aerospace engineering [Sobieszczanski-

Sobieski and Haftka, 1997] and electrophysiology of the heart [Martins et al., 2006].

In general, optimization problems are solved using automatic methods by either gradient-

based or gradient-free techniques. Such techniques start from an initial guess and itera-

tively improve the solution until it cannot be further improved, as it reaches a local mini-

mum. Gradient-based methods are very sensitive to the initial guess, and different minima

may be reached depending on the location of the initial guess. However, creating mean-

ingful starting points for such algorithms is challenging because, in the very beginning, the

user may have no idea on where good minimizers are located. Moreover, most optimiza-

tion problems present non-unique solutions, i.e., there are several satisfactory minimization

points. Our application integrates LAMP projection and iLAMP inverse projection in a sys-

tem that allows the user to explore and inspect by a sampling mechanism regions of interest

in the multidimensional space of possible solutions.

5.8 System Overview

In this application, I employ iLAMP to allow the user to explore the multidimensional op-

timization space interactively . The application is composed of three main subprograms: 1)
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LAMP projection visualization method; 2) iLAMP inverse projection and 3) an optimiza-

tion method. A visualization and interaction window integrates the three moduli while

allowing the user to interact with the resulting visualization. Figure 5.10 illustrates the

system workflow.

5.8.1 System Setup

The proposed application receives as input an initial dataset, composed of precomputed

local minima, which is projected to the visual space by LAMP (Figure 5.12-a). LAMP is

intrinsically interactive, which allows the user to explore and analyze the initial data by

directly manipulating control points (see [Joia et al., 2011] for details). In this exploration

phase, the user can identify regions of interest in the multidimensional space and resample

those areas by adding new points in the visual space. In fact, the system allows the user to

create individual points or a set of random points by clicking or drawing rectangles in the

visual space (Figure 5.12-b and c). The new user-defined samples are backward mapped to

the multidimensional spaces using our approach. The new points are then used as starting

points into optimization procedure (Figure 5.12-d) to reveal new local extrema (Figure

5.12-e). The process can be further refined in specific regions of interest (Figure 5.12-f) to

h) until the user is satisfied with the optimization results.

5.8.2 System in Use

To provide details about my methodology, I discuss an example step-by-step, demonstrat-

ing that our technique may help in the analysis and inspection of optimization spaces.

To illustrate the system, the bird function is used as the function to be minimized and

the Levenberg-Marquadt method [Gavin, 2011] to perform the optimization. The bird

function is one of many multimodal test functions proposed by [Mishra, 2006] to assess the

performance of optimization methods. It presents several local minima, making it suitable

to help understand how iLAMP can be used to explore the parameter space in search for
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Figure 5.10: Application workflow; green and blue arrows represent the flux of the low
and multidimensional data, respectively. Instances colored according to the optimization
function value. (1) Initial data given as input to LAMP; (2) Projection (3) User input passed
to iLAMP; (4) New multidimensional samples; (5) New data is passed as argument to the
optimization method; (6) Optimization result incorporated to the dataset.

some of these local minima. The bird function is defined as follows:

b(x) =
(m/2)−1

∑
i=0

(sin(x2i)∗ e(1−cos(x2i+1))
2
+

cos(x2i+1)∗ e(1−sin(x2i))
2
+

(x2i− x2i+1)
2 +106.76),

where m is the space dimensionality and xi the coordinates of point x.

Figure 5.11 illustrates the bird function for m = 2 in the interval −2π < xi < 2π , where

we can clearly see four local minima. If we make m = 20 we end up with thousands of

local minima, making difficult to understand where are the best minimizers.
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Figure 5.11: Plot of bird-function with 2 parameters −6 ≤ x1,x2 ≤ 6. The color maps to
the function value, ranging from 0 (dark blue) to 300 (red), and we can immediately spot
four local minima (dark blue regions) in this simple 2D example.

We start the 20-dimensional space exploration by running the gradient-based minimiza-

tion method 100 times with random initial guesses. The smallest minimum contained in

the original dataset has a function value b(x) = 19. The original dataset is given as input to

LAMP, which projected the instances to the visual space (Figure 5.12-a). Projected sam-

ples are colored according to their b(x) function value, which is an essential information to

guide the user towards regions containing other minima.

With the projection in hand, the optimization space is explored and interactively resam-

pled. iLAMP allows the user to manipulate control points, which reorganizes the projection

accordingly, and potentially brings out regions of interest where the user can resample by

clicking points and drawing rectangular boxes in the visual space (Figure 5.12-b). Our

approach projects the user-defined samples back to the multidimensional space, which are

added to the dataset (Figure 5.12-c).
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(a) (b)

(c)

Initial samples

New samples

(d)

(e) (f)

Initial samples

1st generation

2nd generation

3rd generation

(g) (h)

Figure 5.12: Example of the prototype system in action. (a) Initial dataset projected; (b)
New samples created (magenta); (c) New samples incorporated to projection; (d) Green:
original dataset, Blue: user-generated samples; (e) After using user-generated samples as
input to optimization algorithm; (f) Extrapolating data in other regions; (g) Green: initial
dataset; Blue, Red, Yellow: First, second and third user-generated sets; (h) Final layout
after optimization of new samples. Color scale on figures (a), (b), (c), (e), (f) and (h)
represents the function value of each projected point. Big points are the control points used
in the LAMP projection technique. The colors in (d) and (g) are used to differentiate the
initial samples from the iLAMP-generated samples. Each color refers to one step in the
generation of samples.
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Figure 5.12-d shows the initial data in green and the new ones created by the user

in blue. The new samples are used as input to the gradient-based method which reveals

new local minima. Figure 5.12-e shows the new local minima colored according to their

function value. Our exploration system includes some of the new samples as control points

for LAMP to improve interactivity. A further exploration of the space was performed to

bring out more regions of interest (Figure 5.12-f). Zooming in those areas of interest and

repeating the process above a couple of times we end up with approximately 300 new

samples (Figure 5.12-g) which give rise to many extrema, as illustrated in Figure 5.12-h.

In a few seconds we were able to interactively find out minimizer where the bird function

is equal to b(x) = 1.4e−5, besides many other local minima that might be of great interest

depending on the application.

The example above shows that the proposed system empowers the user with a flexibility

not found in other multidimensional data exploration techniques. Indeed, we have tested

our approach in optimization functions other than the bird function as well as distinct op-

timization algorithms. With no exception we could mine new minima in a few seconds,

always improving the initial results provided by the automated sampling mechanisms built

into the optimization software, thus making evident the effectiveness of our approach and

the importance of adding the user in the process.

In this chapter, the inverse Local Affine Multidimensional Projection was presented.

This iLAMP technique constructs an affine mapping from 2D to multidimensional space

to approximate the position of user-generated points. Several experiments were used to

demonstrate the effectiveness of the technique, as well as an application example where

iLAMP is used to explore the parameter-space of a multidimensional function with multiple

local minima.

In the next chapter, a non-linear inverse projection based on radial basis functions will

be introduced.
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Chapter 6

Inverse Projection through Radial Basis Functions

In the previous chapter, we presented the iLAMP algorithm for inverse projection. iL-

AMP operates locally and uses local affine transformations to map user-defined 2D points

into the multidimensional space. iLAMP does not guarantee a continuous inverse projec-

tion mapping, i.e., a continuous 2D curve may be mapped to more than one region in the

multidimensional space. iLAMP can also cause distortions in the multidimensional points

when the projection layout is modified by the user, as will be presented in Section 6.7.

