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Abstract 

Understanding sources of uncertainty has a major impact in the reservoir management 

design and significantly influences the operations decision-making. Integrating all sources 

of flow and geological uncertainty is very important to quantify the production uncertainty 

and to make optimal decisions in reservoir development. However, this task is 

computationally very intensive and the current methods used by the industry are not robust 

enough to capture the full complexity of the problem. To address this, this research focuses 

on identifying sources of input uncertainty that significantly influence reservoir response 

and decision making. Some sources of input uncertainty are significant by themselves. 

Others are significant through their interactions. Yet others are not significant at all. This 

information offers great insight as well as computational gains that reservoir engineers can 

exploit towards better utilizing their knowledge when making reservoir decisions for the 

company assets. For this purpose, this research provides promising sensitivity analysis 

frameworks that are suitable for tackling complex multi-dimensional models within the 

reservoir modelling workflow and overcome the drawbacks of the commonly used 

approaches. 

The first section of this research study introduces a screening method that can successfully 

categorize the uncertain parameters in terms of their significance to the reservoir response 

with a low computational cost. This method is followed by a more sophisticated approach 

that is able to quantify the contribution of each input parameter to the variability of the 

model responses as well as the existing interactions among the parameters. The relation 
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between the accuracy of the results and the choice of experiment design is discussed in this 

section. In order to overcome the high cost of computation intrinsic to this method, Single-

Layer and Multi-Layer Neural Network surrogate models are successfully employed and 

integrated with the method. In the next chapter, another approach based on classifying the 

response/decision variables into a limited set of discrete classes is discussed. This approach 

quantifies the sensitivity to parameters and parameter interactions, and incorporates the 

possibility that the interactions can be asymmetric for complex reservoir modeling. The 

discussed approaches are demonstrated and validated with multiple well known sensitivity 

analysis test functions and real field case studies.  
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“Sensitivity Analysis for Modelers:  

Would you go to an orthopedist who did not use X-ray?” 

(Fuerbringer, 1996) 
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Chapter One: Introduction 

 

1.1 Reservoir Modelling 

In the oil and gas industry, reservoir modeling includes creating a computer model of 

a petroleum reservoir that could be used for different purposes. Examples include 

improving estimation of reserves and making decisions regarding field development, 

predicting future reservoir production, placing additional wells, and evaluating different 

scenarios for reservoir management. 

A reservoir model is the representation of the physical space of the reservoir as well as its 

fluids behavior and is created by an array of discrete cells, defined by a grid. Values for 

attributes of the reservoir, such as permeability, porosity, etc. are then associated with each 

cell. 

Reservoir models are generally categorized as: 

• Geological models that are created by geophysicists and geologists which provide 

a static description of the reservoir, prior to production. 

• Reservoir simulation models which are created by reservoir engineers to simulate 

the flow of fluids within the reservoir, over its production lifetime. 

It is common to construct the geological model at a fine resolution, and a coarser grid for 

the reservoir simulation model. Geological model is used to derive the effective values for 

the parameters of simulation model through what is known as upscaling process.  
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Through years of practice, reservoir modeling has become the go-to approach in decision 

making and risk assessment related to a reservoir during different stages of the reservoir's 

life. One of the established common workflows for analyzing a reservoir model is to 

conduct Sensitivity Analysis (SA), History Matching (HM), Optimization (OP), and 

Uncertainty Assessment (UA) studies as shown in Figure 1.1. (Mirzabozorg, 2015) 

 

Figure 1.1: Reservoir model analysis workflow 

 

The reservoir modeling workflow allows engineers to make informed decisions for 

reservoir management. However, model uncertainties pertaining to the geological and flow 

simulation, in addition to the inability of the currently used conventional methods to 

accurately quantify these uncertainties combined with time-consuming workflows, are 

some major bottlenecks which are impacting the quality of the decision making process for 

oil and gas companies. 
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This thesis concentrates on the first step of the reservoir modeling workflow in order to 

provide promising frameworks to improve the aforementioned drawbacks that exist in 

current approaches for sensitivity analysis.  

 

1.2 Sensitivity Analysis 

Sensitivity analysis (SA) is defined as the study of attributing the uncertainty in the output 

of a model to different sources of uncertainty in the model input (Saltelli et.al, 2008). 

Through SA, the effect of uncertainty or variability in the values of input parameters can 

be explored. In other words, sensitivity analysis aims to quantify the relative importance 

of each input parameter to the uncertainty of the outputs in a particular model. Methods of 

sensitivity analysis are usually classified into two categories (Sudret, 2008): 

• Local sensitivity analysis methods that focus on the local impact of input 

parameters on the model. They are usually based on the computation of the gradient 

of the model response with respect to its parameters around a nominal value.  

 

• Global sensitivity analysis methods that target to quantify the output uncertainty 

due to the uncertainty in the input parameters, which are taken independently or in 

combination with others. 

1.2.1 Local sensitivity analysis 

A very common approach to SA is known as the local approach. In this approach, the 

impact of small input perturbations, which occur around nominal values (the mean of a 
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random variable for instance), on the model output is studied (Sarma et al., 2015). This 

includes calculating or estimating the partial derivatives of the model at a particular point.  

Currently, such SA methods that are mostly used in the reservoir engineering workflows 

to understand the uncertainty of input parameters in reservoir models are unable to capture 

the full effects and are mostly based on simplistic assumptions. (Saltelli et al., 2008). The 

mostly common approaches to do parameter uncertainty evaluation are through local 

sensitivity analysis techniques such as tornado charts. As mentioned, these techniques 

provide the sensitivity of an output objective function with respect to an uncertain input 

parameter at a given point in the input uncertainty space; therefore, they are called “local” 

sensitivity. Due to this local nature, the importance ranking obtained from tornado charts 

can be very different depending on the point at which it is calculated, e.g. mean, P10, P90, 

etc. (Sarma et al., 2015). This is problematic in uncertainty management and field 

development planning, because different selection of this point could lead to identification 

of different most influential parameters regarding the output objective function and thereby 

to different uncertainty management/surveillance plans. Further, selecting what parameters 

are influential or not based on a single point (e.g. mean, median) can be inaccurate if the 

actual outcome is entirely different from this point (Sarma et al., 2015). Additionally, 

correct identification of the most significant parameters is also useful for efficient solution 

of inverse problems such as history matching, as it can help in reducing the dimension of 

the input space significantly. However, the local SA methods often fail to reliably capture 

all the influential inputs comprehensively due to their limitation. (Sarma et al., 2015) 
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1.2.2 Global sensitivity analysis 

Another group of methods that have been developed in a statistical framework to overcome 

the limitations of local methods is Global Sensitivity analysis methods. In contrast to local 

sensitivity analysis, they are referred to as “Global Sensitivity analysis" (GSA) because 

they consider the whole uncertainty range of the model inputs (Iooss et al., 2015). 

Numerical model users and engineers have shown large interests in these tools which take 

full advantages of the advances in computing resources and numerical methods. Using 

GSA methods have many practical advantages for reservoir simulation including: 

• identifying and ranking the most influential inputs, 

• classifying non-influential inputs in order to fix them to nominal values, 

• mapping the output behavior in function of the inputs by focusing on a specific 

domain of inputs if necessary, 

• calibrating model inputs using some available information (historical model data, 

output behavior observations, constraints, etc.) 

The GSA methods aim at determining the model input parameters which contribute the 

most to a quantity of interest based on model output. This quantity can be the variance of 

an output variable for instance (Iooss et al., 2015). These methods are mainly characterized 

as:  

• the screening (crude sorting of the most influential inputs among a large number of 

parameters),  



 

6 

 

• the measures of importance (quantitative sensitivity indices) and exploration of the 

model behavior (measuring the effects of inputs on their all variation range).  

1.3 Research Objectives 

A very important contribution to the reservoir engineering workflow is providing reliable 

Sensitivity Analysis (SA) methods to be used while building and using numerical reservoir 

simulation models. They are instrumental in studying how the uncertainty in the output of 

a model can be assigned to different sources of uncertainty in the model input (Saltelli et 

al., 2008). They can be used to recognize the most contributing input parameters to the 

output variability as the influential inputs, or determine some interaction effects within the 

model. The objectives of SA are abundant; from model understanding and verification, to 

model simplifying and factor prioritization. SA is also an aid in the validation of a 

modelling code, guidance on research efforts, and justification in terms of field production 

design safety (Saltelli et al., 2008). 

Many studies have been devoted to Sensitivity Analysis in the last twenty years as shown 

in Figure 1.2. A good comprehensive review of the techniques is available in Saltelli et al. 

(2000).  
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Figure 1.2: Spectrum of Sensitivity Analysis methods for different model types and 

levels of complexity (Iooss et al., 2015) 

 

An important factor to note is the choice of an applicable sensitivity analysis method 

usually depends on factors such as the complexity of the model, the linearity/non-linearity 

of the response, computational cost of analysis, etc. This makes the choice of SA 

completely domain dependent in many cases. An example decision making process for 

choice of SA is demonstrated in Figure 1.3 
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Figure 1.3: Decision making for the proper choice of Sensitivity Analysis approach 

(Iooss et al., 2015) 

 

For example, while Local SA methods that we discussed in the previous section are valid 

choices in many scenarios, within the context of reservoir modeling, these methods are 

mostly too simplistic and based on assumptions like linearity and normality, local 

variations, etc. that do not hold true for many more complex cases. Some of the other 

reliable methods of performing SA are regression-based methods. The standardized 

regression coefficients (SRC) are based on a linear regression of the output on the input 

vector. The Pearson correlation coefficients measure the effect of each input variable by 

their correlation with the model output (Sudret, 2008). The partial correlation coefficients 

(PCC) are based on results of regressions of the model on all input variables except one. 
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These coefficients are useful to measure the effect of the input variables if the model is 

linear, however, as we encounter nonlinearity in many reservoir modeling cases, they fail 

to properly represent the sensitivities of model response (Sarma et al., 2015). Although, in 

case of monotonicity of the model with respect to the input parameters, the rank transform 

methods such as SRRC (standardized rank regression) and PRCC (partial rank correlation) 

coefficients might be used, but where we are dealing with general nonlinear non monotonic 

models as a whole, these approaches fail to provide reliable sensitivity measures (Saltelli 

and Sobol, 1995). 

On the other hand, there are available SA methods that do not rely on requirements like 

linearity and normality so they could potentially be a good candidate for reservoir modeling 

scenarios. One category is variance-based methods: these approaches generally decompose 

the variance of the output as a sum of contributions of each input variable or their 

combinations. The McKay (1995) correlation ratios belong to this category for example. 

They are formulated as conditional variances and usually evaluated by crude Monte Carlo 

simulation or Latin Hypercube Sampling. The Fourier amplitude sensitivity test (FAST) 

indices (Cukier et al., 1978; Saltelli et al., 1999) and the Sobol’ indices (Sobol’, 1993; 

Saltelli and Sobol’, 1995; Archer et al., 1997), are intended to represent the sensitivities for 

models that meet the criteria for reservoir models. But the caveat is the Sobol’ indices are 

essentially computed using Monte Carlo simulation, which makes their direct application 

difficult for computationally demanding models, such as finite difference models in 

reservoir engineering. 
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As it can be observed, the choice and application of a robust SA method that could result 

in accurate and reliable analysis to be incorporated in the reservoir modeling workflow is 

no trivial task. The objective of this research is to put the emphasis on Global Sensitivity 

Analysis (GSA) measures that could be reliably used for different scenarios of reservoir 

modeling and present encouraging workflows that would help reservoir engineers benefit 

from these promising methods through Sensitivity Analysis studies. 

 

1.4 Thesis Organization 

In this thesis, we discuss three robust global sensitivity analysis methods aimed for 

handling complex reservoir models. 

Chapter 2 introduces a ‘Screening Method’ that is based on a discretization of the model 

parameter inputs in levels, allowing a quick exploration of the model behavior. This 

method is adapted to a large number of inputs; since practice has often shown that in many 

cases only a small number of input parameters are primarily influential. The aim of this 

type of method is to identify the non-influential inputs with a small number of simulations 

while making realistic hypotheses on the model complexity.  

Chapter 3 includes a variance based sensitivity analysis method which is proposed to get 

detailed analysis with regards to the sensitivities of the model outputs to input parameters, 

as well as capturing the interactions among parameters. It is used for complex models with 

non-linear and non-monotonic behavior, and is based on decomposition of the model 

output variance. Moreover, to overcome the big computational cost inherent to this method, 
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this chapter discusses the application of two Neural Network based surrogate models in the 

context of sensitivity analysis. Chapter 3 also includes discussion of the importance of 

experiment design on the accuracy of the results of the SA and implements a low-

discrepancy sampling sequence for this purpose. 

Chapter 4 takes a completely different approach to sensitivity analysis and incorporates the 

application of classification and clustering of ensemble reservoir models within the 

sensitivity analysis framework to quantify the influential parameters as well as asymmetric 

parameter interactions.  

Multiple case studies and test functions are introduced and discussed in detail in all 

chapters and the results are evaluated to test the validity of the methods for models of 

different size, complexity and property.  

Finally, chapter 5 provides conclusions of this study, discusses the major accomplishments 

and contributions and makes recommendations for future work. 
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Chapter Two: An Efficient Screening Design for Reservoir Models with Large 

Number of Parameters 

 

Reservoir models are often very complex, computationally expensive to evaluate, and 

involve a large number of input factors. In many cases, it is important to understand a short-

list of important factors. The question to address is: ‘Which factors – among the many 

potentially important ones – are really important?’ 

Answering this question is important for a number of reasons. When a few important 

factors are identified, the reservoir engineer may choose to simplify the model structure by 

eliminating inputs that appear to be irrelevant or he/she may decide to proceed with a 

simpler model from the complex one. The identification of the input factors driving most 

of the variation in the output is also a way of quality assurance. If the model shows strong 

dependencies on factors that are supposed not to be greatly influential, or the other way 

around, one may rethink the model and eventually decide to revise. Furthermore, additional 

studies may be devoted to improving the estimates of the most influential factors, to 

increase the accuracy of model predictions. 

To identify the most important factors from among a large number, the choice of a well-

designed method is essential. Also, the method must be designed to be computationally 

cheap, i.e. requiring a relatively small number of model evaluations. Screening designs 

fulfil this requirement. These designs are conceived to deal with models containing tens or 

hundreds of input factors, efficiently. On the other hand, their main disadvantage is that 
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these methods only provide sensitivity measures qualitatively, i.e. they are able to sort and 

rank the inputs in terms of their importance, but they do not quantify how much a given 

factor is more important than another. 

Screening methods are useful tools for Factors’ Fixing (FF) in the models. In the FF setting 

the objective is to identify a group of input parameters that can be fixed at a nominal value 

over their range of uncertainty without significantly reducing the output variance. The 

screening methods provide a list of factors ranked in order of decreasing importance, which 

allows the user to identify the subset of less influential ones and possibly fix their values. 

Screening techniques have been applied to several practical simulation studies in different 

domains, providing good results. In general, screening designs are a good choice when the 

number of influential factors in the model is small compared with the total number of 

factors. In other words, they perform better under the assumption that the influence of 

factors in the model is distributed based on Pareto’s law and follows a few very influential 

factors and a majority of non-influential ones. In practice this is often verified and the 

results of screening exercises are generally rather satisfactory.  In this chapter, we provide 

a reliable sensitivity analysis screening method suited for reservoir modeling applications 

and follow up with different test functions and case studies to validate the robustness of 

the method. 
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2.1 Morris Elementary Effects Method 

The Morris method for global sensitivity analysis (also called elementary effect method) is 

a screening method to identify a subset of inputs that have the greatest influence on the 

outputs. It is an effective method of screening a few influential input factors within the 

many which may exist in a model (Campolongo et al., 2007).  It is based on replicated and 

randomized “one-at-a-time” design of experiment (OAT), meaning that in each run only 

one input parameter is given a new value. Morris method provides global sensitivity 

analysis of the parameters through making local changes at different points xi of the 

uncertainty range of input values and repeating the process r number of times. This is 

designed to calculate the changes in the output due to changes in a specific input factor in 

the OAT design. These differences are called “Elementary Effects” (EE). The method is 

global due to the fact that it varies over the whole range of uncertainty of the input 

parameters. 