Such characteristics do not pose a challenge for the optimization application described in

Section 5.7, but other applications may be better exploited with global and nonlinear map-

pings. To fill this gap, we propose in this thesis a novel nonlinear and continuous inverse

projection technique, based on radial basis function (RBF) interpolation.

As presented in Chapter 3, we employ RBF in Multidimensional Projection (MP). In

RBF projection, a function s : Rm→ R2 is created to map m-dimensional points to the 2D

projection space. In this section, we propose to use RBF interpolation to perform inverse

projection. This is accomplished by creating a function s(p) that maps data points from the

projected 2D space into the original m-dimensional space, i.e., s : R2→ Rm.

In the inverse projection scenario, the RBF centers are given by the 2-dimensional po-

sition of the points in the projection space (yi ∈ Y ), and the outputs are provided by the

corresponding multidimensional points of the original dataset (xi ∈ X). The mapping func-

tion s(p) is, thus, one that exactly maps the given 2D projected points yi into their mul-

tidimensional counterparts xi. This function is used to approximate the multidimensional

correspondent of a user-generated 2D point. Depending on the choice of the kernel func-

tion, s can be smooth, making the RBF solution more attractive than iLAMP for some
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applications. The problem of creating 3D human faces from an existing dataset of face

models is an example of such applications and will be introduced next.

Analysis and synthesis of human faces are important in computer graphics and vision.

In general, face models are encoded as multidimensional feature vectors that store infor-

mation about geometric position and texture values of landmark points on the face. The

position of the landmark points characterizes particular expressions and personal features.

Synthesis of human faces is usually done “by example”, where an input model of a face

is given, and a 3D model is generated based on an existing training set of face models

[Mena-Chalco et al., 2009].

In this work, we apply the inverse projection as a visual interface to synthesize new

face models. The adopted framework is as follows: multidimensional projection is per-

formed on a given dataset with face models represented by their respective feature vectors.

The user can then create 2D points on the projection space and have these points mapped

back into the original space of feature vectors. In the final stage of the framework the

new multidimensional feature vectors are translated into 3D face models (Figure 6.4). The

smoothness provided by the proposed RBF technique poses an advantage for this appli-

cation, as a continuous curve in the 2D projection space creates a fluid transition of face

models.

The next section presents a detailed description of the inverse projection technique

based on RBF. Later on, an overview of the system is given with more details on the face

synthesis demonstration application.

6.1 Mathematical Formulation

Let X ⊂ Rm be an m-dimensional dataset, and Y ⊂ R2 its projected counterpart, i.e., yi

is the 2D representation of xi, i = 1, . . . ,N. Given any point p ∈ R2, we want to find an

m-dimensional representation for it, i.e., a point q ∈ Rm. Thus, a mapping s : R2→ Rm is
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sought. Figure 6.1 illustrates the process of using RBFs to create a mapping function from

low to high dimension. To make the formulation clear, we write s(p) = (s1(p), . . . ,sm(p)),

where sk accounts for the k-th component and is written

sk(p) =
N

∑
i=1

λkiφ(‖yi− p‖), (6.1)

where φ : R+→ R is a given continuous radial basis kernel function, yi ∈R2 are projected

points (RBF centers) and the λki’s are the unknown real-valued coefficients. Please refer

to Section 2.6 for a general description of RBF theory. Note that we seek a mapping s that

interpolates the points for the given data samples, i.e., s(y j) = x j. Thus, sk(y j) = x jk where

x jk is the k-th element of vector x j. The interpolation condition for each function sk can be

written as

sk(y j) =
N

∑
i=1

λkiφ(‖yi− y j‖) = x jk. (6.2)

Therefore, the problem of finding the scalar coefficients λk for each function sk comes

down to the solution of a linear system

Φλk = bk, (6.3)

where Φ is the interpolation matrix with φi j = φ ji = φ(‖yi− y j‖), λk = [λk1 . . .λkN ]
T and

bk = [xk1 . . .xkN ]
T . The linear system can be written in matrix form as:



φ11 . . . φ1N

φ21 . . . φ2N

...
...

...

φn1 . . . φNN





λk1

λk2

...

λkN


=



xk1

xk2

...

xkN


. (6.4)
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Figure 6.1: Inverse mapping using RBF. {x1,x2,x3,x4} ∈ Rm represent multidimensional
points, while {y1,y2,y3,y4} ∈ R2 are their projected counterparts. Our inverse projection
method creates a continuous nonlinear mapping function s (illustrated by pink surface) that
interpolates between data samples, i.e. s(yi) = xi. The black points represent samples of
the dataset, while the blue point represents a sample created through inverse mapping (p
is the user-generated point; q represents the multidimensional point approximated through
the RBF mapping).

Note that the linear system in Equation 6.3 is solved m times to find the parameter λ ’s

for each function sk. However, the interpolation matrix Φ remains the same and only the

right-hand side vector bk changes for different sk’s. Thus, the linear system can be solved

only once in the process by factorizing Φ.

Once the scalars λki,k = 1, . . . ,m and i = 1, . . . ,N are calculated, the mapping s =

(s1, . . . ,sm) is complete and can be used to approximate the position q ∈ Rm to any given

point p ∈ R2. Algorithm 3 presents a step-by-step procedure to calculate the mapping

function s.
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Algorithm 3 Building the RBF for inverse projection

1: Given Y = y1, . . .yN ⊂ R2 (projected dataset, RBF centers);
2: Given X = x1, . . .xN ⊂ Rm (original dataset, RBF function values);
3: Given RBF kernel function φ : R+→ R
4: // Calculate interpolation matrix Φ

5: for i = 1 . . .N do
6: for j = i . . .N do
7: Φ [i] [ j] = Φ [ j] [i] = φ(‖yi− y j‖)
8: end for
9: end for

10: // Assemble right-hand side of system
11: for i = 1 . . .N do
12: for j = 1 . . .m do
13: b [i] [ j] = xi [ j]
14: end for
15: end for
16: Solve system Φλ = b, to find λ

6.1.1 Numerical and Computational Aspects

As it was shown, the RBF interpolation problem comes down to the solution of the linear

system given by Equation 6.4. Note that the invertibility of the interpolation matrix Φ is

dictated by the kernel function φ(r), where r is the Euclidean distance of the argument to

the center of the kernel function. Some functions are proven to provide an invertible matrix

with the minor assumption that centers yi are unique. The Gaussian (φ(r) = e−εr2
) and

Multiquadrics (φ(r) =
√

c2 + εr2) functions are common kernel choices (where ε and c are

positive parameters). A detailed description of these functions is out of the scope of this

work, and we refer the reader to the books of Buhmann [Buhmann, 2003] and Wendland

[Wendland, 2004] for more technical details.

There is a vast array of techniques designed to solve linear systems. The interpolation

matrix Φ is always symmetric (since φi j = φ ji) and, depending on the choice of kernel

φ , it can be positive-definite. In such cases, the Cholesky factorization is a good option.

Otherwise, general factorizations such as LU or QR can be used. The linear solvers used

in this work are the ones available in the LAPACK library [Anderson et al., 1990].

The computation of the mapping function s is usually fast. In fact, we showed that the

96



Figure 6.2: Time evaluation of RBF inverse projection. For varying number of centers, the
time (in milliseconds) spent in the computation of the mapping function and the creation
of 100 samples is displayed.

process comes down to the solution of a system of linear equations, whose size is deter-

mined by the number of RBF centers. We assessed the time spent in the computation of the

mapping function plus the evaluation of 100 points for a different number of centers (10,

50 and 100) and data dimensionality (varying from 50 to 450). The results presented in

Figure 6.2 were achieved in the same machine configuration described in Section 6.4. Note

that the entire process is extremely fast even for a large number of centers and dimensions,

rendering the technique suitable for real-time applications. Furthermore, note there is al-

most a linear relationship between time and number of centers (fixing the dimensionality

parameter), indicating that many more centers could be used and still make the process fast

for real-time applications.

In the proposed framework, the RBF centers come from projected points of a given

dataset. Depending on the application, and on the size of the dataset on hand, all of the

points could be used as centers. Or, as an alternative, only a subset of these points could be
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utilized. In the proposed face-synthesis application, we use all of the points as RBF centers,

mainly because we have a manageable number of samples in our faces dataset. However,

in Section 6.1.3, we briefly discuss possible approaches to filter out and select few samples.

6.1.2 On the Choice of Radial Basis Kernels

It is clear that an appropriate choice of the kernel function and its parameters (when it is

the case) have a significant impact on the quality of the interpolation results. Making this

choice is, more often than not, a nontrivial task that requires careful attention. A commonly

used approach to find an appropriate kernel is through trial-and-error, by experimenting

with various possibilities and analyzing their outputs to make an informed decision. For

example, in the proposed application we experimented with various kernels and different

shape parameters. Some of the combinations of kernels and shape parameters were prone

to overfitting, indicated by the fact that some output face models were very distorted). We

found that the multiquadrics kernel function, with c = 0 yielded good results for the face-

synthesis application, as will be shown in Section 6.4.

As an alternative to the trial-and error approach, there are some techniques designed

to automatically select a kernel function and parameter definitions that could potentially

approximate well a given data. Some of these methods are summarized in the works of

[Mongillo, 2011] and [Fasshauer and Zhang, 2007]. For example, [Mongillo, 2011] pro-

poses methods for predicting which shape parameters will minimize the error of an RBF

interpolation, for a given kernel function. These methods take as input a kernel function,

an associated shape parameter, and data samples, and return an error metric called root

mean squared error, or RMS. Essentially, the RMS error indicates how well the specific

kernel function and parameter are able to generalize for the given data samples. To select

a kernel function, [Mongillo, 2011] proposes to evaluate various different combinations of

kernels and shape parameters with respect to their RMS error, and choose the combina-

tion that produces the smallest error. There are other approaches to tackle this problem,
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and we encourage the reader who is keen to use the proposed method to make a thorough

investigation of this matter using the tools above.

6.1.3 False Neighbors and Tears

In Section 5.3, we presented the problem of false neighbors and tears, which are artifacts

that may happen in the inverse projection process and may cause unwanted side-effects in

the inverse projection results. As the names suggest, false neighbors consist of pairs of

instances where di j � δi j, while tears present di j � δi j [Martins et al., 2014], where δi j

and di j are the original dissimilarities and the 2D distance between instances i and j. The

presence of such artifacts can result in mapping functions that are not coherent with the

given dataset. Thus, when many false neighbors and tears are present, using all instances

as RBF centers in a global mapping function may not be the appropriate choice.

In these cases, one alternative could be to filter out the instances to select more ap-

propriate centers for the mapping function. In Chapter 3, we presented an approach for

center selection using RBF interpolation as the basis. Using a technique called Regularized

Orthogonal Least Squares (ROLS), it is shown how to select a meaningful set of control

points to be used in their multidimensional projection technique (Section 1.3.1). The re-

sults presented in Section 3.3 indicate that the control points selection through ROLS can

improve the quality of multidimensional projection regarding stress. This methodology

could be easily coupled into the RBF-based inverse projection to select appropriate centers

and alleviate the effects of false neighbors and tears.

However, for some applications, it may be important to have all instances as RBF cen-

ters. This scenario is the case, for example, of the face-synthesis application we present in

this chapter, where the goal is to have a face in the dataset to be represented by the mapping

function. In such cases, we propose to give the user the option of generating one global

mapping function, or several local mapping functions. The former consists of creating a

single mapping function using every 2D point yi as an RBF center. Therefore, the same
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mapping function is utilized for all user-created 2D points, a good alternative for projec-

tions with low numbers of false neighbors/tears. For the latter, we propose to divide the n

centers into k clusters, based on the distance information of the multidimensional dataset,

and create one mapping function for each cluster. In doing so, we can reduce the negative

impact that false neighbors and tears may cause in the inverse projection process.

To create the multidimensional clusters we take advantage of the control points used in

multidimensional projection. Let the set of control points and its projected counterpart be,

respectively, Xs = xc1, . . . ,xck and YS = yc1, . . . ,yck. We propose to have one cluster Cl for

each MP control point xcl , where {(yi,xi)∈Cl | d(xi,xcl)< d(xi,xcm)∀xcm ∈ Xs}, i.e., a pair

(yi,xi) belong to cluster Cl if and only if xi is closer to xcl than to any other control point

xcm. As previously mentioned, each cluster Cl gives rise to a mapping function sl , using as

RBF centers every yi ∈ Cl . When a 2D point p is created, we find its closest neighbor yi

and assign the function sl where (yi,xi) ∈Cl .

In order to validate the clustering approach, we use the same hypersphere datasets pre-

sented in Section 5.6. Hyper-spheres are a good dataset to evaluate the impact of false

neighbors/tears, as well as the methods used to mitigate their effects, because hyperspheres

naturally undergo severe information loss when projected to a plane, i.e., they are prone to

many false neighbors and tears. We used hyperspheres in four different dimensions (3, 5,

10 and 20) and 500 samples in each dataset. We generated 200 random points in the projec-

tion space, which were projected back to the original hypersphere dimensionality used the

proposed RBF solution. The distances between the new 200 multidimensional points and

the hypersphere surface are calculated. The rationale is that, the closer the new multidimen-

sional point is to the surface, the better and more coherent the inverse projection is. The

results are presented in Figure 6.3. We observe that the multidimensional samples created

using the clustering approach (solid boxplots) are closer to the hypersphere surfaces than

the ones produced through the global approach (dotted boxplots), i.e., it produces more
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Figure 6.3: Experiment to validate the RBF projection when applied to distorted projections
using 4 datasets. 500 random samples on the surface of hyperspheres of 3, 5, 10 and 20
dimensions were used, each dimension forming a separate dataset. 200 random sample
points are generated in the projection space, and mapped back using one global and several
local mapping functions. The boxplots indicate the distance between the multidimensional
points generated and the sphere.

consistent results in this specific dataset.

Note that compact support radial basis kernels could also be used to generate a local

effect in the inverse projection mappings. These kernels return zero beyond a given cut off

distance, i.e., their influence is limited to a certain radius. Compact support RBFs can be

an interesting approach to create local inverse projection mappings, however, as noted by

[Buhmann, 2003], they requires careful attention with regards to its support size, since it

will depend on how far apart the data samples are located with respect to each other. Also,

compact support RBFs generally do not yield good approximations for data with many

dimensions.
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Figure 6.4: Example of control points’ manipulation in the inverse projection framework,
with 3D faces dataset; Figure (a) presents the projection of a dataset with 30 faces, and 15
control points – the control points are the ones rendered with the face texture, while black
points are the remaining instances of the dataset; Figure (b) presents the projection after the
reorganization of control points positions; in this example, four control points were isolated
in the top left corner of the projection space (highlighted in red); a 2D point created by the
user (blue circle) created a new 3D face. Figure (c) is another example of reorganization
of control points position, where four different control points were isolated in the same
top left corner (again highlighted in red); A new user-defined point, roughly in the same
position as in the example (b), generates a different 3D face.