Similar to other screening approaches, the EE method provides qualitative sensitivity 

analysis measures. This basically means Morris method allows ranking the input factors in 

their order of importance and hence identifying influential and non-influential parameters, 

but it does not quantify the relative importance of the inputs exactly.  

With its sensitivity measures, the Morris method determines if the effect of the input factor 

J! on the output L is  

• negligible,  

• linear and additive,  
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• or nonlinear\involved in interactions with other input factors J~!. 
2.2 Morris Sensitivity Measures 

The Morris method provides two sensitivity measures per each input factor: 

• the measure 	, which provides the overall importance of an input parameter on the 

model output; 

• the measure ], which describes interactions and\or non-linear effects. 

The measures 	 and ] are obtained according to the construction of a series of trajectories 

in the discretized input parameter uncertainty space, where inputs are randomly moved 

One-At-a-Time (OAT).  

2.3 Experiment Design 

For this purpose, the input factor space Ω  is first discretized into $ “levels” and the possible 

input factor values will be contained inside this %-dimensional $-level grid, where % is 

number of model’s input parameters and $ is the number of levels of the design (discretized 

level) as mentioned.  

We assume that the %-dimensional vector J of the model input has components J! each of 

which can assume integer values in the set `0, aSba , >Sba , … , 1c. 
The design of experiments starts by sampling a set of randomly selected start values, i.e. 

random seed, within the defined ranges of possible values from above and calculating the 

subsequent model outcome L. This start value O∗ is randomly chosen for O with each 
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component being sampled from the set `0, aSba , … , 1 d ∆c.  The next step involves 

changing the value for one variable by ∆ while all the other inputs remain at their start 

values, and calculating the change in model outcome in comparison to the first steps.  This 

means one or more of the components of O∗ are increased\decreased by the step size, ∆, so 

that the new vector O(a) still has values belonging to the set of possible input values. Then, 

the values for another variable are changed by ∆ (the previous variable is kept at its changed 

value and all other ones kept at their start values) and the resulting change in model 

outcome compared to the second run is calculated. This would continue until all input 

variables are modified, and one trajectory is created. An example of a trajectory for % = 3 

is illustrated in Figure 2.1. 

 

Figure 2.1: example of a trajectory in the input space when k = 3 (Saltelli et al., 

2008) 
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In order to estimate the sensitivity measures, the experiment design focuses on the problem 

of sampling � trajectories. Since the computation of each elementary effect requires two 

sample points, the most basic design would need 2� sample points for each input, for a 

total of 2�%, where % is the number of input factors (Campolongo et al., 2003). Morris 

(1991) suggested a design with better efficiency which is able to build r trajectories of (% +
1) points in the input space. In this approach, each trajectory provides k elementary effects, 

one per input factor, for a total of �(% + 1) sample points.  

The trajectories can be generated systematically as explained in the following manner: 

A trajectory can be seen in the form of a matrix, 0∗, with dimension (% + 1) × %. In this 

matrix rows are the vectors O(a), O(>),… ,	O( ga). To build 0∗, the first step is the selection 

of a matrix 0, whose dimensions are the same as 0∗,  and with elements of 0’s and 1’s. 

The main property here is that for every column index h, h = 1,… , %, there are two rows of 

0 that differ only in the jth entry. For example, a good choice for 0 could be a strictly lower 

triangular matrix of 1’s (Campolongo et al., 2007): 

0 = jkk
kl 0 0 0 ⋯ 01 0 0 ⋯ 011⋯ 11⋯ 0 ⋯ 01 0 ⋯⋯ ⋯ ⋯noo

op
 ( 2.1 ) 

Using 01, the random directions of the trajectory are determined as defined in Eq. (2.2). 01 
specifies whether changes in the trajectory are positive or negative. 

01 =	12 qQ20	 d	6#, R2∗ + 6#, r ( 2.2 ) 
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where 6#, 	is a (m × k) matrix of 1’s, where m = k + 1; 0 is a (m × k) sampling matrix, 

explained above;	2∗ is a k-dimensional diagonal matrix which the diagonal elements have 

an equal probability of taking a value of +1 of −1.  

0∗ is now given in the following equation: 

0∗ = (6#,aO∗ +	∆01)�∗ ( 2.3 ) 

The final permutation matrix �∗	is a randomly selected k-dimensional matrix where each 

column and row contains only single element equal to 1 and the rest 0’s. �∗ is not an 

essential element of 0∗, but the random locations of the 1’s changes the order that the 

variables are perturbed, and increases the number of trajectories possible (King et al., 

2013). 

�∗ =	 s0 1 00 0 11 0 0t ( 2.4 ) 

The final trajectory matrix, 0∗, is given in the following equation: 

0∗ = (6#,aO∗ +	∆2 [Q20 d 6#, R2∗ +	6#, 	])�∗ ( 2.5 ) 

 

2.3.1 Example for sampling 

Consider a % = 3 variable model for which w has $ = 4 levels, O = 	 `0, ax , >x , 1c and y = 
ax 

has been selected for the experiment steps. Base value O∗ =	 `	ax , 0, >x	c have been randomly 

selected. Also the 2∗ matrix is chosen as 
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2∗ =	 s1 0 00 1 00 0 d1t ( 2.6 ) 

The modified sampling matrix 01 is calculated and then multiplied by the y = 
ax defined 

earlier, to create the following matrices: 

01 =	 z0 0 11 0 111 11 10{   ( 2.7 ) 

Multiplied by ∆ ⇒  

∆01 =	
jkk
kkk
kl0 0 1313 0 131313

1313
130noo
ooo
op
 ( 2.8 ) 

 

The final permutation matrix �∗ is a randomly selected as 

�∗ =	 s0 1 00 0 11 0 0t ( 2.9 ) 

Therefore, the final sampling matrix 0∗would be calculated as: 

0∗=	
jkk
kkl
1 ax 01 >x 01>x

>x>x
axaxno
ooo
p
 ( 2.10 ) 
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Here it can be seen that each column, which represents a variable, is changed one-at-a-time 

by a negative or positive ∆ = 
ax.  

The columns of 0∗ can be scaled to appropriate ranges of the input parameters and the 

model simulations performed.  

After a sampling matrix 0∗ is created, this procedure is repeated � times, each time with a 

different set of start values, which leads to a total number of � trajectories, equivalent of 

�	 × (% + 1) runs. This number of runs is very efficient compared to other methods for 

sensitivity analysis which are more demanding. 

One issue with this type of sampling is the density of trajectories in the parameter space. 

The sampling strategy may not provide sufficient coverage of the variable space, especially 

when dealing with a large number of input variables. Due to the random starting point of 

the trajectories, there could be an uneven density of the � number of trajectories in the 

parameter space resulting in over-sampled/under-sampled areas that would affect the 

quality of sampling. 

Campolongo et al. (2007) proposed an improvement of the sampling strategy just described 

that facilitates a better scanning of the input domain without increasing the number of 

model executions needed. The main idea is to select the � trajectories in such a way that 

their spread in the input space is maximized. This experiment design starts by generating a 

high number of different trajectories, and then selects the subsection of r with the highest 

spread (e.g. r 10, 20 out of all generated trajectories). Here the concept of spread is based 

on the following definition of distance, �#(, between a pair of trajectories m and l: 
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�#( =	∑ ∑ }∑ ~J�(!)(�) d	J�(")(�)�> ��a ga"�a ga!�a  for �	≠		�,  
otherwise �#( = 0. 

( 2.11 ) 

Here % is the number of input factors and J�(!)(�) indicates the zth coordinate of the ith  

point  of  the  mth  trajectory.  In other words, �#( is the sum of the geometric distances 

between  all  the  pairs  of  points of the two trajectories under analysis (Campolongo et al., 

2007). The best � trajectories from the total ensemble are selected by maximizing the 

distance �#( among them. First we consider for each possible combination of � trajectories  

from  the ensemble  the quantity 2>, which  is  the  sum  of  the  squared  distances between 

all possible pairs of trajectories belonging to the combination. This sampling strategy 

optimizes the scanning of the input space. An example of input space sampling with r =6 

for trajectories created for a model with 3 input parameters is shown in Figure 2.2: 

 

Figure 2.2: Sampling of input space with � =6 for trajectories created for a model 

with 3 input parameters 
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2.4 Elementary Effect 

Each trajectory created with the sampling strategy explained in the previous section 

corresponds to (k+1) model executions and allows the computation of a derivative for each 

input parameter J!. 
The elementary effect (EE) of a given value of input factor J! is defined as a finite 

difference derivative approximation: 

WW!(J) = 	 [L(Ja, J>, . . . , J!ba, J! + 	∆, J!ga, . . . , J ) 	d 	L(J)]	
∆

 ( 2.12 ) 

Based on the sampling matrix values, we can calculate one EE per input variable from each 

of the � trajectories from which the sensitivity indexes, or importance measures, can be 

computed.  The steps are summarized in Figure 2.3: 

Figure 2.3: Morris screening method procedure 

Repeat r times 

Calculate the elementary effect:WW! J =	 [Y(Xa, X>, . . . , X�ba, X� + 	∆, X�ga, . . . , X�) 	d 	Y(X)]
∆

Repeat the previous step until every input is modified, 
describing a randomly constructed path in the input parameter 

space

Modify inputs one at a time by a value ∆, while the other 
inputs remain constant.

Run the model to an initial set of inputs
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Morris (1991) proposed two measures, mean (µ) and standard deviation (σ) of the set of 

elementary effects for each input variable, while Campolongo et al. (2007) introduce a 

third index, µ*, which gives extra information. 

2.5 Morris Method Indices 

As the set of EEs for each input variable is calculated, the two measures 	 and ] are then 

defined as the mean and the standard deviation of the distribution of the elementary effects 

of each input: 

	! =	1� 	�WW(J!")9
"�a  ( 2.13 ) 

]! = �	 1� d 1	�(WWQJ!"R d		!)>9
"�a  ( 2.14 ) 

Since with the utilized sampling strategy � number of trajectories are created, each input 

in the model will have a distribution of � elementary effects. Thus, the mean 	, and the 

standard deviation	] of these distributions could be calculated as per Eq. (2.13) and (2.14) 

as shown in Figure 2.4: 
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Figure 2.4: Calculation of sensitivity measures, mean �, and the standard 

deviation	� 

The sensitivity index µi, calculated using Eq. (2.13), evaluates the sensitivity of the output 

response to the ith input variable due to all first and higher-order effects that are associated 

with that variable (Campolongo and Braddock, 1999). When µi is high for this parameter 

in comparison with other variables, the output has a high sensitivity to this input variable. 

On the other hand, a variable with a low µi value has small sensitivity associated to it. This 

can be concluded because the same ∆ change for these parameters causes a relatively low 

change in output.  

Equation (2.14) is used to determine the variance, or in other words spread of the finite 

distribution of the EEi values, which is denoted by σi. Equation (2.14) indicates possible 

interactions of a parameter with other variables and/or the fact that the parameter has a 

non-linear effect on the output (Campolongo and Braddock, 1999). According to 

Campolongo et al. (2007), an intuitive meaning of ] can be explained as the following. If 

for parameter J! we obtain a high value of ], it means that the elementary effects relative 

WWaa , WWa> , … , WWa9	WW>a , WW>> , … , WW>9
.

.

.WW a , WW > , … , WW 9

	a , ]a 
 	> , ]> 

. 

. 

. 	 , ]  
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to this parameter differ significantly from one another, which implies that the elementary 

effect value is strongly affected by the choice of the sample point at which it is computed, 

i.e. by the choice of the other factors’ values. By contrast, a low value of ] indicates very 

similar values among the elementary effects, implying that the effect of J! is almost 

independent of the values taken by the other factors. 

2.5.1 Avoiding Type II error 

One important point about the sensitivity measure 	, is the problem of type II errors. Type 

II error refers to failing to identify an important parameter with significant influence on the 

output of the model. When the model is non-monotonic, this can happen if the finite 

distribution of elementary effects associated with the ith input factor contains negative 

elements, and some effects may cancel each other out when computing the mean. 

Therefore, for an input parameter with elementary effects of different signs which can 

cancel each other out, we may possibly have a low value of 	 but a considerable value of 

] sometimes. This would result in underestimating the importance of factor or 

overestimating its involvement in interaction with other factors\the non-linearity of its 

effect.  

In order to avoid this, Campolongo et al. (2007) proposed a revised measure 	∗. It is simply 

the mean of the distribution of the absolute values of the elementary effects of the input 

factors: 
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	!∗ =	1� 	��WW(J!")�9
"�a  ( 2.15 ) 

The index µ* provides an importance measure, which is free of any non-monotonic input-

to-output behavior that could be present in µ. This means µ* provides the overall sensitivity 

of the ith input variable without any cancelling out effects that may be contained in µi. 

Similar to calculation procedure of µ, µ* is calculated from the same distribution of � 

elementary effects and does not require any new model evaluations (King et al., 2013). The 

sensitivity measures, now including µ*, can be seen as displayed in Figure 2.5. 

 

Figure 2.5: Calculating the absolute values of Elementary Effects to avoid Type II 

error  

 

Using µ and µ* together can provide insight into the nature of the non-linearity of the model 

and input variables. This will be explained using an example in the following section. 

WWaa , WWa> , … , WWa9	WW>a , WW>> , … , WW>9
.

.

.WW a , WW > , … , WW 9

	a , 	a∗ , ]a 
 	a , 	>∗ , ]> 

. 
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. 	a , 	 ∗ , ]  
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2.5.2 Choices of �, ∆, ���	� 
An important choice related to Morris method is the choice of the parameters $ and ∆. First 

factor to consider is that the choice of $ is linked to the choice of �, and if we consider a 

high value of $, and create a high number of possible levels to be explored, we can 

potentially enhance the accuracy of the sampling. But we need to be aware of the fact that 

this must be simultaneous with a high value of � as well, otherwise many possible levels 

will remain not sampled.  

The other important factor to consider is the choice for the parameters $ and ∆ so that 

sampling strategy guarantees equal-probability sampling from the finite distribution of 

elementary effects associated with the input factors. For example, one choice for the 

parameters $ and ∆ could be $ even and ∆ equal to  
�>(�ba).  

For this choice, as shown in the top part of the Figure 2.6 below, we can see that when $ = 

4, the choice of ∆	 = 	 >x  (top left) guarantees that the four levels have equal probability of 

being selected. On the other hand, a choice of ∆	 = 	 ax (top right) would imply that the levels 

ax  and 
>x are sampled more often. The bottom part of the Figure 2.6 shows the case in which 

an odd number of levels is considered for $. In this case, regardless of the chosen value of 

∆, equal probability for the elementary effects cannot be achieved. More details for the 

choices of $, ∆, and � can be found in Morris (1991) and Saltelli et al. (2008). 
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Figure 2.6: The effect of choice of � and ∆. (Saltelli et al., 2008) 
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2.6 Analysis of the Results 

A very intuitive way of drawing conclusions from the two Morris measures, mean and 

standard deviation, is by analyzing them together on a two-dimensional graph so that we 

could rank input parameters in their order of importance for the output function and identify 

those inputs which do not influence the output variability. 

We know that the 	∗ assesses the overall influence of the factor on the output and shows 

the parameter importance. The standard deviation ] estimates the ensemble of the factor’s 

effects, whether nonlinear and/or due to interactions with other factors. Based on these: 

- If all samples of the elementary effect of the ith input factor are zero, then J! doesn’t 

have any effect on the output L, the sample mean and standard deviation will both 

be zero.  

- If all elementary effects have the same value, then L is a linear function of J!. The 

standard deviation of the elementary effects will then of course be zero.  

- For more complex situations, because of interactions between parameters as well 

as nonlinearity effects, if the mean of the elementary effects is relatively large and 

the standard deviation is relatively small, the effect of J! on L is “mildly nonlinear”. 

If the opposite, the mean is relatively small and the standard deviation is relatively 

large, then the effect is supposed to be “strongly nonlinear” (Morris, 1991).  

Looking at the parameters being distributed in a 2D space according to the 3 conclusions 

above, would result in a graph similar to what is shown in Figure 2.7: 
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Figure 2.7: Interpretation of Morris analysis results 

 

As a rule of thumb: 

a) high mean indicates a factor with an important overall influence on the output, and 

b) high standard deviation indicates that either the factor is interacting with other 

factors or the factor has strong nonlinear effects on the output. 

 

 

  

Influential, non-linear and/or interaction effects 

Non influential input parameters 

Influential, linear effect on objective function 
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2.7 Case Studies 

2.7.1 Polynomial function 

To demonstrate the mentioned methodology, we define a simple polynomial function with 

3 parameters, with J> being the most important input parameter, and interactions existing 

between parameters Ja & J>: 

L = 	Ja +	10J> + Jx + 50JaJ> ( 2.16 ) 

Consider this model for which w has $	= 4 levels, O = 	 `0, ax , >x , 1c	and ∆	 = 	 >x has been 

selected for the experiment steps. Base value O∗ =	 `	>x , >x , 0	c have been randomly selected. 

Also the 2∗ matrix is chosen as 

2∗ =	 s1 0 00 d1 00 0 1t ( 2.17 ) 

 

Using a lower triangular matrix 0 and also matrix 6,  
0 = 	 z0 0 01 0 011 11 01{   ( 2.18 ) 

6 = 	 z1 1 11 1 111 11 11{ ( 2.19 ) 
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The modified sampling matrix 01	is calculated and then multiplied by the y = 
>x defined 

earlier. Next, the final sampling matrix 0∗ would be calculated as: 

0∗ =	
jkk
kkl
ax 1 01 1 011 axax

0>xnoo
oop   ( 2.20 ) 

Here it can be seen that each column, which represents a variable, is changed one-at-a-time 

by a negative or positive y = 
>x.  

All 3 parameters are uniformly distributed between [0,1] in this case, but the columns of 0∗ 
can be scaled to appropriate ranges of the input variables and the model simulations 

performed.  

We repeat this process and therefore create multiple 0∗ matrices from which we calculate 

the Elementary Effects (EE) of each parameter from each two consecutive rows. Therefore 

we can calculate the sensitivity measures  	∗ and σ. 

The results of Morris analysis are shown in the following Figure 2.8 and Table 2.1: 
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Figure 2.8: Morris chart for the polynomial objective function 

 

Table 2.1: Absolute elementary effects mean and standard deviation values for 

polynomial objective function 

Parameter Name Absolute Elementary Effects Mean Standard Deviation 

J> 35.5 16.151202 

Ja 26.625 16.237238 

Jx 1 3.12E-15 

 

Morris chart of Figure 2.8 shows parameter J>  has the highest value of 	∗ therefore being 

the most important, followed by parameters Ja and Jx. In terms of the interactions, 

parameter Jx  has the value of zero on the Y axis which indicates no interaction effects for 
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this parameter, while parameters Ja and J> are interacting similarly. This validates the 

result from the analysis, matching the polynomial model behavior that we can observe. 

2.7.2 Ishigami function 

The Ishigami function was first introduced by Ishigami and Homma (1990) and is given as 

follows: 

�(O) = ?��(Ja) + �	?��>(J>) + /Jx�	?��(Ja) ( 2.21 ) 

It is commonly used to test sensitivity and uncertainty analysis techniques because it 

exhibits strong non-linearity and non-monotonicity. It also has a peculiar dependence on 

Jx, as described by Sobol & Levitan (1999). The values of � and / used by Crestaux et al. 

(2007) and Marrel et al. (2009) are: �	 = 	7 and /	 = 	0.1. We use the same values in this 

case study. 

First, we perform a Monte Carlo simulation with 3200 experiments, compute the output of 

the Ishigami function, and plot the histogram of the Ishigami function output in Figure 2.9. 

This plot shows the distribution of values for Ishigami function with all 3 uncertain 

parameters sampled from the prior probability density functions. 
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Figure 2.9: Ishigami function probability distribution and cumulative probability 

 

Figure 2.9 shows a histogram of Ishigami function values, to illustrate the shape of the 

probability density function, as well as the cumulative probability. P10, P50, and P90 

values are also highlighted. The result of Morris analysis is shown in the following Figure 

2.10 accompanied by Table 2.2: 
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Figure 2.10: Morris analysis results for Ishigami function 

 

Table 2.2: Absolute elementary effects mean and standard deviation values for 

Ishigami function 

Parameter Name Absolute Elementary Effects Mean Standard Deviation Ja 7.9781829 10.12071 Jx 5.36013 7.666749 J> 3.3134273 3.442772 

 

The results demonstrate that the Morris method is successful in identifying parameter Ja 

as the most influential input while capturing its interaction. It is also able to capture the 

fact that parameter Jx is involved in interaction in the model but it overestimates the effects 
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of Jx and completely fails to show the effect of parameter J>. This proves that while Morris 

is a reliable method to do a sensitivity analysis screening of parameters involved in a model, 

it is best suited for models with large number of parameters where the cost of computation 

might be to prohibitive to run other more sophisticated sensitivity analysis methods. In 

cases of highly non-linear models such as Ishigami function it may fail to correctly display 

the sensitivity analysis results. We would discuss this more in the next chapter where we 

will introduce another method that does not have this deficiency.  Also. case studies with 

the application of Morris method in real reservoir modeling scenarios are presented at the 

later sections. 

2.7.3 Sobol G function 

Sobol G function is used as an integrand for various numerical estimation methods, 

including sensitivity analysis methods, because it is fairly complex, and its sensitivity 

indexes can be expressed analytically. The exact value of the integral with this function as 

an integrand is 1.  

�(J) = 	�|4J! d 2| +	�!	1 +	�!
�
!�a  ( 2.22 ) 

For each index i, a lower value of �! indicates a higher importance of the input variable 	
J!. Below are the values of �! recommended by Crestaux et al. (2007). The same �! 
coefficients displayed in the Table 2.3 are used in this case study as well.  
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Table 2.3: �� values for Sobol G function �� �a �> �x �� �� �� �� �� �� �a� �aa �a> 

Value 0.001 89.9 5.54 42.10 0.78 1.26 0.04 0.79 74.51 4.32 82.51 41.62 

 

In many cases, for instance in Marrel et al. (2008), there is the constraint that 	
�! ≥ 0. They conclude that: 

• for �! close to 0, J! is very important. 

• for �! close to 1, J! is relatively important. 

• for �! close to 9, J! is non-important. 

• for �! close to 99, J! is non-significant. 

Based on the values of �! used in this case study, we expect a ranking of 

Ja>	J�>	J�>	J�>…	 and so on. 

First, we perform the Morris sampling in the 12-dimension parameter space hypercube. 

Based on the created sampling sequence for function parameters, the outputs of Sobol G 

function with respect to each input parameter can be observed in cross plots as shown in 

Figures 2.11 to 2.13. Through these cross plots, we can identify trends and relationships 

between our parameters, and objective function. As an example, in Figure 2.11, right away 

we can observe that compared to the other parameters, there is stronger correlation between 

parameter Ja and the output. Same observation can be made for parameters J� and J� in 

Figure 2.12. 
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Figure 2.11: cross plots of Sobol G function vs. input parameters  ¡ to  ¢ 
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Figure 2.12: cross plots of Sobol G function vs. input parameters  £ to  ¤ 
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Figure 2.13: cross plots of Sobol G function vs. input parameters  ¥ to  ¡¦ 
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Using Monte Carlo simulation, Figure 2.14 shows a histogram of our output function, to 

illustrate the shape of the probability density function, as well as the cumulative 

probability. P10, P50, and P90 values are also highlighted again. 

 

Figure 2.14: Ishigami function probability distribution and cumulative probability 

 

Now calculating the absolute mean Elementary Effects and the standard deviations, we can 

plot the Morris chart in Figure 2.15. The values are tabulated in Table 2.4 as well. 
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Figure 2.15: Morris analysis results for Sobol G function 

 

Table 2.4: Absolute elementary effects mean and standard deviation values for 

Sobol G function 

Parameter Name Absolute Elementary Effects Mean Standard Deviation Ja 2.8126255 4.1092466 

J� 2.6972195 3.8499568 

J� 1.6782282 2.6501719 

J� 1.5634205 2.4261587 

J� 1.3710143 2.3032483 

Ja� 0.59816215 0.96099294 

Jx 0.48612539 0.81179284 
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J� 0.077745173 0.13353746 

Ja> 0.074137749 0.12386474 

J� 0.042370137 0.071360284 

J> 0.038492282 0.061032131 

Jaa 0.038447828 0.068326209 

 

Morris method can clearly categorize the parameters of Sobol G function relative to their 

importance. Parameters Ja and J� are the most influential parameters in the model, 

followed by J�, J� and J�. Ja� and Jx are somewhat important and the rest of the 

parameters are not affecting the variability of the output and could be fixed to an average 

value within their distribution. The results directly correlate to the coefficient values used 

in this model which proves the accuracy of the method. 
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2.7.4 CSS pilot 

Cyclic Steam Stimulation (CSS) is a petroleum extraction technique that uses hot steam 

injection into heavy-oil reservoirs or oil-sands deposits in order for extraction of oil through 

a common wellbore in cycles. 

The production cycle of a CSS technique consists of the following stages: 

1. Injection stage for heating and mobilizing the oil in the deposit for several days or 

weeks. 

2. Soaking stage, allowing the separation of oil from other ingredients, and letting 

reservoir pressure to build. 

3. Extraction by natural flow and also by forced pumping. 

The three stages together comprise one cycle. Once the last stage is completed and oil 

production rates fall below a critical threshold due to the cooling of the reservoir, the 

production cycle is repeated a number of times until production becomes uneconomical. 

The CSS is also sometimes referred to as huff and puff technique. 

The study of the CSS technique is important mainly because: 

• It is widely used for petroleum extraction from oil sands and reservoirs with very 

heavy crudes. 

• There is flexibility of using the same wells for steam flooding technique, at a later 

stage. 
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In this case study a single well cyclic steam pilot is studied which has been completed for 

three cycles. We determine the importance of reservoir and operating variables, for later 

history matching the model so that it can be used to develop an optimum ongoing strategy 

for future wells. The model has four geological layers, the properties of which are not well 

known. There is uncertainty about relative permeability, especially as it may affect 

injectivity vs. productivity of the well. Also, there is uncertainty about formation dilation 

and its possible effect on permeability. We anticipate the model could be sensitive to the 

following parameters; 

• Porosity (single value) 

• Permeability of each layer 

• Kv/Kh ratio 

• The Carmen-Kozeny exponential factor for permeability as function of porosity. 

• Dilation onset pressure 

• Dilation compressibility 

Morris Method is used to determine how sensitive an objective function is to the model’s 

existing parameters and their ranges in values. In particular, we want to see how much each 

of our history matching parameters impacts the production and injection of the well, as 

well as the linearity and non-linearity of their effect on the objective functions. This will 

be useful for determining which parameters we should modify when we start history 

matching. The most sensitive parameters will have a large impact on the results so these 

are the parameters that we should modify during the history matching process. Less 
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sensitive parameters can be held at their original value then modified at the end of the 

matching process to fine tune the results. Table 2.5 below lists the uncertain parameters of 

our case study. 

 

Table 2.5: List of input parameters for the CSS pilot study 

Input Parameters Unit Lower Limit Upper Limit Type 

Dilation Compressibility 1/psi 0.002 0.007 Continuous 

Dilation Onset Pressure psi 200 500 Continuous 

KvKhRatio - 0.15 0.5 Continuous 

Permeability Exponent - 0 4 Continuous 

Permeability Layer 1 mD 1000 4000 Continuous 

Permeability Layer 2 mD 600 1000 Continuous 

Permeability Layer 3 mD 250 450 Continuous 

Permeability Layer 4 mD 1500 3000 Continuous 

Porosity - 0.25 0.35 Continuous 

  

In addition, Table 2.6 includes the objective functions we would be studying in this 

example. 
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Table 2.6: List of objective functions for the CSS pilot study 

Objective Functions Unit 

Cumulative Oil Production bbl 

Cumulative Water Production bbl 

Cumulative Steam Injection bbl 

 

We perform the sampling strategy and continue to calculate the Morris sensitivity indexes 

for our objective functions. The next objective function histogram plots, Figures 2.16 to 

2.18, show the distribution of objective function values calculated from the sampling 

experiments, as well as the cumulative probability. 

 

Figure 2.16: Distribution of Cumulative Oil Production objective function 
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Figure 2.17: Distribution of Cumulative Water Production objective function 

 

Figure 2.18: Distribution of Cumulative Steam Injection objective function 
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2.7.4.1 Analyzing � vs �∗ 
According to Morris sensitivity analysis procedure in this chapter, the calculation of the 

absolute mean elementary effects (	∗) and  mean elementary effects (	) indicate that 

Permeability in Layer 1 is the most significant parameter contributing to the changes of the 

case study objective functions.  

On top of that, the comparison between 	∗ and 	 provides valuable information on the 

signs of the effects that an input factor has on the output, too. If  	∗ and  	 are both high, it 

implies not only that the factor has a large effect on the output, but also that the sign of this 

effect is always the same. If, by contrast, 	 is low while 	∗ is high, it means that the factor 

examined has effects of different signs depending on the point  of the space at which the 

effect is computed.  

This can be observed about the sign of effect for Permeability in Layer 1 that it is the same, 

whereas the opposite is true for Permeability in Layer 4 and KvKhRatio. 

The comparison charts for the 3 objective functions are included in Figures 2.19, 2.20 and 

2.21 as follows. 
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Figure 2.19: �∗ and  �  charts for Cumulative Oil Production Objective Function 
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Figure 2.20: �∗ and  �  charts for Cumulative Water Production Objective 

Function 
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Figure 2.21: �∗ and  �  charts for Cumulative Steam Injection Objective Function 

 

To analyze the interaction existing in the model within the parameters for the objective 

function, we can plot 	∗ vs ] charts and perform the analysis on the screening results in 

one simple and easy to understand graph.  