Note that this more local approach is suggested to be used when the projection presents

many distortions and all instances of data should be a center in the RBF mapping function.

In the case-study we present in this thesis, the global approach is more suitable.

6.2 Multidimensional Projection with Control Points

So far, we have not made any assumptions about the multidimensional projection technique

used to map the original dataset into a 2D space. In fact, the mathematical formulation

of the inverse projection, as proposed in this work, does not require this mapping to be

done in any particular form. It only requires the multidimensional position of the data

samples and their corresponding 2D projection, and the process that makes this mapping

is not necessarily known and can be considered a black-box. However, the control points
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mechanism presented in Chapter 3 can be beneficial to the data exploration in the inverse

projection framework.

At this point, the reader should be familiar with the role of control points in multidimen-

sional projection as a way to give users control, to some extent, over the projection results

[Joia et al., 2011, Amorim et al., 2014]. They are particular projected data points that can

be manipulated and rearranged in the projection space, causing the remaining points in the

projection to be rearranged accordingly. This interaction can help users to gain more in-

sight into the dataset and also allows expert knowledge to be incorporated in the projection

process. This mechanism is particularly useful in the inverse projection framework, as it

can help users to give more focus to target areas, by isolating control points of interest in

the projection space. Figure 6.4 presents an example of how the control points can be a

valuable tool in the faces-synthesis application. We show that, through the manipulation of

control points, one can isolate particular instances of faces and generate new faces that are

more similar to them.

6.3 Synthesis of Faces and Expressions

In this work, we propose to use our inverse projection approach as an interface that al-

lows users to create new 3D faces, a by-interaction process, rapidly. There are three main

reasons for choosing the face synthesis demonstration application to validate my method

and demonstrate its applicability. (1) The synthesis of faces is an important problem with

applications in various areas e.g., facial expression recognition, visual speech understand-

ing, animating cartoon characters or digital actors using facial motions. (2) There are some

important works in the literature that consider the human faces datasets to be embedded

in multidimensional nonlinear manifolds [He et al., 2005, Roweis and Saul, 2000a, Chang

et al., 2003]. For example, [Chang et al., 2003] argue that, since people change facial

expressions continuously over time, it is a reasonable assumption that all images of some-
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one’s facial expressions form a smooth manifold in the N-dimensional image space, where

N is the number of pixels in the images. The intrinsic dimension of the manifold should be

much smaller than N. All these examples and characteristics makes face datasets good can-

didates for having its dimensionality reduced through multidimensional projection, which

is an essential step in our inverse projection framework (Chapter 4, Figure 4.1). (3) Hu-

mans have the natural ability to evaluate how realistic a face is, making it easy to attest the

quality of the faces generated through the proposed technique.

In this approach the user is not required to provide a 2D image to generate a new face,

but an initial dataset of images is used to let the user navigate and resample the space of

faces. Each face in the dataset is represented by a multidimensional vector, that contains

geometric and texture information (Section 6.3.1).

The synthesis of 3D face models is an important research topic and has been studied for

more than three decades [Levine and Yu, 2009]. Different approaches have been proposed

to achieve 3D face reconstructions [Levine and Yu, 2009, Blanz and Vetter, 1999, Kirtzic

and Daescu, 2011, Macêdo et al., 2006]. [Nguyen et al., 2009] classify the problem of 3D

face synthesis in three categories based on the input information used: (1) 3D scan, (2)

Multi 2D images, and (3) a single 2D image.

Parke introduces the first parameterized facial model [Parke, 1974] to shape interpola-

tions and then animate a face. In previous work, [Cohen and Massaro, 1993] used a model

of co-articulation and a set of animation parameters to control the face shape. [Blanz and

Vetter, 1999] present a morphable model method based on a 3D face database of registered

laser scans. An analysis-by-synthesis process conducts the reconstruction. It is important

to note that the output is lifelike, but it requires expensive computation to determine the pa-

rameters, besides user interaction and manual work to mark the facial landmarks [Nguyen

et al., 2009].

Recent works were devoted to the study of single view-based 3D face synthesis. The
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works of [Sheng et al., 2008], [Nguyen et al., 2009] and [Patel and Zaveri, 2010] describe

different robust 3D face synthesis systems which use a single frontal face image. None of

these approaches represents the face database as a multidimensional space to generate new

3D faces from existing ones.

The work of [Buck et al., 2000] uses a frontal face image as input to create non-

photorealistic faces. Using an initial dataset of a hand-drawn character, with six mouth

and four eye expressions, the user manually establishes the correspondence between hand-

drawn elements and similar expressions given by photographs. Given a new user expres-

sion, a tracking system finds particular face features and tries to recreate a hand-drawn

character using a combination of the existing ones. Similar to our approach, the authors

propose to reduce the dimensionality of the training data to find a Delaunay triangulation

which will aid the algorithm in finding the weights for the interpolation. However, this step

is automatic and does not involve the user, as opposed to what we propose.

Some works propose to use interpolation to achieve animation between poses or facial

expressions. Similarly to this work, [Lewis et al., 2000] uses RBFs to create such inter-

polation. However, my approach provides the projection space over which the user can

navigate and abstract the various parameters that may be involved in the process.

The first step of our inverse projection framework for synthesizing faces and expres-

sions is to find a 2D representation of the dataset. The 2D projection space becomes the

resampling media over which the user can create a point p ∈ R2 (Section 6.3.2). The point

p is transformed into a multidimensional point q (Section 6.1). Finally, the point q is passed

as input to a face generator procedure, which returns the geometric and texture information

of the new face (Section 6.3.3). This workflow is presented in Figure 6.5.

The application we present in this section is based on the work of [Mena-Chalco et al.,

2009], that uses a single 2D photograph as input to generate a new 3D face model. In

their work, the face synthesis is accomplished through a training set with 210 previously
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Figure 6.5: Synthesis of faces and expression application workflow. Given a dataset of
faces represented in a multidimensional space, a multidimensional projection technique is
applied resulting in a 2D representation of the data. The user can create new 2D points
that are converted into the original dimensionality of the dataset of faces through inverse
projection. The new multidimensional point undergoes a series of calculations that give
rise to a new facial model.

acquired faces with different expressions, each of which carrying geometric and texture

information. The geometric and texture information of each face is encoded as a multidi-

mensional vector, what makes this an excelent demonstration application for my inverse

projection method.

6.3.1 Input Data Set

The dataset used in this work was created at the VISGRAF Lab, National Institute of Pure

and Applied Mathematics (IMPA) [Computer Graphics Laboratory, 2012] and consists of

n = 210 faces acquired from 30 individuals performing seven basic expressions (happy,
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Figure 6.6: A geometric model with mapped texture of one of the individuals in the dataset
performing seven basic expressions: (a) neutral; (b) happy; (c) sad; (d) surprise; (e) anger;
(f) disgust; and (g) fear

sad, anger, disgust, surprise, fear and neutral). Figure 6.6 presents the face models of one

of the subjects in the dataset performing those seven expressions.

Each face in the dataset contains geometric and texture information measured in M =

9,648 corresponding points of the model. For example, the i-th face in the dataset can be

represented by geometric (Lg
i ) and texture (Lt

i) vectors, as seen below:

Lg
i = (xi1, . . . ,xiM,yi1, . . .yiM,zi1, . . .ziM),

Lt
i = (ri1, . . . ,riM,gi1, . . .giM,bi1, . . .biM),

where (xi j,yi j,zi j) and (ri j,gi j,bi j) are, respectively, 3D geometric coordinates and RGB

values of the texture of the j-th point. Thus, the representation of the dataset of faces is

given by matrices Lg and Lt , whose i-th rows are Lg
i and Lt

i , respectively:

107



Lg =



x11 y11 z11 . . . x1 j y1 j z1 j . . . x1M y1M z1M

...
...

...
...

...

xi1 yi1 zi1 . . . xi j yi j zi j . . . xiM yiM ziM

...
...

...
...

...

xn1 yn1 zn1 . . . xn j yn j zn j . . . xnM ynM znM



Lt =



r11 g11 b11 . . . r1 j g1 j b1 j . . . r1M g1M b1M

...
...

...
...

...

ri1 gi1 bi1 . . . ri j gi j bi j . . . riM giM biM

...
...

...
...

...

rn1 gn1 bn1 . . . rn j gn j bn j . . . rnM gnM bnM


,

where n is the number of faces in the data set.

As detailed in the work of [Mena-Chalco et al., 2009], the representation of the dataset

of faces is simplified by performing a principal component analysis (PCA) in both the

geometric and texture matrices separately. In this process, vector bases for geometry (Eg)

and texture (Et) are formed, each with the first 184 principal components that preserve at

least 95% of the original information present in Lg and Lt . We refer the reader back to

Chapter 2, Section 2.3.1, where we present how to derive PCA for a given matrix. Eg and

Et can be written as

Eg =

[
eg

1 . . . eg
i . . . eg

184

]
; Et =

[
et

1 . . . et
i . . . et

184

]
, (6.5)

where eg
i and et

i are the i-th principal components the geometric and texture information,
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respectively. The vectors Lg
i and Lt

i are then projected into the vector bases Eg and Et ,

creating coefficients vectors α
g
i and α t

i for each face in the dataset:

(Eg)T (Lg
i )

T = α
g
i ; (Et)T (Lt

i)
T = α

t
i . (6.6)

In the work presented above, the bases Eg,Et , along with vectors α
g
i and α t

i , are used

as the training data to synthesize 3D face models given 2D textures of a frontal face as

input. In their synthesis workflow, the input texture xt is projected into Et and the texture

coefficients α t
x are calculated. The last step is to find the geometric coefficients α

g
x based

on an equivalence with α t
x, and the new 3D face model is constructed.

In this thesis, we want to create a new face, both texture and geometry, using a coeffi-

cient vector α t
x as input, i.e., given an 184-dimensional vector α t

x, we calculate xt and α
g
x .

(more details in Section 6.3.3). To create α t
x using the inverse projection framework, the in-

put dataset needs to be in the same format of α t
x. Therefore, each face i in the input dataset

is represented by its coefficient vector α t
i , giving us an initial dataset of 184 dimensions. In

the next section, I describe the interface for this application.

6.3.2 Interface

As shown in Figure 6.7, the user interface provided by inverse projection is a screen that

depicts the various faces of the input dataset, positioned according to the results of a mul-

tidimensional projection technique. With the original dimensionality being reduced from

184 to 2, the parameter-space of the faces can be explored in the 2D layout. By using con-

trol points (Chapter 3), one can reorganize the layout of the faces. Once a pleasing layout

is achieved, the user can create a new face by directly generating a 2D point on the same

screen where the projection is displayed. The complexities of the multidimensional space

are completely hidden from the user, who can focus on creating points on regions of inter-

est in the screen. When a 2D point is created, the resulting face is displayed in a separate
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Figure 6.7: Interface for facial synthesis application. The left screen contains the projec-
tion of the initial dataset of faces (in this example, 30 faces with neutral expression are
used). The control points are rendered with their corresponding facial textures, while the
remaining faces are represented as black circles – this is done to prevent cluttering of the
projection space, but one can select any instance and see the face image. The blue circle
indicates a user-created point, which resulted in the face model depicted in the right screen.

3D visualizer window, as depicted in Figure 6.7. All the process is done in real time.

The process to transform the 2D point into the original multidimensional space is given

by the inverse projection methodology described in this chapter. In the next section, we

present the process to create the geometry and texture of the new face given the multidi-

mensional vector produced by inverse projection.

6.3.3 Face Generation Process

Let t0 and g0 be, respectively, the average of the textures and geometries of the training

dataset. Given α t
x, the process of creating a new face is divided into texture and geometry

reconstructions. The reconstruction of texture xt is straightforward and consists of applying

vector α t
x into basis Et :

xt = Et
α

t
x + t0. (6.7)
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With regards to the geometry reconstruction, Since vector α
g
x is not known at this stage,

the geometry is achieved in three main steps:

1. The texture coefficients of the faces in the dataset are used to calculate co-

efficients sx,

α
tsx = α

t
x, (6.8)

where α t is a matrix with i-th row being the texture coefficient α t
i of the i-th

face of the training set; sx is calculated through a least-squares process, in

such a way that ‖α t
xsx−α t‖ is minimized.

2. Calculate the weight vector α
g
x , as:

α
g
x = α

gsx (6.9)

3. Finally, the geometry xg is calculated by applying vector α
g
x into basis Eg:

xg = Eg
α

g
x +g0. (6.10)

Thus, given a vector α t
x through inverse projection, a new face model can be constructed

following Equation (6.7), for texture, and the three-step algorithm (Equations (6.8)– (6.10)),

for geometry.

6.3.4 Expression Transfer

Once a new face model is created, it can be interesting also to create its different expres-

sions. As part of this application, we provide an “expression transfer” mechanism that
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permits the change of a face model’s primary expression into any of the other six basic ex-

pressions. This procedure is done using “displacement vectors” that indicate the direction

to which each vertex in the geometric model needs to be displaced to achieve the desired

expression. Although the technique described in this section is not the most advanced

regarding expression transfer, its simplicity enables straightforward implementation and

yields good results for the given application.

As previously discussed, the input dataset contains 210 face models of 30 individuals

performing the seven basic expressions each. The displacement vectors are calculated using

the geometric information of these models. First, a geometric mean face is computed for

each of the seven expressions x̄g
i , i = neutral, happy, sad, anger, disgust, surprise and fear.

We calculate displacement vectors ∆xneutral→i between each expressions’ mean and the

neutral mean as

∆xneutral→i = x̄g
neutral− x̄g

i . (6.11)

Given a face geometry xg
i with expression i, we can have expression j transferred into

it by doing

xg
i→ j = xg

i −∆xNeutral→i +∆xNeutral→ j. (6.12)

We may understand this equation as a two-step process: first, the original geometry is

displaced to achieve the neutral expression; second, the neutral expression is displaced

to the desired j expression. Figure 6.8 illustrates this process in a ”surprise-to-happy”

expression transfer example.
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Figure 6.8: Expression Transfer: from “surprise” to “happy” example. (a) A face model
performing a surprise expression is given as input, the goal is to get a face model
of the same subject showing a happy expression. (b) Only the geometric information
is used and (c) every vertex is displaced to achieve the neutral expression, by doing
xg

i = xg
i −∆xNeutral→Surprise. (d) Once the neutral expression is obtained, (e) vertices are

now displaced to make the happy expression, by doing xg
i = xg

i +∆xNeutral→Happy. The
final face model is illustrated in (f).
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Notice that the above procedure only modifies the geometry of the face while the texture

remains intact. Once we have the expression mapped into the face model, it is important

to recover the α t
x vector associated with the new face, to be able to load it into the system

for further exploration. We do so by computing the reverse of what is shown is Section

6.3.3, i.e., we start with the geometric information and recover α t
x, following the three

steps below:

1. The geometric coefficient vector α
g
x is calculated by applying vector (xg

i→ j−

g0) into basis Eg:

α
g
x = (Eg)T (xg

i→ j−g0), (6.13)

2. sx is calculated as:

α
gsx = α

g
x , (6.14)

where where αg is a matrix with i-th row being the geometric coefficient α
g
i

of the i-th face of the training set; sx is calculated through a least-squares

process, in such a way that ‖αg
x sx−αg‖ is minimized.