The results are plotted in the respective Figures 2.22 to 2.24 as well as their values shown 

in Tables 2.7 to 2.9.  
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Figure 2.22: Morris analysis results for Cumulative Oil Production Objective 

Function 

 

Table 2.7: Absolute elementary effects mean and standard deviation values for 

Cumulative Oil Production Objective Function 

Parameter Name Absolute Elementary Effects Mean Standard Deviation 

Perm_L1 23426.691 2462.0648 

Perm_L4 4804.1864 2101.3179 

Porosity 4765.4586 1758.1085 

PermExp 4608.3557 1937.4292 

DilOnsetPres 3192.5541 3922.7191 

KvKhRatio 2900.8129 958.47334 
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Perm_L2 2046.6206 982.73575 

Perm_L3 1185.4842 451.83066 

DilCompress 682.86063 796.02267 

 

 

Figure 2.23: Morris analysis results for Cumulative Water Production Objective 

Function 

 

Table 2.8: Absolute elementary effects mean and standard deviation values for 

Cumulative Water Production Objective Function 

Parameter Name Absolute Elementary Effects Mean Standard Deviation 

Perm_L1 37298.357 9171.2405 

DilOnsetPres 19313.925 8282.4511 
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PermExp 17009.35 9431.6227 

Perm_L4 10827.851 3655.3468 

Porosity 6849.7768 3477.1628 

Perm_L2 5147.0792 3119.9474 

KvKhRatio 4175.3693 3059.3926 

Perm_L3 2902.8974 3.09E-05 

DilCompress 0 0 

 

 

Figure 2.24: Morris analysis results for Cumulative Steam Injection Objective 

Function 
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Table 2.9: Absolute elementary effects mean and standard deviation values for 

Cumulative Steam Injection Objective Function 

Parameter Name Absolute Elementary Effects Mean Standard Deviation 

Perm_L1 43446.994 11234.262 

DilOnsetPres 35349.423 13886.031 

PermExp 23308.314 12268.162 

Perm_L4 13945.114 2189.1843 

Porosity 9009.0722 5233.4737 

Perm_L2 7765.565 5151.657 

KvKhRatio 4525.4572 4107.658 

DilCompress 3451.7614 2.12E-05 

Perm_L3 3263.3999 2.87E-05 

 

Based on the results, it is obvious that parameter 5 (Permeability in Layer 1) has the most 

impact on all three objective functions, and hence is the most influential factor in our 

model. While that is the case in general, parameter 2 (Dilation Onset Pressure) plays a more 

major role on Water Production and Injected Steam than Oil Production. At the same time, 

objective functions seem to be the least sensitive to parameters 7, 3 and 1 (Permeability in 

Layer 3, Kv to Kh ratio, and Dilation Compressibility). 

Based on the overall relatively low values obtained for the Y axis of the Morris chart for 

all objective functions, we can conclude that strong interactions between parameters do not 

exist in the model and parameters have an almost linear effect on the outputs. This slightly 

changes for Cumulative Steam Injected, especially for parameter 2, followed by parameters 
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4 and 5 which indicates higher non-linear relation of these parameters to this objective 

function and\or stronger interaction effects between these and other parameters. 

 

2.7.5 Tight oil reservoir 

This case study will examine which factors affect well performance of hydraulically 

fractured wells in a tight oil reservoir.  

 

Figure 2.25: Hydraulically fractured well in a tight oil reservoir (Oil Potential) 

 

For this purpose, a single well model has been created to represent a well in a tight oil 

reservoir (Figure 2.25), and we would analyze how the following parameters affect well 
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performance and use that information for a follow up history match using the same 

parameters: 

• Matrix Permeability (Horizontal and Vertical) 

• Matrix Porosity 

• Fracture Half-length 

• Fracture Permeability 

• Fracture Height 

• Relative Permeability Parameters: 

o Residual Oil to Gas (SORG, SOIRG) 

o Residual Gas Saturation (SGCRIT, SGCON) 

o Oil Relative Permeabilities at connate water (KROCW, KROGCG) 

o Gas Relative Permeability at connate liquid (KRGCL) 

o Corey Exponent for Oil (NOG) 

o Corey Exponent for Gas (NG) 

• Formation Compressibility  

 

The following parameters in Table 2.10 are therefore defined in the model: 

Table 2.10: The parameters of the tight oil reservoir study 

Parameter Unit Lower Limit Upper Limit Type 

Compressibility 1/kPa 1E-6 1E-5 Continuous 

FractureLayersdown - 0 4 Discrete 
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FractureLayersup - 0 3 Discrete 

FracturePermeability mD 2000 30000 Continuous 

HalfLength m 20 70 Continuous 

KRGCL - 0.4 1 Continuous 

KROCW - 0.4 1 Continuous 

NG - 2 3.5 Continuous 

NOG - 2 3.5 Continuous 

PermH mD 0.01 0.4 Continuous 

KvKhRatio - 0.05 0.5 Continuous 

Porosity - 0.075 0.125 Continuous 

SGCRIT - 0.01 0.06 Continuous 

SORG - 0.05 0.25 Continuous 

 

We also define Cumulative Oil Production (m3), Cumulative Gas Production (m3), and 

GOR (Gas Oil Ratio) as three objective functions of this study. Using the same procedure 

as before, we create an experiment design using Morris sampling strategy, simulate each 

trajectory, and analyze the results by plotting the absolute mean elementary effects vs. the 

standard deviation for each objective function. Since we discussed these steps in detail in 

previous sections, we directly present the Morris results analysis in the following sections 

for each objective function.  

2.7.5.1 Cumulative Oil Production 

The Morris plot and the accompanying data table are presented below in Figure 2.26 and 

Table 2.11: 



 

61 

 

 

Figure 2.26: Morris analysis results for Cumulative Oil Production Objective 

Function 

 

Table 2.11: Absolute elementary effects mean and standard deviation values for 

Cumulative Oil Production Objective Function 

Parameter Name Absolute Elementary Effects Mean Standard Deviation 

PermH 25932.073 7147.2168 

KROCW 10704.551 8811.3591 

FracturePermeablility 9426.9771 3942.7798 

kvkhratio 8371.7309 2124.4612 

SORG 7419.1317 9070.6103 

Porosity 6556.2425 6919.8161 

Halflength 6071.8252 6058.5737 

FractureLayersDown 5441.4044 4013.6412 
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Compressibility 4415.8816 1402.8684 

NG 3668.5208 4209.757 

FractureLayersUp 2991.341 3384.1171 

KRGCL 2760.4194 825.03882 

SGCRIT 2513.7298 620.41348 

NOG 398.83123 442.48687 

 

Based on the results above, Cumulative Oil Production objective function is mostly 

impacted by PermH parameter in this model. There are some interactions existing among 

the rest of the parameters for this objective function, but the amount seems not to be very 

significant. 

2.7.5.2 Cumulative Gas Production 

There is a linear relationship existing between the parameters and the objective function in 

this model for the Cumulative Gas Production as it can be observed in Figure 2.27 and 

Table 2.12 below: 
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Figure 2.27: Morris analysis results for Cumulative Gas Production Objective 

Function 

Table 2.12: Absolute elementary effects mean and standard deviation values for 

Cumulative Gas Objective Function 

Parameter Name Absolute Elementary Effects Mean Standard Deviation 

PermH 2569882 711146.65 

FracturePermeablility 1480557 494159.99 

kvkhratio 1091790.7 380640.99 

Halflength 697536.42 251342.01 

KROCW 627004.69 224789.07 

NG 610933.26 218252.19 

FractureLayersDown 579738.49 203792.42 

Porosity 571158.14 201008.32 

FractureLayersUp 341704.35 119164.41 
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SGCRIT 304276.85 108877.02 

NOG 251699.96 90612.735 

SORG 241121.67 85755.378 

Compressibility 200600.45 71594.823 

KRGCL 59733.444 21658.658 

 

The results show the high impact of Horizontal Permeability and Fracture Permeability on 

Cumulative Gas Production objective function. 

2.7.5.3 GOR 

The Morris results for GOR, demonstrate a high amount of interactions (non-linearity) for 

the parameters and the objective function as it can be observed in the Figure 2.28 and Table 

2.13 below.  

 

Figure 2.28: Morris analysis results for GOR Objective Function 
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Table 2.13: Absolute elementary effects mean and standard deviation values for 

GOR Objective Function 

Parameter Name Absolute Elementary Effects Mean Standard Deviation 

NG 55.746527 63.410448 

kvkhratio 31.385794 29.613128 

FracturePermeablility 29.0371 37.375662 

PermH 28.062828 44.433401 

Compressibility 25.313347 26.873887 

KRGCL 21.919425 33.558472 

KROCW 18.960486 35.03911 

SORG 18.468441 25.013413 

SGCRIT 17.801494 17.997552 

FractureLayersDown 15.568036 19.270134 

Porosity 10.439071 11.327892 

NOG 8.7392161 15.231632 

Halflength 7.3004165 14.155196 

FractureLayersUp 7.1565734 8.1543781 

 

For this objective function Corey Exponent for Gas is identified as the most significant 

factor. 

This case study demonstrates the robustness of the Morris method in analyzing the 

sensitivities of the parameters of a model and categorizing them into different groups of 

importance while displaying indications of interactions or non-linear effect of the 

parameters on the objective function. 
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2.8 Summary and Conclusions 

In this chapter, the Morris method of sensitivity analysis was presented. This screening 

allowed to classify the inputs in three groups: inputs having negligible effects, inputs 

having large linear effects without interactions and inputs having large non-linear and/or 

interaction effects. Morris method categorized the parameters by discretizing the input 

space for each variable, then performing a given number of OAT design. Such designs of 

experiments were randomly chosen in the input space, and the repetition of these steps 

allowed the estimation of elementary effects for each input. From these effects, sensitivity 

indices were derived. Overall, the Morris approach provided a good approximation of a 

global sensitivity measure, thereby overcoming the drawback OAT method whose results 

are only locally valid. 
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Chapter Three: A Robust Global Sensitivity Analysis Method for Complex 

Reservoir Systems 

 

The focus of this chapter is on a global sensitivity analysis framework within which 

analysis takes place where we quantify uncertainty using variance of the response as the 

main metric. This method of sensitivity analysis allows us to better understand the effects 

of uncertainty in reservoir modeling in order to make well-informed decisions aimed at 

uncertainty reduction. It can be used to study and understand how variation in the output 

of a model can be allocated to different sources of input variation, either qualitatively or 

quantitatively, and therefore show how the given model or function is dependent upon the 

input information (Saltelli et al., 2008).  

The variance-based SA methods are very useful when the model output uncertainty results 

from “epistemic uncertainty” in the model inputs. In such cases, knowing which input 

parameters are the main contributors to the uncertainty in the output is very useful. 

Variance-based sensitivity measures provide a ranking\sorting of parameters based upon 

their contribution to the output variance; hence, these measures can be useful by providing 

information on where study efforts should be focused, and what parameters and parameter 

combinations need to be better understood. This information then could be used to reduce 

the model output variance most effectively. Furthermore, variance-based SA methods have 

the important advantage of being model independent; which means these methods make 

no assumptions about the form or the structure of the model. This is in contrast to regression 
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methods for example. Consequently, they are not limited by model complexity and can be 

used for any type of problem in general. However, as we would see later in this chapter, 

these methods are highly demanding computationally and require many evaluations of the 

model. We will discuss and develop strategies how to address this problem later in this 

chapter as well. Although a variety of variance-based importance measures are available 

(Saltelli et al., 2008), the Sobol method of sensitivity analysis is one of the most robust and 

well suited methods for reservoir modeling applications and will be discussed in the 

following section. 

3.1 Sobol Method of Sensitivity Analysis 

Sobol method is a form of variance based sensitivity analysis method. The main idea 

similar to other variance based methods is to quantify the amount of variance that each 

input factor J! contributes to the unconditional variance of the output E(L). Sobol method 

is defined within a probabilistic framework, and works by decomposing the variance of the 

model’s output into fractions. These fractions could be attributed to the model inputs and 

interpreted as sensitivity measures. For example, given a model with two inputs and one 

output, we may find that 50% of the output variance is caused by the variance in the first 

input, 35% by the variance in the second, and 15% due to Interactions between the two 

inputs.  

The data analysis in Sobol method based on variance-based measures of sensitivity is 

defined as: 
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• First-order sensitivity index, or main effect: this is the contribution to the output 

variance of the model which is due to the variation of J! on its own. It is normalized 

by the total variance to provide a fractional contribution. (?!) The first-order index 

represents the main effect contribution of each input factor to the variance of the 

output, and is used as an indicator of the importance of J!  on the L, i.e. the 

sensitivity of L to J!. Various other names for this ratio can be found in the 

literature, including importance measure, and correlation ratio. 

 

• Higher order interaction effects: input factors are said to interact when their effect 

on L cannot be only expressed as a sum of their single effects. Interactions may 

imply, for instance, that values of the output L are uniquely associated with 

particular combinations of model inputs, in a way that is not described by the first-

order effects ?! just mentioned. Interactions represent important features of models, 

and are more difficult to detect than first-order effects. 

 

• Total order effect: the sum of all the first and higher order effects that an input 

factor accounts for is called the total effect. So for an input J!, the total sensitivity 

index ?@! is defined as the sum of all indices relating to J!. For example, having a 

model with three input factors (%	= 3), the total sensitivity index for input factor ?a 

would be: ?@a = ?a + ?a> + ?ax + ?a>x.  



 

70 

 

Computing all order effects to obtain the total effect by brute force is not advisable when 

the number of input factors % increases, since the number of terms needed to be evaluated 

are as many as 2 d 1. Instead, there are techniques that enable us to estimate total indices 

at the same cost of first-order indices thus circumventing the so called curse of 

dimensionality. We compute the set of all ?!  plus the set of all ?@! to obtain a fairly good 

description of the model sensitivities at a reasonable cost. The methods on how to compute 

these indices are discussed later in this chapter. 

Sobol variance-based measure of sensitivity is attractive because it handles nonlinear 

responses very well, it measures sensitivity across the whole input space, hence it is reliably 

a global sensitivity analysis approach, and it also works well in non-additive systems by 

measuring the effect of interactions effectively. 

Sobol introduced the first order sensitivity index by decomposing the model function into 

summands of increasing dimensionality: 

�(J) = �� +	��!(J!) +	��!"QJ!J"R +⋯+		�
!§"

�
!�a �a>…� ( 3.1 ) 

This representation of the model function	�(J), holds if	�� is a constant, and the integrals 

of every summand over any of its own variables are zero, i.e.: 

¨ �!F!G…!Ia
� QJ!F , J!G , … , J!IR�J!© = 0, �D�	% = 	 �a, … , �ª ( 3.2 ) 

As a consequence of this, all the summands are mutually orthogonal. The total variance 

E(L) is defined as: 
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E(L) = ¨ �>«© (J)�J d	��> ( 3.3 ) 

and the partial variances are computed from each of the terms in the decomposed model 

function: 

E!F!G…!I = ¨ …a� ¨ �!F!G…!I>a
� QJ!F , J!G , … , J!IR�J!¬ …�J!I ( 3.4 ) 

where 

	1 ≤ �a	 < ⋯	< 	 �ª	 	≤ %	���	P = 1,…	 , % 

If the function is analytically tractable, it is possible to calculate the indices above 

analytically through evaluating the integrals in the decomposition. However, in the vast 

majority of cases, Monte Carlo method is used for their estimation. 

The Monte Carlo approach involves generating a sequence of randomly distributed points 

inside the unit hypercube. In practice for real applications, it is best to substitute random 

sequences with other sampling sequences to improve the efficiency of the estimators. This 

is a necessary step for reservoir modelling as Monte Carlo methods may sometimes lead 

to misleading and unreliable results, specifically in cases where a huge number of Monte 

Carlo simulations is not computationally feasible to achieve the desired results accuracy. 

We will examine this in a subsequent section, where the estimation accuracy of the Monte 

Carlo sampling is compared side by side with another strategy.  
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3.2 Latin Hypercube Design 

Latin hypercube design (LHD) was developed by Mckay et al. (1979) to address the 

drawbacks of random sampling design. It is an effective approach to efficiently sample the 

search space with minimum number of experiments (Mckay et al., 1979).  

In LHD, a probability distribution such as Gaussian or uniform is assigned for each input 

parameter to generate a set of samples. Suppose for example that our goal is to run � 

experiments, where each experiment is a different combination of the parameters’ values 

of the model. Here, each parameter’s uncertainty space is first divided into n-sections with 

the same probabilities. Then the �-generated samples of the first parameter are combined 

randomly with those obtained for the next parameter. Again, these �-paired samples are 

mixed with samples corresponding to next input parameter, and so on. This is done 

repeatedly in order to generate a final matrix design (Wyss and Jorgensen, 1998). 

To further obtain optimal space-filling property for LHD, many studies have been done. 

Koehler and Owen (1996) demonstrated how projection of the optimal LHD onto a subset 

of variables retains good spatial properties. Jin et al. (2005) introduced the enhanced 

stochastic evolutionary algorithm for finding various space-filling designs. Ye et al. (1998) 

studied constructing of optimal symmetrical designs and developed a modified LHD called 

orthogonal Latin hypercube design (OLHD) to generate uncorrelated experiments. More 

details can also be found by referring to Helton and Davis (2001). 
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3.3 Quasi-Monte Carlo Experiment Design Approach  

In addition to Latin Hypercube design, there are other experiment design approaches for 

better distributing points inside the unit hypercube called Low-discrepancy sequences. 

These sequences, also known as Quasi-Monte Carlo sequences, are specifically designed 

to generate samples of points as uniformly as possible over the unit hypercube. A low-

discrepancy sequence is a sequence with the property that for all values of :, its sub-

sequence has a low discrepancy. The reason Low-discrepancy sequences are also called 

quasi-random or sub-random sequences, is due to their common use as a replacement of 

uniformly distributed random numbers. The "quasi" modifier indicates that the values of a 

low-discrepancy sequence are not random or pseudorandom, but such sequences share 

some properties of random variables. In certain applications this feature of having lower 

discrepancy is a major contributing advantage. Opposite to the behavior of random 

numbers, successive quasi-random points know about the position of previously sampled 

points and tend to fill the space between them.  

Sobol sequence is one example of quasi-random low-discrepancy sequences. It 

outperforms crude Monte Carlo sampling, Latin hypercube design and or orthogonal Latin 

hypercube design in the estimation of multi-dimensional integrals for our sensitivity 

analysis purposes. Therefore, it is discussed in this section and implemented efficiently to 

be used for Sobol SA method.  Figure 3.1 demonstrates the advantage of Sobol low-

discrepancy sampling vs. pseudo-random sampling. 
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Figure 3.1: Sampling points from Sobol low-discrepancy sequence (left); compared 

with the points from the pseudo-random sampling (right).  The Sobol sequence 

covers the space more evenly. 

 

3.3.1 Low-discrepancy sequence sampling 

Evaluating the integral of a function, �(O), using Monte-Carlo method in the P-dimensional 

unit cube means calculating the average of the function at a set of points that are randomly 

sampled. When there are : sample points the integral is: 
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¯ = (1N��(x(�)²
��a )  ( 3.5 ) 

Here ¯ shows the approximation to the integral and O(a), … . , O(³)are :, P-dimensional, 

sample points. If a pseudo-random number generator is used the points O(!) will be 

independently and identically distributed.  

If we set J(�) = �(x(�)) then since O(!) is independently and identically distributed J(�)
 is 

also independently and identical distributed. The mean of J(�)
 is ¯ and the variance is ∆> . 

It is a well-known statistical property that the variance of � is given by 
∆G³ . Therefore the 

estimated integral ¯ has a standard error of ∆:ba/>
, and the estimated error of the integral 

will decrease at the rate of :ba/>
 . If we choose a Cartesian grid, sample each grid point 

exactly once, and selection points are chosen such that they lie on this grid, the Monte-

Carlo method effectively becomes a deterministic quadrature scheme, whose fractional 

error decreases at the rate of :ba or faster. There is a problem with this approach though, 

because it would be necessary to decide in advance how fine the grid needs to be, as well 

as the fact that all the grid points should be used. It therefore becomes not possible to 

sample until some convergence criterion has been met. 

In this case, Low-discrepancy number sequences provide a medium between the flexibility 

of pseudorandom number generators and the advantages of a regular grid. They are 
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designed to have a high level of uniformity in multidimensional space, but unlike pseudo-

random numbers they are not completely statistically independent. (Levy, 2011) 

Table 3.1 below shows a sample for rates of convergence of Monte Carlo simulations 

versus the low discrepancy quasi-random sequence implemented. 

 

Table 3.1: Comparison of integral estimate error for Monte Carlo vs low low-

discrepancy sequence samplings 

  Monte Carlo 

sampling 

low-discrepancy 

sequence 

Dimension N Estimate Error 

1 1,000 0.03162 0.001 

1 100,000 0.00316 0.00001 

2 10,000 0.01 0.0001 

5 10,000 0.01 0.0001 

10 10,000 0.01 0.0001 

50 100,000 0.00316 0.00001 

 

Since : equates to number of simulations and very large number of runs are not physically 

possible, the use of a low-discrepancy sequence is quite clear for our global sensitivity 

analysis purposes. 
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3.3.2 Orthogonality of the design 

Orthogonality refers to the property of the experiment design which makes sure all 

specified parameters could be estimated independently of one another. The degree of 

orthogonality is measured by the normalized value of the determinant of the information 

matrix. An orthogonal design matrix having one row to estimate each parameter (mean, 

factors, and interactions) has a measure of 1. In order to check for the orthogonality, the 

design is orthogonal if the sum of the factors columns in standard format equals 0. The 

following categories in Table 3.2 are used to evaluate the experiment design quality:  

 

Table 3.2: Experiment design quality categories 

Perfectly Orthogonal (0, 1e-8) 

Nearly Orthogonal (1e-8, 0.03) 

Almost Orthogonal (0.03, 0.2) 

Not Orthogonal (0.2, 1) 

 

The definitions and categories above are used according to the classification in CMG 

CMOSTTM, a well-known commercial application that works in conjunction with reservoir 

simulators to perform sensitivity analysis, history matching, optimization, and uncertainty 

assessment based on design of experiments. (Computer Modelling Group, 2015). We test 

the quality of the implemented low-discrepancy sequence as we increase the number of 

experiments. The results are displayed in the Table 3.3 below: 
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Table 3.3: Low-discrepancy sequence orthogonality quality for different number of 

experiments 

Number of experiments in the design Minimum sample distance Orthogonality value 

16 0.88445254 0.70612284 

32 0.7378403 0.18047223 

64 0.69236311 0.15913404 

128 0.56784193 0.17341673 

256 0.41943877 0.021162374 

512 0.33531418 0.01081669 

1024 0.30882249 0.0045188653 

2048 0.23216381 0.0028774907 

 

 An efficient implementation of Sobol sequence is implemented and used in this work to 

enhance the accuracy and performance of the employed sensitivity analysis methods. 

 

3.4 Calculating Sobol Indices 

To calculate the indices by the Quasi Monte Carlo method, we: 

• Generate a (:, 2%) matrix of random numbers (% is the number of inputs) using the 

Sobol low-discrepancy sequence described previously and define two matrices of 
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data (´ and 0), each containing half of the sample. : is called a base sample; to 

give an order of magnitude, : can vary from a few hundreds to a few thousands. 

´ =
jkk
kkk
l Oa(a) O>(a) ⋯ O!(a) 	… O (a)Oa(>) O>(>) … O!(>) … O (>)⋮Oa(³ba) O>(³ba)Oa(³) O>(³)

⋱……
⋮O!(³ba) … O (³ba)O!(³) … O (³) noo

ooo
p
 ( 3.6 ) 

  

0 =
jkk
kkk
l O ga(a) O g>(a) ⋯ O g!(a) 	… O> (a)O ga(>) O g>(>) … O g!(>) … O> (>)⋮O ga(³ba) O g>(³ba)O ga(³) O g>(³)

⋱……
⋮O g!(³ba) … O> (³ba)O g!(³) … O> (³) noo

ooo
p
 ( 3.7 ) 

 

• Define a matrix ·! formed by all columns of 0 except the ith column, which is taken 

from ´: 

·! =
jkk
kkk
l O ga(a) O g>(a) ⋯ O!(a) 	… O> (a)O ga(>) O g>(>) … O!(>) … O> (>)⋮O ga(³ba) O g>(³ba)O ga(³) O g>(³)

⋱……
⋮O!(³ba) … O> (³ba)O!(³) … O> (³) noo

ooo
p
 

 

( 3.8 ) 

 

• Compute the model output for all the input values in the sample matrices ´, 0, and 

all ·!, obtaining vectors of model outputs of dimension : × 1:  
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¹̧ = �(´), ¸º = �(0), ¸»¬ = �(·!)	 ( 3.9 ) 

These vectors are all we need to compute the Monte Carlo estimates of total and partial 

variances and hence being able to calculate first and total effect indices: 
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Where 

f�> = (1N�y¾(¿)²
¿�a )> ( 3.11 ) 

is the mean, and the symbol (·) denotes the scalar product of two vectors. Similarly, the 

method estimates total effect indices as follows: 
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( 3.12 ) 

The difference ?@! – ?! is a measure of how much J! is involved in interactions with any 

other input factor. 

In order to interpret Sobol results: 

• Whatever the strength of the interactions in the model, ?! indicates by how much 

one could on average reduce the output variance if J! could be fixed; hence it is a 

measure of main effect. 
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• By definition, ?@! is greater than ?!, or equal to ?! in the case that J! is not involved 

in any interaction with other input factors. The difference ?@! – ?! is a measure of 

how much J! is involved in interactions with any other input factor. 

• ?@!	= 0 implies that J! is non-influential and can be fixed anywhere in its 

distribution without affecting the variance of the output. 

• The sum of all ?! is equal to 1 for additive models and less than 1 for non-additive 

models. The difference 1 d	∑ ?!!  is an indicator of the presence of interactions in 

the model. 

• The sum of all ?@! is always greater than 1. It is equal to 1 if the model is perfectly 

additive. 

Sobol method is powerful in quantifying the relative importance of input factors as well as 

the interactions. The main drawback, similar to other variance-based methods, is the cost 

of the analysis, which in the case of computationally intensive models can become 

prohibitive even when using the approach described above that reduces the number of 

model executions. In terms of computational time, a large number of runs can sometimes 

be either trivial or unfeasible, depending on the model at hand. This problem is addressed 

by the application of advanced surrogate models discussed in the next section.  

Another viable alternative for extremely (computationally) expensive models is the Morris 

method introduced previously. The elementary effect method is a good proxy for the total 
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sensitivity indices. If the model is both expensive to run and rich in factors it is 

recommended to use the elementary effect method to reduce the number of factors and then 

run a variance-based analysis on a reduced set of factors. 

3.4.1 The role of Surrogate models 

The estimation of sensitivity indices for Sobol SA method requires a high number of model 

evaluations coupled with the often times excessive run-time of reservoir simulation 

models, as crude discrete integration methods are applied. In this case, it is clearly 

impractical to perform a standard Monte Carlo approach that requires many thousand 

model evaluations. Therefore, time-consuming simulations are replaced by a faster-to-

evaluate second model, which is called a surrogate model, proxy model, metamodel, 

emulator or response surface. 

Surrogate models are tools for predicting the output from a complex simulation model 

based on an often limited set of observations from this model in the form of input/output 

mappings. The term surrogate model is used because this model, once created, serves as a 

quick-running surrogate to the actual model being analyzed in a way that multiple 

approximate simulations can be obtained with negligible computational demand from this 

surrogate. The use of surrogate models for performing sensitivity analysis of complex 

simulation models is advantageous because with a relatively limited set of observations 

from the simulation model we would be able to build our surrogate model and utilize it to 

make numerous model evaluations. Of course, as the surrogate model is only an 

approximation of the real model, a metamodel error has to be taken into account and the 
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accuracy of the prediction has to be assessed carefully before continuing with further 

evaluations. 

In the next section, we discuss two different types of surrogate models that are found to 

perform consistently well in the sensitivity analysis cases considered.  

3.5 Neural Network Based Surrogate Modelling for Sensitivity Analysis 

The present part of the research utilizes a novel single-layer Neural Network surrogate 

model (proxy) to efficiently predict the production performance of hydrocarbon reservoirs 

from a limited number of reservoir simulations. The model is shown to provide powerful 

means for learning reservoir’s dynamics from input-output relationships that is defined by 

multiple combinations of inputs and controls. Based on this, the model can be used as a 

surrogate for the Global Sensitivity Analysis application to overcome the computational 

costs associated with it. The workflow is organized as follows:  

1. Different numbers of numerical simulations of the same reservoir are conducted 

for different combinations of the operational parameters.  

2. The time series of the simulated performance are used as a training data to build 

Radial Basis Function (RBF) Neural Network which represents production 

performance as objective functions of the operational parameters and time. The 

total number of network neurons can vary from 1 to the total size of the training 

data set.  
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3. The proxy model is then used to predict the production data for the given 

reservoir for any time and any combination of the operational parameters.  

4. The predicted data are compared with the actual simulation results for the same 

time period and the same combinations of the operational parameters to evaluate 

the prediction quality.  

5. The verified model is used to perform analysis by the SA algorithm, replacing the 

need to run a very large number of simulations. 

The proposed approach is shown to provide a very efficient forecasting mechanism for the 

models considered. The difference between the predicted and the actual data is at the order 

of few percent for the majority of the operational parameters. 

3.5.1 Single-layer Neural Network surrogate model 

First we consider the static interpolation in D-dimensional parameter space when time is 

fixed. In our context such interpolation is performed with the aid of single layer RBF 

Neural Networks. This method was proposed by Broomhead et al. (1988) which has 

capabilities similar to those of the multilayer Neural Network, but with a much faster 

training speed. The RBF network has its origin in performing the exact interpolation of a 

set of data points in a multi-dimensional space and, in that respect, is similar to various 

Kriging and Kernel models.  
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A Radial Basis Function (RBF) network consists of an input layer of source nodes, a single 

hidden layer of nonlinear processing units, and an output layer of linear weights. The input-

output mapping performed by the RBF network can be described as: 

 ( 3.13 ) 

where _(O!, OS) is the radial basis function (or neuron function) that depends on the 

distance between the input parameter vector OS and the center O! and, in general case, on 

mutual orientation of those vectors in D-dimensional parameter space. The distance and 

the orientation scales, as well as precise shape of the radial function are fixed parameters 

of the model. Here M (the total number of neurons) can vary in the range 1	 ≤ À	 ≤ :, 

where N stands for the size of the training data set (the total number of training simulations 

in our case). However, the network can provide more or less accurate prediction only with 

substantial number of neurons, starting from À	 ≈ :/2. 

RBFs are simply a class of neuron functions that could be employed to approximate any 

function and as a building block in a network. In this work, the RBF is best approximated 

by the following power function: 

_QO!, OSR = 0.01	ÂO! d OSÂa.� ( 3.14 ) 

where ÂO! d OSÂ stands for the Euclidian distance between points O! and OS. 

The parameters '! are estimated by the minimization of the error between the forecasted 

value (3.13) and the exact simulation output as 

∑
=
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W('XXY) = 	�Ã¸! d	 Ä̧(O!, 'XXY)Å>³
!�a  ( 3.15 ) 

where values ¸! stand for an exact output of the objective function Y for ith simulation in 

the training set, and the value Ä̧ is defined by the Eq. (3.13). In our case the minimization 

of the error (3.15) is complemented by the additional constraint of total sum of neuron 

weights to be equal to 1 as 

�'!
Æ
!�a = 1 ( 3.16 ) 

In the case À	 < : (the number of neurons is less than the size of the training data set) 

there is a problem of selection of M “center” points in Eq. (3.13). In this study we select 

those M points randomly from the original Latin Hypercube data set. 

Minimization of the error (3.15) along with the constraint (3.16) results in the following 

linear system of equations for coefficients '!: 
�∆UVÆga
V�a 'V =	=U , ( 3.17 ) 

=U =	�¸!³
!�a _(OÇXXXY, OUXXXXY) ( 3.18 ) 

where ∆	is a constraint version of the Moore-Penrose matrix (Bishop, 2009): 



 

87 

 

∆UV= 	\(À d 	È) s�_(OÇXXXY³
!�a , OUXXXXY)_QOÇXXXY	, OVXXXXYR\(À d 	É) +	TU,Ægat

+ 	\(À d 	É)TV,Æga 

( 3.19 ) 

Here TU,V and \(O) stand for Kronecker symbol and Heaviside step-function, respectively. 