3. α t
x is finally calculated by applying vector αt into sx:

α
t
x = αtsx. (6.15)

6.4 Discussion

In this section, I present some results achieved in the face-synthesis application with inverse

projection. The experiments presented in this section were executed in a 2.80 GHz Intel

Core i7 CPU 860 with 12 GB of RAM. The computational time spent in both the inverse
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projection and the face generator processes is generally in the order of the milliseconds.

In fact, the results are achieved in real time, as no noticeable delays are observed from

the moment the user creates a new 2D point to the moment when the new face model is

displayed. The training phase is the most computationally demanding of the face generator

process since a principal component analysis needs to be carried out as well as a least-

squares solution. However, this process only takes a few seconds and can be done one time

only as the application starts.

In the experiments, I used every face in the input data set as an RBF center. This

decision was considered necessary in this application because it allows users to recreate

every face in the dataset with all the faces having equal importance in the inverse mapping.

The kernel function used was the multiquadrics with c = ε = 0, i.e., φ(r) = r.

As explained in Section 5.7, the training set of faces used in this work is composed of

210 faces of 30 individuals performing seven different expressions. Note that this complete

210 faces dataset is used to reconstruct the 3D and texture information of the new face, but

a subset of it can be utilized in the inverse projection process. In fact, we experimented

with three variations of this dataset:

• Experiment 1 (neutral dataset): only the neutral expressions of the 30 indi-

viduals are used, i.e., the dataset contains 30 faces. In this experiment, the

focus is to create a new character with a neutral expression.

• Experiment 2 (individual dataset): all the expressions of one single individ-

ual are used, i.e., the dataset contains seven faces. In this experiment, the

focus is to create transitional expressions of a single character.

• Experiment 3 (diverse dataset): All the 210 faces are used. The focus of this

experiment is the creation of new characters and different expressions.

• Experiment 4 (expression transfer): ) by using the neutral dataset initially,
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a new neutral character is created. The remaining six expressions of this

character are generated (see Section 6.3.4) and loaded into the program to

create its transitional expressions.

6.5 Results

In this section, the results of all four experiments are presented. The evaluation of the

experiments is presented in the following section, and is done through an informal used

study to understand the quality of the face models generated through the proposed inverse

projection framework.

Experiment 1: Figure 6.9 presents some results achieved with the dataset of only neutral

expressions of 30 individuals. We show five examples of user-generated faces. We strate-

gically positioned the 3D face models on top of the projection space, in the position the

2D point was generated. It is clear that the user-generated faces are more or less similar to

specific input faces depending on the position the new 2D point is created.

Experiment 2:

Figure 6.10 presents an example of using only one individual with the seven expressions

as input data. We demonstrate how one can create expressions in between existing expres-

sions. Because of the continuity and smoothness provided by RBF projection, the sequence

of continuous user-generated faces presents a smooth transition and an animation-like ef-

fect.

To illustrate this example, we create a path of 20 user-generated points (blue points in

the projection space), and we present the face models generated in those positions. Going

from “surprise” to “fear” (points 1 to 4); from “fear” to “neutral” (5 to 7); from “neutral”

to “angry” (8 and 9); from “angry” to “happy” (10 to 12); from “happy” to “disgust” (13
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Figure 6.9: Example using 30 individuals with a neutral expression. The textures with black
background represent the control points of the multidimensional projection. Black points
represent the remaining faces in the dataset. The 3D face models are the user-generated
faces through inverse projection.

and 14); from “disgust” to “sad” (15 and 16); and from “sad” to “surprise” (17 to 20). The

faces generated in points 3, and 4 are good examples of the blending of two expressions,

namely surprise and fear. Note how the half-open mouth indicates surprise, whereas the

expression of the eyes indicates fear.

Note that, as the user-generated point gets close to a particular projected point, the face

model becomes more and more similar to the original face. The interpolation condition

in the RBF formulation also assures that, by creating a point at the same location as a

projected point, the resulted face is the exact original model.
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Figure 6.10: Example using only one individual performing seven expressions. All seven
face models are used as control points in this case. A path is created through inverse
projection, illustrated by the numbered blue points in the projection space, resulting in the
depicted face models.
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Figure 6.11: Example using the complete 210 faces dataset, with all individuals and ex-
pressions. Using such a dataset, we can generate new characters with different expressions,
as illustrated by the 3D face models depicted in the projection.

Experiment 3: In Figure 6.11 we present some results achieved using the complete dataset

with 210 faces. Since the given dataset has various individuals performing different expres-

sions as input, the prototype system can generate new characters with varying expressions

and expressions in between. This functionality is illustrated by six new models created

through inverse projection, placed on their corresponding position of the projection space.

Experiment 4: In this example, it is shown that, besides creating a new character, all

its different expressions can also be calculated using the displacement vectors explained in

Section 6.3.4. Starting with the “neutral” dataset, the new character with neutral expression

is defined (Figures 6.12-(a) and 6.12-(b)). The various expressions are then computed for

this character (Figure 6.12-(c)), as described in Section 6.3.4. The corresponding α t
x’s of

each expression are calculated and saved into a separate file, which can later be loaded into

119



Figure 6.12: Expression transfer; (a) Projection space and user-defined point (blue); (b)
New character with neutral expression; (c) New character with different expressions cal-
culated as demonstrated in Section 6.3.4. (d) New character with different expressions
loaded into inverse projection system; (e) 7 points in the projection space are created to
demonstrate transitional expressions for a new character.

the inverse projection system for further exploration of the new character, as illustrated in

Figure 6.12-(d). We create transitional expressions for the new character, and I show seven

of them in Figure 6.12-(e).

6.6 Evaluation

An informal study was conducted to evaluate the quality of the face models generated by

the prototype system. In this study we had 99 people from various age groups, educational

levels and knowledge of computer graphics (Figure 6.13). The concept of quality here

means that the new face model is (1) as realistic as the faces in the dataset ; and (2) unique

in comparison with the original faces in the dataset.

For the evaluation of (1), we displayed eight faces (Figure 6.14), half of them from

the original dataset and the other half created using the proposed method. We asked the

participants to classify each of the face models as “Scanned” or “Synthesized.” Some face
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Figure 6.13: Summary of the 99 participants that responded to our informal study.

models were classified incorrectly by the majority of the participants – e.g., Face 02 (74%

scanned), Face 03 (66% synthesized), Face 05 (60% scanned) and Face 06 (70% synthe-

sized). The results for Faces 01, 07 and 08 were close to a tie, being 53%, 46% and 44%

classified as Scanned, respectively. Face 04 was correctly classified by the majority, having

61% of the participants classifying it as synthesized. This set of results is summarized in

Table 6.1.