Even in the case M < N all training data contributes to the definition of the Moore-Penrose 

matrix and the right-hand side vector, as it can be seen from Eqs. (3.18), (3.19). In the case 

of M = N (the number of neurons is equal to the size of a training data set), Eq. (3.17) leads 

to the exact match of the forecasted outcome for the training parameters and the actual 

simulation output. Smaller numbers of neurons introduce some error for the training 

objective function. As it will be shown below, this can result in somewhat better accuracy 

for the verification data in the case of very large sizes of training data set. We will call the 

RBF Neural Network with M < N a truncated RBF with m = M / N.  

Parameter values are provided to the neuron functions in Eq. (3.13) in dimensionless and 

normalized form, according to the following expression (Myres & Montgomery, 2002):  

O! =	[! d [��O([!) + 	���([!)]/2[max	([!) d ���([!)]/2  ( 3.20 ) 

∀�	 ∈ (1,… ,À), where max	([!) and min	([!) are the maximum and minimum values of ith 

parameter defined from the training data set. 

While RBF method as it is presented by Eq. (3.13) is not new in reservoir modeling, its 

current version defined by Fedutenko et al. (2013) based on the combination of the neuron 

function (3.14) and the weight constraint (3.16) has shown to be particularly accurate for 
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our purposes. Note that the fractional power distribution of the Radial Basis Function in 

Eq. (3.14) may be a result of fractal dimensionality of variograms of irregularly spaced 

data (Kentwell et al., 1999). 

The shortcoming of the method presented above is the poor extrapolation capability, i.e. 

forecasting quality for parameters outside of the maximum and minimum values of training 

data set is significantly lower than the one for parameters within them. This is why the 

proposed proxy has to be used with a proper experimental design which includes both 

minimum and maximum parameter values of the current study.  

The time axis cannot be considered simply as an additional “operational dimension” to 

those of the space domain as it can result in invalid prediction for some parameter 

combination (Myers et al., 1990, Rouhani et al., 1990). Therefore, in their previous work 

(Fedutenko et al., 2013) the space-time separability hypothesis based on 1D cubic spline 

interpolation is introduced in the time domain. This research employs the same approach. 

The following algorithm is used to perform the time interpolation for any given 

combination of parameters: 

1. Define the time series of particular output (either any field cumulative production 

value, production or injection rate, or ratios like SOR cumulative) of ith training 

simulation as L!($a(!), … , $Æ(!); Ï). 
2. Divide the total simulation time horizon T into K=60 time steps with yÏ = Z/7. 

3. ∀ÏU = É	yÏ	, 0	 ≤ É	 ≤ 7 d 1, obtain the values 7!U =	L!($a(!), … , $Æ(!); ÏU). 
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4. ∀É, 0	 ≤ É	 ≤ 7 d 1 build K D-dimensional space interpolators for the time ÏU =É	yÏ. 
5. For	the	new	set	of	parameters	perform	7	interpolations	∀ÏU = É	yÏ	by using 

the correspondent interpolator from the Step 4. 

6. For any arbitrary intermediate time ÏU ≤ 	^	 ≤ 	 ÏUga perform 1D cubic spline 

interpolation based on the interpolated values of objective functions at time steps 

ÏV, ∀É, 0	 ≤ È	 ≤ 7 d 1 (Press et al., 2007). 

The discussed RBF Neural Network proxy model is used successfully as a necessary 

component of the sensitivity analysis framework to address the computational cost. 

Examples are provided in the case studies section.  

3.5.2 Multi-Layer Neural Network surrogate model (Levenberg-Marquardt 

Optimization) 

Although the RBF Neural Network proxy model has very good prediction capabilities in 

many cases, its configuration is fixed, and in situations where the desired accuracy is not 

achieved, the proxy model is simply not reliable anymore for further use and there is no 

flexibility to address it. In order to overcome this shortcoming in such cases, a multi-layer 

neural network is introduced. It is advantageous over the RBF neural network proxy 

because it is adjustable in its configuration, and it provides better accuracy than RBF when 

right network configuration is used. It is also faster to predict than RBF. At the same time, 
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due to its flexibility, its accuracy is sensitive to the network configuration and if the right 

network configuration is not used it would produce less accurate results than RBF.  

Multi-layered Neural Network (ML NN) consists of  

1. An Input Layer (D-dimensional input parameter) 

2. Any number of Hidden Layers (HL) with any number of nodes in each hidden 

layers 

3. An Output Layer (OL) with the same number of nodes as in the last HL 

Basic architecture of multi-layer neural network is presented in the Figure 3.2 below: 

 

Figure 3.2: Basic multi-layer neural network architecture 

 

Assuming that multi-layer neural network contains M hidden layers, any Objective 

Function (OF) is represented by the output layer as: 
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LM = Z Ø � Ù"(Æ)'"ÚÛga
"�a Ü ( 3.21 ) 

where Transformation Function Z([) = 	 aagÝÞß for [ ≥ 0.0 or Z([) = Z��Ù([) for d∞	 ≤
[	 ≤ 	∞, âÆ stands for the number of neurons in the Mth hidden layer, Ù"(Æ) stands for the 

output of the Mth hidden layer (its dimensionality is âÆ + 1, and ÙÚÛga(Æ) ≡	d1.0), and 

'" stands for the weight vector of the output layer. 

For any Kth hidden layer (1	 ≤ 7	 ≤ À), an output is represented as 

Ù"(Ú) = ZØ � Ù((*ba)ÚäÞFga
(�a '("(*)Ü ( 3.22 ) 

where Ù((*ba) is an output of the previous, (K – 1)th HL (assuming that Ù((a) =	�(, where 

�( is an input parameter, 1	 ≤ �	 ≤ 2, Ùåga(a) =	d1.0), and '("(*)stands for the weight 

matrix of the Kth hidden layer. 

The goal of the neural network training is to optimize all the weight matrices of hidden 

layers and the weight vector of the output layer according to the provided training data set. 

The optimization target is the minimization of the mean-square error for the given weight 

distribution: 

W>('XXY) = 	 1: d 1�qLQOY(!)R d	LM(OY(!), 'XXY)r>³
!�a  ( 3.23 ) 
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where Y and LM  are the simulator’s and proxy’s outputs for Objective Functions, 

respectively. Every time for the set of prediction, the gradient error information is 

propagated back, as presented in the Figure 3.3: 

 

 

Figure 3.3: Multi-Layer Training by Error Analysis 

 

The implementation of multi-layer neural network used in this research utilizes the 

gradient-based Levenberg-Marquardt Algorithm of the NN optimization: 

1. Randomly populate initial weights of the Network 

2. For N training parameters, compute nonlinear output (OF) according to a set of 

nonlinear rules 

3. Compute an error by comparing with the actual OF for that parameter 

4. Update the model’s weights and coefficients to find such weight correction æXY that 

minimizes ç>Q'XXY + æXYR where 'XXY is the current weight 
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5. Each layer weights update at i+1th iteration step according to the minimization 

equation 'XXY(!ga) = 'XXY(!) +	æXY, 
q6�@6� + 	è	é�ræXY = 6�@q Y̧ê	 d 	 Y̧r ( 3.24 ) 

6. 6� is a Jacobian (second derivatives contribution is usually neglected), if calculated 

properly for each layer – makes it possible to be used for any number of layers 

7. è is a control parameter balancing between Gradient (è → ∞) and Newtonian (è →
0) BEP 

The crucial part of any gradient-based optimization algorithm is the proper evaluation of 

derivatives of an objective function with respect to the neural network weights. In our case 

it is done analytically, under an assumption that Transformation Function is differentiable 

as Z1([) = ì(Z([)). Assuming that we have M hidden layers, it can be shown that for the 

output layer 

íîMí3ï = 	ÙU(Æ)ìQLMR ( 3.25 ) 

where ÙU(Æ)is an output of Mth (the last) hidden layer. Then it can be proven (by 

Mathematical Induction, see Appendix A) that for each Hidden Layer 

ðLMð'UV(Æb*) = 	ÙU(Æb*ba)<V(Æb*) ( 3.26 ) 

where 0	 ≤ 7	 ≤ À	 d 1, ÙU(�) is an input parameter, and the function G is defined as 
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<V(Æb*) = 	ìQÙU(Æb*)R � 'Vñ(Æb*ga)³ÛÞäòF
ñ�a <V(Æb*ga) ( 3.27 ) 

where for K = 0 (the last, Mth Hidden Layer) the value of <V(Æ) can be easily calculated as 

<V(Æ) = ìQÙV(Æ)RìQLMR'V ( 3.28 ) 

'V is output layer weights, :! is a number of nodes in ith hidden layer. 

Equations (3.25) – (3.28) provide simple and reliable recurrent algorithm of back-

propagation of derivative information from Output Layer through all Hidden Layers back 

to the Input Layer in accordance with the general approach of Figure 3.3. 
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3.6 Case Studies 

3.6.1 Polynomial function 

To demonstrate the proposed method in action, here the same polynomial function used as 

an example in previous chapter is demonstrated here. We know from before that it is a 

simple polynomial function with 3 parameters, with X> being the most important input 

parameter, and interactions existing between parameters Xa & X>: 

Y = 	Xa +	10X> + Xx + 50XaX> ( 3.29 ) 

All parameters are again uniformly distributed between [0,1]. The Results from Sobol 

analysis is displayed in Figure 3.4: 

 

Figure 3.4: Sobol chart for the polynomial Objective Function 
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In this example, it is clear that parameter J> is the biggest contributor to the variability of 

the objective function. Based on the results from Figure 3.4 and Table 3.4, 58% of the 

output variance, on average, could be reduced if J> could be fixed. This is followed by 

parameter Ja that contributes about 32% to the variability of the objective function.  

 

Table 3.4: Sobol values for the polynomial Objective Function 

Parameter Name Main Effects Interaction Effects Total Effects 

X2 58% ~ 10% 68% 

X1 32% ~ 10% 42% 

X3 ~ 0% 0% ~ 0% 

 

The difference 1 d	∑ S�� = 1 d (0.58 + 0.32) is an indicator of the presence of about 10% 

interactions in the model. Since the interaction effect for parameter Xx  is zero, we can 

conclude that the interactions are happening between parameters Xa and X> only. This 

could be verified by checking the polynomial example function as well. 

Figure 3.5 displays side by side comparison of the obtained results versus the Morris 

analysis from the previous chapter. 
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Figure 3.5: Side by side comparison of Morris and Sobol results 
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3.6.2 Ishigami function 

In the previous chapter, Ishigami function was introduced as a commonly used test case 

for sensitivity analysis exhibiting strong non-linear and non-monotone behavior.  

�(O) = ?��(Ja) + �	?��>(J>) + /Jx�	?��(Ja)  ( 3.30 ) 

where �	 = 	7 and /	 = 	0.1. 

The analytical indexes of Ishigami function rank the overall influence of three input 

parameters as Ja>	J>>	Jx. The expected results in terms of main effects, interaction effects 

and total effects are summarized in the Table 3.5: 

 

Table 3.5: Analytical sensitivity analysis indexes for Ishigami function 

First order effects 

?a 0.31 

?> 0.44 

?x 0 

Interaction effects 

?a> 0 

?>x 0 

?ax 0.24 

?a>x 0 

Total effects 

?@a 0.56 

?@> 0.44 

?@x 0.24 

 

We calculate the Sobol indices and compare the results with the above table. 
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3.6.2.1 Sampling algorithm of parameters 

8192 (2ax) experiments are created using the low-discrepancy sequence introduced 

previously. We can view the progress of the simulation runs in terms of study parameters 

through the parameter run progress plots in Figures 3.6, 3.7, and 3.8. In run progress plots, 

each blue data point represents one simulation experiment. As the run progresses, more 

and more experiments (data points) are added. By examining run progress plots, we can 

observe how our sampling algorithm is picking the data points and covering the parameter 

space. This will help us for example to determine how even and space filling our sampling 

strategy is and whether any parameter ranges are being over\under sampled.  

 

Figure 3.6: Run progress for parameter  ¡ 
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Figure 3.7: Run progress for parameter  ¦ 

 

Figure 3.8: Run progress for parameter  ô 
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3.6.2.2 Comparison with LHD 

For the sake of comparison, we generate the same number of experiments this time using 

the Latin Hypercube sampling and plot the run progress in Figures 3.9 to 3.11. Note that in 

order to find the optimum results, we iteratively generate Latin hypercube samples to find 

the best one for 500 iterations. 

 

Figure 3.9: Run progress for parameter  ¡ using Latin Hypercube Design 
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Figure 3.10: Run progress for parameter  ¦ using Latin Hypercube Design 

 

Figure 3.11: Run progress for parameter  ô using Latin Hypercube Design 
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The comparison between low-discrepancy sequence and Latin Hypercube is shown in 

Table 3.6. 

Table 3.6: Comparison of low-discrepancy sequence and Latin Hypercube design 

quality 

 Orthogonality value Minimum sample distance 

LHD 0.00859 0.00078 

Low-discrepancy sequence 9.388E-7 0.01341 

 

The comparison shows we can expect more accurate results based on the low-discrepancy 

sequence. Therefore, we continue to evaluate the Ishigami function using the low-

discrepancy sequence sampling that we generated. Using this sampling strategy, output of 

the Ishigami function with respect to each input parameter is calculated. Once the model 

evaluations are complete, we calculate the main effect, total effect and interaction 

sensitivity indexes for Ishigami function. The summery of the results are shown in Table 

3.7 and Figure 3.12.  

Table 3.7: Main, Interaction, and Total effects for Ishigami function 

Parameter Name Main Effects Interaction Effects Total Effects Ja 0.314974 0.242516 0.557489 

J> 0.442467 0 0.442467 

Jx 0.00160296 0.242095 0.243698 
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The results match the expected values for the analytical values presented in Table 3.5. 

 

Figure 3.12: Sobol analysis results for Ishigami function 

 

While using the Morris elementary effects method in the previous chapter we were not able 

to fully capture the complex sensitivities of the Ishigami function, we can exactly match 

the true values with the more sophisticated variance based Sobol sensitivity analysis 

method. Since we are dealing with an analytical function in this case, we can afford the 

high cost of the computation for Sobol method easily here. That is not obviously the case 

for real reservoir simulation models, and we will use Sobol method in real reservoir 

modeling scenarios in the latter case studies of this chapter. 
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3.6.3 Sobol G function 

Another test function that we tested with Morris method was the Sobol G function. Using 

the same values for the �! coefficients of this function (Table 3.8), we perform the Sobol 

GSA analysis to evaluate the results.  

�(J) = 	�|4J! d 2| +	�!	1 +	�!
�
!�a  ( 3.31 ) 

Table 3.8: �� values for Sobol G function �! �a �> �x �� �� �� �� �� �� �a� �aa �a> 

Value 0.001 89.9 5.54 42.10 0.78 1.26 0.04 0.79 74.51 4.32 82.51 41.62 

 

Once again, since the computational cost of evaluating this analytical function is minimal 

we generate the low-discrepancy sequence for 8192 sample points in the parameter space. 

Figures 3.13 and 3.14 that follow display the sampling sequence for Sobol G function 

parameters.   It can be observed how the low-discrepancy sequence provides a space filling 

design which is necessary for the accuracy of the estimations. 
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Figure 3.13: Run progress for input parameters  ¡ to  õ 
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Figure 3.14: Run progress for input parameters  ö to  ¡¦ 
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The comparison of orthogonality and minimum sample distance values between the used 

low-discrepancy sequence and LHD are summarized in the Table 3.9 below.  