Face model Scanned Synthesized
Face 01 52.53% 47.47%
Face 02 73.74% 26.26%
Face 03 33.33% 66.67%
Face 04 38.38% 61.62%
Face 05 59.60% 40.40%
Face 06 30.30% 69.70%
Face 07 46.46% 53.54%
Face 08 44.44% 55.56%

Table 6.1: Summary of responses acquired regarding classification (Scanned vs Synthe-
sized) of face models depicted in Figure 6.14. Table entries indicate the percentage of
users that classified a given face (row) in each category (column).

The results of this experiment support the claim that our method is capable of creating

121



Figure 6.14: Set of faces used for the first evaluation. Faces 01, 03, 06 and 07 are from
the original dataset (highlighted with blue borders); The remaining results are face models
created through the prototype system.

faces that are as realistic as the ones from the original dataset since the participants did not

easily distinguish the synthesized faces. For this to hold true, the chosen RBF kernel and

its corresponding parameters, when any, need to be carefully selected and tuned. In this

particular application, we have found that the multiquadrics kernel with parameter c = 0 is

a good choice and gives realistic results, as was stated earlier. We reiterate, however, the

importance of carefully evaluating the RBF kernels when applying this method to different

datasets.

For the evaluation of (2), we presented two sets with ten faces each: the first set con-

taining ten face models from the original dataset that were used as input to generate ten

other faces, presented in the second set (Figure 6.15). We asked the participants to indi-

cate for each face in set 2 to which face in set 1 it was more similar to, or the option to

choose “NONE”. Faces B and H were mostly found not to be similar to any faces in set

1 (30% and 35% respectively), and all of other faces in set 1 received less than 20.3% of

association. Faces C and J also had a significant percentage of the participants indicating

122



Figure 6.15: The two sets of faces used in the second evaluation. Set 1 contains faces of
the original dataset, that were used as input to create the faces displayed in Set 2.

“NONE” (27% and 28%, respectively), but both were also strongly associated with a Face

in set 1: Face C had 48% association with Face 02 and Face J 55% with Face 08. For all

faces created by our system, “NONE” was the only common answer for all of them (except

for Face 04, which had some weak associations – 2% or less - for three of the face models),

indicating that our system was able to create unique faces.

Some faces were mostly associated with only one face in set 1. For example, Face A

was 67% associated with Face 03, but also presented significant associations with Faces

04 and 06, 14% and 12% respectively; and Face E was associated with Face 04 by 57%

of the participants and with Face 06 by 26%. Other faces were strongly associated with

two faces in set 1. For example, Face D was considered to be similar to Faces 03 (39%)

and Faces 08 (37%); while Face I presented 35% of association with Face 01 and 30%
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with Face 02. Finally, some faces were similarly associated with 3 or more faces in set

1. For example, Face G was associated with Faces 07, 08, and 10 - 28%, 15%, and 38%

respectively; and Face F was associated with Faces 01, 04, 06, and 09 - 19%, 12%, 27%

and 22% respectively. All results of this set of experiments are summarized in Table 6.2.

01 02 03 04 05 06 07 08 09 10 NONE
A 0.0% 2.0% 66.7% 14.1% 0.0% 12.1% 0.0% 1.0% 1.0% 0.0% 3.0%
B 5.1% 20.2% 2.0% 17.2% 4.0% 11.1% 3.0% 1.0% 3.0% 3.0% 30.3%
C 9.1% 48.5% 2.0% 3.0% 1.0% 4.0% 1.0% 0.0% 0.0% 4.0% 27.3%
D 1.0% 0.0% 39.4% 1.0% 6.1% 1.0% 4.0% 37.4% 0.0% 1.0% 9.1%
E 2.0% 1.0% 2.0% 56.6% 2.0% 27.3% 1.0% 0.0% 2.0% 0.0% 6.1%
F 19.2% 6.1% 1.0% 12.1% 0.0% 27.3% 0.0% 1.0% 22.2% 3.0% 8.1%
G 0.0% 1.0% 0.0% 2.0% 2.0% 0.0% 28.3% 15.2% 1.0% 38.4% 12.1%
H 3.0% 2.0% 10.1% 16.2% 6.1% 6.1% 8.1% 3.0% 1.0% 9.1% 35.4%
I 35.4% 30.3% 1.0% 4.0% 0.0% 13.1% 0.0% 0.0% 5.1% 0.0% 11.1%
J 2.0% 1.0% 0.0% 1.0% 1.0% 2.0% 1.0% 54.5% 5.1% 4.0% 28.3%

Table 6.2: Summary of responses acquired regarding similarity between synthesized faces
and original, scanned, face models. Each row corresponds to a synthesized face, letter–
coded from A to J; each column corresponds to a scanned face model, number-coded from
01 to 10 (Figure 6.15). Table entries indicate the percentage of users who classified the
scanned face to be more similar to the synthesized one.

These results are indicative that our system can create new faces that resemble those

used in the given dataset but are still unique and original, as there was no consensus

amongst the participants concerning the similarities between faces from both groups. These

results can be even more appreciated for the fact that the faces from Set 2 were created

entirely based on faces from Set 1. Even though the number of input faces is reduced,

the system still demonstrated its ability to generate unique characters. This behavior may

be attributed mostly to the control points manipulation (Section 6.2), that permits multi-

ple configurations of faces layouts and, consequently, allows greater output variety. In fact,

most of the faces in Set 2 were generated after reorganizing the projection layout to achieve

the desired result.
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6.7 iLAMP vs. RBF

In this section, I discuss why the RBF solution presented in this thesis is more suitable for

the application of face synthesis than iLAMP.

iLAMP is not continuous in its nature as it is designed to use only a few k neighbor

points to create the mapping from low to high dimension. Thus, a different set of neighbors

is used for each new user-defined point, making the mapping discontinuous. Continuity

is an important characteristic for the face synthesis application, as it enforces continu-

ous points in the 2D projection space to create a smooth transition of faces, giving it an

animation-like effect. Of course, the discontinuity in iLAMP could be easily prevented by

setting the number of neighbors equal to the number of points in the dataset, i.e., k = N.

However, the iLAMP solution presents yet another disadvantage that is maximized when

the number of neighbors k increases: it may become prone to severe distortions if the user

modifies the projection layout (as seen in Section 6.2).

For each user-generated point p iLAMP searches for a local affine transformation

siLAMP : R2 → Rm to map p into q ∈ Rm. siLAMP is the affine transformation that mini-

mizes

k

∑
i=1

βi‖ fiLAMP(yi)− xi‖2, (6.16)

i.e., it maps, as best as possible, the projected points yi into their multidimensional coun-

terpart xi. The βi weights are used to assign greater importance to the mapping of those yi

closer to the user-defined p. If distances between pairs of instances are well preserved in

the projection space, this solution will yield good, non-distorted results. However, when

the points in the projection space are deliberately rearranged by the user, the iLAMP so-

lution may produce distorted results, i.e., it may not be able to generate an affine mapping

siLAMP that maps yi to points close to xi.
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Figure 6.16: Top row: faces generate through iLAMP after rearrangement of projection
space; Bottom row: corresponding faces generated through our RBF solution.

In fact, we evaluated the iLAMP error given by Equation (6.16) for k = N in the neutral

dataset. When points in the projection space are repositioned from its original projection,

this error can become more than two times greater when compared to the error before the

repositioning. Such a distorted mapping can result in points q that little have to do with the

original xi vectors, potentially resulting in deformed faces as examplified in Figure 6.16.