Table 3.9: Comparison of low-discrepancy sequence and Latin Hypercube design 

quality 

 Orthogonality value Minimum sample distance 

LHD 0.029169 0.23512 

Low-discrepancy sequence 5.81E-5 0.25249 

 

Again, we can observe the low-discrepancy sequence outperforming LHD in terms of 

orthogonality. Next step, the outputs of the Sobol G function with respect to each input 

parameter is observed in Figures 3.15 to 3.18. In Figure 3.15, comparing parameters Ja 

and J> for example show how the output is influenced by the choice of parameter value. 

 

Figure 3.15: cross plot of Sobol G function vs. input parameters  ¡ and  ¦ 
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Figure 3.16: cross plot of Sobol G function vs. input parameters  ô to  õ 
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Figure 3.17: cross plot of Sobol G function vs. input parameters  ö to  ¡÷ 
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Figure 3.18: cross plot of Sobol G function vs. input parameters  ¡¡ and  ¡¦ 

 

Overall, by analyzing the plots above, a strong correlation between the output of the 

function and parameters Ja	and J� is observed. This is aligned with what we expect. 

Calculating the main effect, total effect and interaction sensitivity indexes gives us the full 

picture in Table 3.10. 

Table 3.10: Main, Interaction, and Total effects for Sobol G function 

Parameter Name Main Effects Interaction Effects Total Effects 

X1 0.272057 0.162756 0.434812 

X7 0.255369 0.133925 0.389294 

X8 0.102942 0.0592103 0.162153 

X5 0.102906 0.036165 0.139071 
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X6 0.0731247 0.031461 0.104586 

X10 0.0347487 0 0.0347487 

X3 0.032368 0 0.032368 

X12 0.026683 0 0.026683 

X2 0.0264884 0 0.0264884 

X4 0.0264334 0 0.0264334 

X11 0.0264271 0 0.0264271 

X9 0.0264234 0 0.0264234 

 

Plotting the result using stacked bars in Figure 3.19 gives us a quick and an easy to 

interpret visualization of parameter sensitivities.  

 

Figure 3.19: Sobol analysis results for Sobol G function 
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The results are as expected and validate the methodology used.  

3.6.4 CSS pilot 

The same reservoir from chapter 2 is analyzed using the developed Sobol method and 

results are validated against the Morris results. Here, unlike the previous test functions 

where we could directly evaluate the response from the function, we cannot afford the 

computational cost of running as many simulations. Therefore, first we construct the 

previously introduced surrogate model from the numerical simulation data and 

subsequently use that model as our proxy for further analysis.  

Here we do a preliminary step before starting to create the low-discrepancy sequence for 

sensitivity analysis. Instead of trying to simulate the 8192 experiments which would be 

very time consuming and CPU exhausting, we create a Latin Hypercube design of 642 

experiments and run it with the simulator. These 642 simulations would be used to train 

our proxy models.  

We need to be careful about the fact our proxy model acts as an approximation of the real 

reservoir model, and its prediction error has to be taken into account. Hence, the accuracy 

of the prediction has to be assessed very carefully before continuing with further SA 

evaluations. In order to do so, we further create another LHD sampling of 64 simulations, 

but we will not use these simulations as part of the training data experiments for the 

surrogate model. Instead we use these 64 experiments as verification points to test the 

prediction capability of the trained surrogate models and make sure the proxy is an accurate 

representation of our real model.  
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3.6.4.1 RBF Proxy 

For each of three objective functions in this case study, we first create the RBF Neural 

Network proxy and assess its prediction accuracy using the following plots. In these plots, 

the blue points are the data points used for training the proxy model, and the green points 

are the verification points. We are plotting the proxy predicted values of our objective 

functions on the X axis while the true (simulated) values from our finite-difference 

simulator are plotted on the Y axis. Therefore, the closer the points are to the 45-degree 

line, the more accurate our proxy model is. We also check the => value of the training and 

verification points. Again, the closer the values are to 1, the better our proxy is deemed in 

terms of its prediction capability. Note that RBF neural network always goes through all 

the training points so the => value for RBF training is always equal to 1. The proxy QC 

plots for our objective functions Cumulative Oil Production, Cumulative Water 

Production, and Cumulative Steam Injection are as follows in Figures 3.20, 3.21 and 3.22: 
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Figure 3.20: RBF proxy quality control plot for Cumulative Oil Production 

objective function (R2-training=1.000, R2-verification=0.953) 

 

Figure 3.21: RBF proxy quality control plot for Cumulative Water Production 

objective function (R2-training=1.000, R2-verification=0.860) 
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Figure 3.22: RBF proxy quality control plot for Cumulative Steam Injection 

objective function (R2-training=1.000, R2-verification=0.886) 

 

The => values for the training and verification points per objective function are calculated 

and shown in Table 3.11: 

Table 3.11: R2 values for training and verification experiments of RBF proxy per 

objective function 

Objective Function ø¦-training ø¦-verification 

Cumulative Oil Production 1 0.953 

Cumulative Water Production 1 0.860 

Cumulative Steam Injected 1 0.886 
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As we can see the RBF neural network surrogate model demonstrates reliable prediction 

capabilities for this model and is a low computational cost alternative to the simulation. 

Next using the already simulated 642 experiments from before we build the multilayer 

neural network model and compare the accuracy with the same 64 verification points. As 

mentioned, the main advantage of Multilayer NN over RBF in our case is configurability 

of the architecture. We tried several different configurations and used a network of 4 hidden 

layers, with 4 nodes in the 1st layer, 2 nodes in the 2nd and 3rd layers, and 4 nodes in the 

final 4th layer (4,2,2,4 architecture). The QC plots are presented in Figures 3.23 to 3.25. 

3.6.4.2 Multi-Layer NN (with 4,2,2,4 architecture) 

 

Figure 3.23: Multi-Layer NN proxy quality control plot for Cumulative Oil 

Production objective function (R2-training=0.934, R2-verification=0.957) 
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Figure 3.24: Multi-Layer NN proxy quality control plot for Cumulative Water 

Production objective function (R2-training=0.848, R2-verification=0.914) 

 

Figure 3.25: Multi-Layer NN proxy quality control plot for Cumulative Steam 

Injection objective function (R2-training=0.872, R2-verification=0.924) 
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We can observe that the verification points for all three objective functions are very close 

to the 45-degree line in our QC plots, therefore the multilayer NN proxy model exhibits 

good prediction capabilities. Comparing the => values for the verification points in Table 

3.12 with the RBF proxy in Table 3.11 shows an overall improvement in accuracy, but 

both surrogate models are reliable for the purposes of this particular case study. This might 

not be the case in other reservoir models and the flexibility of the configuration in 

Multilayer NN could potentially be a great advantage.  

 

Table 3.12: R2 values for training and verification experiments of Multi-Layer NN 

proxy per objective function 

Objective Function ø¦-training ø¦-verification 

Cumulative Oil Production 0.934 0.957 

Cumulative Water Production 0.848 0.914 

Cumulative Steam Injected 0.872 0.924 

 

Before we continue to generate the low-discrepancy sequence from the input parameters 

and evaluate the objective functions using the proxy model (we use the Multi-Layer NN), 

we also take a look at the distribution of values for each objective function with all 

uncertain parameters sampled from the prior probability density functions. The plots show 

a histogram of objective function values, to illustrate the shape of the probability density 

function, as well as the cumulative probability. P10, P50, and P90 values are also 

highlighted. We use the Monte Carlo simulation size of 65000. This is again feasible only 
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using the proxy models, as this number of simulations for a reservoir model is practically 

impossible. The probability distributions and cumulative probabilities of the three 

objective functions are displayed in Figures 3.26, 3.27, and 3.28 below. 

 

Figure 3.26: Probability distribution and cumulative probability of Cumulative Oil 

Production objective function 



 

121 

 

 

Figure 3.27: Probability distribution and cumulative probability of Cumulative 

Water Production objective function 

 

Figure 3.28: Probability distribution and cumulative probability of Cumulative 

Steam Injection objective function 
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Now that a reliable proxy model is available to use to approximate our reservoir model, we 

construct a low-discrepancy sequence of 8192 experiments and output the predictions of 

our surrogate model to calculate the sensitivity indexes for each objective function.  

The scatter matrix plot of our experiment design and objective functions are displayed in 

Figure 3.29. Scatter matrix plots can be used to identify and investigate the nature of 

pairwise relationships between variables, and identify clustering of data into groups and 

data outliers 

 

 

 

Figure 3.29: Scatter plot matrix for input parameters and objective functions of 

CSS pilot case study 

Parameters 
Objective 

Functions 
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Figure 3.29 is a great way to roughly determine if we have a linear correlation between 

parameters and objective functions. Here for example, we can see a linear correlation 

between parameter Perm_L1 (Permeability in Layer 1) with all 3 objective functions. We 

will confirm the influence of this parameter once the Sobol sensitivity indexes are 

calculated.  

The global sensitivity approach based on Sobol's method using the Quasi Monte Carlo 

sequence and Multi-Layer NN surrogate is used to evaluate the uncertainty in the parameter 

space analysis. The results as shown in the following Figure 3.30 and Table 3.13 are in 

agreement with the previous conclusion drawn from Morris method. 

 

Figure 3.30: Sobol analysis results for Cumulative Oil Production objective function 
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Table 3.13: Main, Interaction, and Total effects for Cumulative Oil Production 

objective function 

Parameter Name Main Effects Interaction Effects Total Effects 

Perm_L1 0.867881 0.00537187 0.873253 

PermExp 0.0407045 0.00322674 0.0439313 

Porosity 0.04001 0.00361514 0.0436252 

Perm_L4 0.0209635 0 0.0209635 

KvKhRatio 0.0138181 0.00406075 0.0178789 

Perm_L2 0.00534442 0 0.00534442 

Perm_L3 0.00328453 0 0.00328453 

DilOnsetPres 0.00222106 8.29E-05 0.00230397 

DilCompress 0.000246557 0 0.000246557 

 

Permeability in Layer 1 is the most influential parameter for Cumulative Oil Production 

Objective Function in this case. The cross plot for Perm_L1 versus the objective function 

demonstrates a linear positive relationship between this parameter and the objective 

function.  

An additional and valuable information that the Sobol approach provides is the 

quantifications that exactly associate parameters to the amount of variability in the 

objective function that we could reduce, if we could know the true value of the parameters. 

As an example, by examining Figure 3.30 and Table 3.13, we can understand that 85% of 

the variability of our objective function, Cumulative Oil Production, is coming from 

Permeability in Layer 1. We already could tell that this is our most important factor from 
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Morris analysis, but Morris lacks the ability to quantify this contribution. The same is true 

for the level of interaction present among parameters. Examining the cross plot of 

Permeability in Layer 1 vs. the Cumulative Oil Production objective function in Figure 

3.31 shows the trend of the effect of this parameter on the output. 

 

Figure 3.31: Cross plot of parameter ‘Permeability in Layer 1’ vs. Cumulative Oil 

Production objective function 

 

The results for the next objective function are presented next in Figure 3.32 and Table 3.14: 
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Figure 3.32: Sobol analysis results for Cumulative Water Production objective 

function 

Table 3.14: Main, Interaction, and Total effects for Cumulative Water Production 

objective function 

Parameter Name Main Effects Interaction Effects Total Effects 

Perm_L1 0.576922 0.00730719 0.58423 

DilOnsetPres 0.190474 0.0307815 0.221255 

PermExp 0.132176 0.0208567 0.153033 

Porosity 0.0166608 0.00869757 0.0253583 

Perm_L4 0.0174736 0.0055775 0.0230511 

KvKhRatio 0.012497 0.00194677 0.0144438 

Perm_L3 0.00281159 0.00351528 0.00632687 

Perm_L2 0.00295319 0.00297259 0.00592578 

DilCompress 0.000152179 0.00263893 0.00279111 
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Here the Permeability in Layer 1, Dilation Onset Pressure, and the Permeability 

exponential factor in the Carmen-Kozeny equation for permeability as function of porosity. 

Examining the cross plots (Figures 3.33 to 3.35) demonstrates the correlation between 

Cumulative Water Production and these three parameters.  

 

Figure 3.33: Cross plot of parameter ‘Permeability in Layer 1’ vs. Cumulative 

Water Production objective function 
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Figure 3.34: Cross plot of parameter ‘Dilation Onset Pressure’ vs. Cumulative 

Water Production objective function 

 

Figure 3.35: Cross plot of parameter ‘Permeability Exponent’ vs. Cumulative Water 

Production objective function 
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Cumulative Steam Injection: 

The Sobol analysis results are displayed for the Cumulative Steam Injection objective 

function in Figure 3.36 and Table 3.15. 

 

Figure 3.36: Sobol analysis results for Cumulative Steam Injection objective 

function 

 

Table 3.15: Main, Interaction, and Total effects for Cumulative Steam Injection 

objective function 

Parameter Name Main Effects Interaction Effects Total Effects 

Perm_L1 0.434971 0.00602888 0.441 

DilOnsetPres 0.35787 0.0160079 0.373878 

PermExp 0.126189 0.00932152 0.135511 

Porosity 0.0177203 0.003277 0.0209973 
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Perm_L4 0.0181432 0 0.0181432 

KvKhRatio 0.0110331 0.00077651 0.0118096 

DilCompress 0.00550244 0 0.00550244 

Perm_L3 0.00270592 0.000770401 0.00347633 

Perm_L2 0.00318732 0 0.00318732 

 

For the Cumulative Steam Injected objective function, the Permeability in Layer 1, Dilation 

Onset Pressure, and the Permeability exponential factor in the Carmen-Kozeny equation 

are also the most influential parameters. The parameter vs. objective function cross plots 

are plotted in Figures 3.37 to 3.39.  

 

Figure 3.37: Cross plot of parameter ‘Permeability in Layer 1’ vs. Cumulative 

Steam Injection objective function 
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Figure 3.38: Cross plot of parameter ‘Dilation Onset Pressure’ vs. Cumulative 

Steam Injection objective function 

 

Figure 3.39: Cross plot of parameter ‘Permeability Exponent’ vs. Cumulative Steam 

Injection objective function 
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Applying Sobol global sensitivity analysis method for the cyclic steam stimulation pilot 

case study, we can conclude that parameter 5 (Permeability in Layer 1) has the most impact 

on the variability of all three objective functions, while parameter two, Dilation Onset 

Pressure, has a lot more contribution to the changes in Cumulative Water Production and 

Cumulative Steam Injected compared to Cumulative Oil Production. At the same time, all 

objective functions seem to be insensitive to Permeabilities in Layers 2 and 3, and Dilation 

Compressibility. Based on the numerical values obtained for the total and main effects of 

all parameters per objective function, it can be observed that interaction effects are not 

strongly present in our model. 