To summarize, in this chapter I have introduced an inverse projection technique that

uses RBFs to create the mapping function. A face-synthesis application was also intro-

duced, that utilizes the proposed inverse projection framework to create a three-dimensional

geometric and texture for digitized face models.
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Chapter 7

Conclusions and Future Work

In this thesis, I have presented contributions to the interactive aspects of multidimensional

projection methods, in the field of data visualization and exploration.

In Chapter 3, I proposed a mechanism to systematically select control points, special

data instances used to approximate the projection results and to provide a steering mech-

anism ideal to explore the projection space. I demonstrated that a high-quality projection

result can be achieved using a very reduced number of control points and that the tech-

nique can benefit various CP-based MP methods. In Chapter 4, I introduced the inverse

projection workflow, which provides a whole new interactive experience by allowing one

to extrapolate an existing multidimensional dataset and interactively creating new instances

using the 2D projection as a canvas. Chapters 5 and 6 described the two inverse projection

techniques we developed, along with two applications that demonstrate the usefulness of

the proposed workflow.

I believe the methods and solutions presented in this thesis have the potential to be the

precursors of other techniques that could extend even further the interactive capability of

MP methods. In the next sections, I will summarize and discuss the foreseen future work

for each of the main contributions here presented.

7.1 Control Points Selection for Multidimensional Projection

Chapter 3 introduced a novel multidimensional projection technique, built upon the Radial

Basis Functions (RBF) interpolation theory. The main contribution of the presented method

is a built-in computational model for selecting control points, with a solid mathematical

formulation that results in high-quality projection outputs even with a reduced number of
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control points. The results presented in this thesis indicate that the proposed ROLS-based

selection procedure yields a good trade-off between computational time and stress while

reducing the number of control points necessary to achieve a projection with low-stress.

The fact that the proposed MP technique was built upon the solid formulation of RBF

brings many possibilities for future work by itself. There are a significant number of works

dedicated to the studies of RBF and to investigating specific aspects of its theory and ap-

plications, many of which we believe could be exploited in the technique proposed in this

thesis. For example, the choice of the kernel function and its shape parameter(s) 1, when

any, are considered a manual step in our workflow. Some works, however, propose auto-

matic ways to select these critical components, such as [Mongillo, 2011] and [Fasshauer

and Zhang, 2007]. Our methodology could be further improved if such an automatic mech-

anisms were incorporated to choose these appropriately according to each dataset.

Another research direction would be to create local projections using the Gaussian ker-

nel and its shape parameter to determine the radial influence of each control point. Local

projections, such as LAMP [Paulovich et al., 2010], have the advantages of being more

computationally efficient and giving useful results in a broader range of datasets, as dis-

cussed by [de Silva and Tenenbaum, 2002]. These aspects would provide more flexibility

if incorporated into the method proposed in this thesis.

Regarding control points selection, I have demonstrated how ROLS is capable of se-

lecting a reduced number of meaningful instances while maintaining the projection quality.

There are, however, techniques other than ROLS designed to perform the same task, such

as the ones described in [Uykan and Guzelis, 1997] and [Zhao et al., 2002]. I believe that

applying such techniques to our MP CP-selection methodology would be an important fu-

ture work to be considered. Another related topic would be to investigate the possibility

of creating synthetic control points, i.e., generate instances not necessarily in the original

1We refer the reader to Section 2.6 in Chapter 2 for a formal description of kernel functions and shape
parameters
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dataset to act as control points. I expect this could benefit scenarios where the dataset has

many outliers, for instance, and synthetic CPs could better represent the overall dataset.

Finally, regarding implementation, the software prototypes developed as part of this

thesis could be integrated with a GPU-based implementation to accelerate the computation

of the projection. The work of [Brandstetter and Artusi, 2008] presents a GPU implemen-

tation to compute the RBF scalars (given by the solution of the linear system described in

Equation (2.9) in Chapter 2), and a computational cost reduction of two orders of magni-

tude is reported. Furthermore, the application of the RBF to approximate the projection

results, given by Equation (2.6), could also be parallelized.

7.2 Inverse Projection

Both inverse projection methodologies described in chapters 5 and 6 of this thesis have

a very solid mathematical foundation. The accuracy of the proposed techniques was at-

tested in qualitative and quantitative experiments.Moreover, the applications presented in

Sections 5.7 and 6.3, demonstrate that inverse projection can provide a good alternative for

making the process of parameter space exploration a more interactive one.

Regarding the overall inverse projection experience, I believe the process could be fur-

ther enhanced by providing more feedback before starting any data exploration and analyt-

ics. In the current design, projected points are the only available guidance used to explore

empty regions. This aspect could be addressed by integrating additional interactive visu-

alization and visual analytics techniques. The resulting visual cues would allow users to

gain better and new insights into understanding the data and its uncertainties in the areas

of interest. Taking the face-synthesis application as an example, a few sample face models

could be displayed in areas of the projection where interactive data exploration is likely

to happen. These models could be automatically generated, without user intervention, and

displayed to guide the interactive data exploration and analytics.
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Providing more control over the inverse projection set up is another aspect we be-

lieve worth exploring. For example, incorporating the capability to manually configure

the weight each instance should have in the inverse projection calculation. So far, this ef-

fect can be partially achieved using control points replacement, as described in Section 6.2.

A manual setup, however, could expand the diversity of the inverse projection outputs.

Along the same lines, a user-input specification of the radius of influence could also

provide more control over the outcome of inverse projection. This radius would specify

which instances to be used in the calculation and which ones to be excluded. This func-

tionality could be achieved by allowing the user to draw a closed region in the projection,

delimiting the instances to be used. Again, we believe this could potentially result in more

diversity of the possible inverse projection outcomes.

Regarding the iLAMP workflow, there are still some points to be improved. One is-

sue is the determination of the number of neighbors k, as the system expects the user to

provide this parameter value. Results presented in Section 5.4 indicate that k is an impor-

tant parameter that should be carefully determined to have the best iLAMP results. So far

we do not have an automatic way to determine such parameter, and we depend on heuris-

tic evaluations to decide this value. Furthermore, a next step for iLAMP is to apply the

proposed technique into real-world problems. For instance, the history matching problem

in reservoir engineering is already benefiting from the use of multidimensional projection

techniques [Hajizadeh et al., 2012] and could be a possible venue to be tackled.

Finally, I would like to discuss some specific aspects of the RBF-based inverse projec-

tion and direction for future research. In the application we present, all the instances of the

input dataset are used as RBF centers to construct the inverse mapping function. However,

datasets with many points might need to have a more careful selection of control points.

I presented some alternatives in Section 6.1.3, but a more detailed inspection about the

proposed methods still needs to be conducted.
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A more thorough investigation regarding the RBF kernel functions φ is also an inter-

esting related research direction, along with the lines I previously discussed in Section 7.1.

In those examples, I used φ(r) = r, but it would be interesting if an appropriate kernel

function could be determined based on the dataset. We also intend to investigate the use of

the Gaussian kernel and its shape parameter as a way to give the user some control over the

radial of influence of each face in the inverse projection. As a last consideration about RBF

kernels, in the future, I plan to evaluate the use of polynomial extensions to the techniques I

proposed in this thesis. Studies have shown that the use of polynomial terms in RBF kernel

functions can improve the function approximation in some cases [Buhmann, 2003]. The

polynomial terms permits, for instance, the creation of a function that samples a sphere

embedded in Rn precisely.

Regarding applications, the algorithms and techniques I proposed in this thesis could

be expanded and applied in different domains and problems in science, engineering, and

content creation for visual effects and animations e.g., [Schulz and Velho, 2011].
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