 

3.6.5 Infill well drilling optimization  

In this case study we will look at running a forecast along with the placement of 3 new 

infill wells (2 vertical injection wells & 1 horizontal producer well) in a conventional 

reservoir. The reservoir has been on primary production for 17 years and production rates 

have declined significantly. We would like to increase the oil recovery factor and maximize 

the Field NPV of this model using an optimization algorithm. Also, we would study the 

sensitivity of Field NPV to the variables of this model. The 3D representation of the 

reservoir is shown in Figure 3.40: 



 

133 

 

 

Figure 3.40: Reservoir model at the start of the forecast (Grid Top) 

 

The Field NPV ($) objective function is calculated based on the following criteria in Table 

3.16: 

Table 3.16:Field NPV calculation criteria   

 $/bbl $/m3 

Rate of Increase 

per year 

Rate of increase 

per month 

Oil Price (Start of Forecast) $50.00 $251.59 3.000% 0.247% 

Water Injection Price (Start of 

Forecast) 

$0.50 $3.14 2.500% 0.206% 

Infill Drilling Cost: $6,000,000.00 Discount Rate: 10% 

 

To conduct this study, we will incorporate the following group of parameters in the model: 
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• Shut-in/recompletion criteria for producers: 

o Minimum Oil Rate 

o Maximum Water Cut 

o Maximum GOR 

• Decision to convert wells wl5 & wl16 to injectors 

• Infill Well locations 

• Group Water Injection Rate  

The following parameters in Table 3.17 are used in the model accordingly: 

Table 3.17: The parameters of the infill well drilling optimization study 

Parameter number Parameter Name Unit Lower Limit Upper Limit Type 

1 GroupInjRate m3/day 1000 7500 Continuous 

2 Infill_Hz_Prod_J - 3 9 Discrete 

3 Infill_Hz_Prod_K - 5 18 Discrete 

4 Infill_Inj1_I - 31 38 Discrete 

5 Infill_Inj1_J - 2 8 Discrete 

6 Infill_Inj2_I - 25 35 Discrete 

7 Infill_Inj2_J - 27 34 Discrete 

8 MaxGOR - 400 1500 Continuous 

9 MaxWCUT - 0.75 0.995 Continuous 

10 MinOilRate m3/day 0 5 Continuous 

11 wl5_type - 1 2 Discrete 

12 wl16_type - 1 2 Discrete 
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Parameters 8, 9, and 10 are shut-in/recompletion criteria and monitoring constraints for the 

producers. The ‘Infill’ parameters are for specifying the location of the infill wells. We 

define the optimal placement by adjusting the J and K block addresses for parameters 2 

and 3, and I & J block addresses for parameters 4 to 7. Parameter 1 will adjust the injection 

rate on the entire group of injector wells. 

Parameters 11 and 12 are for whether or not to convert well 5 (wl5) and well 16 (wl16) to 

injector. For them, a value 1 will represent that the well will be a producer and the value 2 

will represent that the well will be an injector. Both well 5 and well 16 default status is 

producers.  

3.6.5.1 Optimization process 

Now with the parameters set up, we optimize the model for maximizing the Field NPV. 

The focus of this case study is not on the optimization part of the modeling, but a brief 

description of the method is demonstrated in the following Figure 3.41: 

 

Figure 3.41: The optimization algorithm for the infill well study 
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Usage of this optimization algorithm involves the following four steps: 

1. Latin Hypercube Design: As explained previously in this chapter, the purpose of 

Latin hypercube design is to construct combinations of the input parameter values 

so that the maximum information can be obtained from the minimum number of 

simulation runs. Latin hypercube design is chosen here because it can handle any 

number of input parameters with mixed levels.  

 

2. Proxy Modeling: In this step, an empirical proxy model is built using training data 

obtained from Latin hypercube design runs.  

 

3. Proxy-based Optimization: Due to the intrinsic limitations of a proxy model, it is 

generally recognized that they usually cannot give accurate predictions for highly 

nonlinear multidimensional problems. Therefore, the optimal solution obtained 

based on the proxy model may not be the true optimal for the actual reservoir model. 

This means that certain suboptimal solutions of the proxy model may become the 

true optimal solution for the actual reservoir model. To counteract false optimum 

predictions, a pre-defined number of possible optimum solutions (i.e., suboptimal 

solutions of the proxy model) are generated to increase the chance of finding the 

global optimum solution. 
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4. Validation and Iteration: For each possible optimum solution found through proxy 

optimization, a reservoir simulation needs to be conducted to obtain the true 

objective function value. To further improve the prediction accuracy of the proxy 

model, the validated solutions can be added to the initial training data set. The 

updated training data set can then be used to build a new proxy model. With the 

new proxy model, a new set of possible optimum solutions can be obtained. This 

iterative procedure can be continued for a given number of iterations or until a 

satisfactory optimal solution is found. 

 Applying this method of optimization for Field NPV with total number of 500 

experiments, we can find the optimum solution as shown with the red diamond in Fig. 3.42: 

 

Figure 3.42: Run progress for optimization of Field NPV and the optimal solution 
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3.6.5.2 Sensitivity analysis using surrogate models 

Now, let us study which of our input factors had the most impact on the Field NPV. We 

have the 500 experiments we created with the Latin Hypercube design, and we train the 

RBF NN proxy model with these experiments. We further add 38 more experiments to be 

used as verification data. The RBF NN quality control plot (Figure 3.43) is demonstrated 

below to check the ability of the RBF NN proxy to approximate the simulation results. 

 

Figure 3.43: RBF proxy quality control plot for Field NPV objective function (R2-

training=1.000, R2-verification=0.49) 

 

As it can be observed the RBF NN proxy model is not predicting the results very closely 

to the actual simulation values. If we check the R2 value for the verification points as well, 

it is equal to 0.49. (the R2 for training data is 1 as usual).  Therefore, the reliability of the 
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proxy prediction results for performing sensitivity analysis is doubted. We perform the 

Sobol SA method anyway and examine the results. Figure 3.44 shows the Sobol analysis 

result for the Field NPV objective function: 

 

Figure 3.44: Sobol Analysis results based on RBF NN proxy model 

  

The Sobol method finds parameters 12, 7, 1, 9, and 11 as the most significant to the 

variability of the Field NPV.  

Now, we try to see if we can get a better approximation of our model using the configurable 

Multi-Layer NN proxy. Once the proxy is created, we first check the QC plot (Figure 3.45) 

to see if the prediction quality is improved: 
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Figure 3.45: Multi-Layer proxy quality control plot for Field NPV objective 

function (R2-training=0.947, R2-verification=0.791) 

 

We can clearly see the Multi-Layer NN proxy is providing a much better prediction quality 

compared to the RBF proxy previously used. Examination of the R2 values also confirms 

this. For the configuration of 3 nodes, with 2,1,1 hidden layers, the R2 value for training 

data equals to 0.947, and the R2 for the verification points is 0.791 which is much more 

reliable than the values obtained for RBF proxy. Applying the Sobol SA method using 

Multi-Layer NN results in Figure 3.46: 
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Figure 3.46: Sobol Analysis results based on Multi-Layer NN proxy model 

 

As it can be observed, the maximum water cut constraint as well as the group injection 

rate, well 16 type, and well 5 type (parameters 9, 1, 12, and 11) are now the most significant 

factors contributing to the Field NPV objective function variability. By examining the cross 

plots of these parameters obtained from the simulation (Figures 3.47 to 3.50), we can 

confirm the Sobol results using Multi-Layer Neural Network is much more accurate than 

the case of RBF proxy. 
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Figure 3.47: Cross plot of parameter ‘MaxWCUT’ vs. Field NPV 

 

Figure 3.48: Cross plot of parameter ‘GroupInjRate’ vs. Field NPV 
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Figure 3.49: Cross plot of parameter ‘wl16_type’ vs. Field NPV 

 

Figure 3.50: Cross plot of parameter ‘Infill_Inj2_J’ vs. Field NPV 
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In the case of using the RBF NN proxy, parameter 12 (wl16_type), followed by parameter 

7 (Infill_Inj2_J) were identified as the 1st, and 2nd most significant parameters to Field 

NPV, however by observing the cross plots in Figure 3.49 and Figure 3.50 we can see that 

these were over estimations due to inaccuracy of RBF prediction.  

 

This case study demonstrated the application of different proxy models incorporated in this 

research and the advantage of Multi-Layer NN proxy over RBF NN in a case where RBF 

NN was unable to accurately approximate the reservoir model.  

 

3.7 Summary and Conclusions 

In this chapter, we presented a critical review of Sobol variance based method for 

performing sensitivity analysis of complex, computationally expensive reservoir 

simulation models. This method provided quantitative measures of parameter effects and 

importance, and the relationship between the variances of the model inputs and outputs.  

This is useful and practical for reservoir engineering design purposes by providing a better 

understanding of how various parameters affect the response of a system so that design 

changes can be made. On the other hand, Sobol method provided information regarding 

which uncertain inputs should be better understood to most effectively reduce the 

uncertainty in the output. 
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The predominant limiting factor in successfully utilizing variance based sensitivity analysis 

methods is the enormous computational burden. As a result, integration of methods for 

approximating, or emulating, complex reservoir models was discussed in this chapter. We 

showed how to construct a simplified, probabilistic model, called a surrogate model, that 

was capable of approximating the output from the reservoir simulation model. Once 

constructed, the surrogate model served as a fast-running proxy to the reservoir simulation 

model and was used to predict outputs from a Monte Carlo simulation. While numerous 

different approaches to surrogate modeling have been proposed in the literature, each with 

unique advantages and disadvantages, in this thesis, we have restricted our attention to the 

RBF and Multi-Layer Artificial Neural Networks and proved their reliability within the 

framework of Sobol sensitivity analysis method.  

 

We also presented a detailed discussion of sampling methods for including standard Monte 

Carlo simulation, Latin Hypercube sampling, and low-discrepancy sequences and 

compared the relative advantages and drawbacks of these methods to each other. In the 

following chapter, we will discuss a different approach to sensitivity analysis. 
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Chapter Four: Distance Based Sensitivity Analysis 

 

In many engineering applications, understanding the model parameters and their 

independent and combined effects on the model is significant. Many types of parameters 

exist in reservoir modeling, which could come from geophysical, geological and 

engineering categories. Some of these parameters are continuous, others could be discrete, 

and others may have no numerical value and are scenario based (Fenwick et al., 2014). In 

this chapter, another sensitivity analysis method is introduced which focuses on being able 

to include any type of input parameter while also handling parameter interactions. It is then 

applied to complex reservoir systems with geological uncertainties to demonstrate its 

robustness. The sensitivity analysis method discussed in this chapter is primarily based on 

classifying the response/decision variables into a limited number of discrete categories. 

The results analysis is based on the fact that if the parameter frequency distribution in each 

class is the same, the model response would be considered insensitive to the parameter. At 

the same time, differences in the frequency distributions demonstrate the fact that the 

model response is sensitive to the parameter. Based on this structure, a new general 

measure of sensitivity is understood. This sensitivity measure is also able to quantify the 

model sensitivity to parameter interactions, and includes the possibility whether these 

interactions can be asymmetric in the context complex reservoir modeling (Fenwick et al., 

2014). The approach is verified using the cases studies from the previous chapters and is 
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also illustrated with a case study of a large reservoir case while incorporating the 

reservoir’s geological uncertainty in the study. 

The primary objective of this method is to overcome the limitations of the other SA 

approaches while allowing the quantification of asymmetric parameter interaction. The 

main upside of this approach is the fact that no assumptions on the nature or prior 

distributions of the input parameters are made. The same is true for the response functions. 

This chapter reproduces the work of Caers (2011), Scheidt and Caers (2009) and Fenwick 

and Scheidt (2014) but within the same context of finite difference reservoir simulation 

and the other tools and sampling strategies developed in the previous chapters. The 

mentioned studies themselves are based on the work of Spear and Hornberger (1980), 

which they call Generalized Sensitivity Analysis, and further expanded by other authors 

(Beven and Binley 1992; Bastidas et al. 1999; Pappenberger et al. 2008).  

4.1 Basic Concept 

The basic concept of this method of global sensitivity analysis is to separate the models 

into discrete classes. Spear and Hornberger (1980) demonstrate that if the given models in 

their work were separated into distinct classes and they study the distributions of the 

parameter within each class, they can gain insight about the parameter sensitivities based 

on the principle that non-influential parameters will have no impact on the classification, 

and thus the distributions of the parameter values will be similar between classes. On the 

other hand, an influential parameter will separate the models into the different classes, and 
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will thus be evident when comparing the distributions of the sampled parameter values 

between classes. Therefore, this type of GSA method has the following advantages:  

• It is applied to an ensemble of models which is created by Monte Carlo sampling 

of prior CDFs.  

• It is solely performed by comparison of CDFs, which can be discrete, continuous 

or any form.  

• It does not require any assumption about the state, behavior or the functional from 

of the response. 

Scheidt and Caers (2009), extend Spear and Hornberger’s work (1980) to include high 

dimensional outputs that are common in reservoir modelling studies. In addition, the 

classification of the output is based on definition of a “distance”. Therefore, this approach 

is called Distance-based Global Sensitivity Analysis (DGSA). It is also further extended 

by quantifying the influence of asymmetric parameter interactions. In the later sections of 

this chapter, we will apply this methodology and demonstrate its application to data from 

actual field reservoirs as well as sensitivity analysis test functions. 

4.2 Distance-Based Classification of Responses 

Scheidt and Caers (2009) extend the work of Spear and Hornberger (1980) to high-

dimensional responses by analyzing responses using distance-based classification. First, 

classifying the responses into a limited set of classes (% being the number of classes), we 

would have: 
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N = ÃNa, N>, … , N Å  ( 4.1 ) 

meaning that, based on some measure of similarity/dissimilarity (a distance) that we define, 

responses �! would be attributed uniquely to a class N  . It must be highlighted that the 

classification is performed on the model responses �!, and not on the input parameters $ of 

the models. For each class the number of responses is denoted as 

�5 = Ã�5a, �5>, … , �5 Å  ( 4.2 ) 

The objective of the methodology is efficient selection of a subset of responses in the model 

ensemble, such that they exhibit the same statistical properties such as densities, quantiles, 

mean, variance, etc. as the entire set of models. It is important to note that since this method 

relies on the assumption that after the classification a few selected realizations have the 

same statistical characteristics in terms of response as the entire set, thus, no prediction 

outside of the existing set of responses is done with this method, and the key is to select 

properly the subset of realizations. Since in reservoir modeling time-varying responses 

over several wells are considered, standard distances can be employed. The following 

section describes the methodology used in this approach. 

4.2.1 Definition of Distance 

The first step of the methodology is defining what a similarity/dissimilarity distance means 

between any two realizations. The concept of similarity between geostatistical model 

realizations was introduced by Arpat (2005), and Suzuki and Caers (2008). The distance 

specifies how similar two models are in terms of spatial properties and transfer function 

response. The distance between two realizations can be determined by classical distances 
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that measure difference in geometry such as the Hausdorff distance (Dubuisson and Jain 

1994). However, the Hausdorff distance does not consider connectivity between wells 

which is necessary for our cases here to evaluate flow differences in different models. 

Connectivity-based distances (Park and Caers 2007), or streamline based simulation are 

other examples of possible distances that could be used. When talking about distance for 

flow response, it is important to note that in order to measure similarity or dissimilarity, it 

is not necessary to determine statistical measures for each realization. This distance can be 

measured in any way as long as it could allocate a reasonable correlation with the difference 

in response of the same two realizations.  

The distance is defined as a single scalar value that quantifies the difference between two 

models, a and b. It is usually denoted by δ-,.. By definition, we have that δ-,- =	δ.,. = 0 

which means the distance of a model to itself is zero; and that δ-,. =	δ.,-, meaning the 

distance is symmetric.  

The choice between distances provides an opportunity to choose a distance that is related 

to the response differences between models. This will allow structuring uncertainty with a 

particular response in mind and create better insight into what uncertainty affects the 

response most. In making this distance a function of the desired response, the clustering of 

responses becomes effective for the response uncertainty question we are trying to address. 

For example, for a transfer phenomenon a distance measuring the connectivity difference 

from source to well between any two models would be considered a good choice of 

distance. A simple explanation of the distance is to view it similar to an objective function 
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in history matching in which the field data is replaced by data coming from another model 

instead (Thiele et al., 2016). For example, the distance in the field oil rate response between 

two models, �	and /, can be written as: 

δ-,.4!( =	∑∆Ï!�Q-,!4!( d	Q.,!4!(�∑∆Ï!  ( 4.3 ) 

This is simply a difference measure in the oil rate over time between model �	and /. The 

distances might be defined for any output response, grid properties or values such as úé�. 

If there are N-models, then there are 
³	×	(³ba)>  distances to compute and the dissimilarity 

matrix can be constructed and will be a symmetric :	 × 	:	matrix with zero diagonal 

entries. If historical data is available, then the same formula can also be used for filling-in 

an additional column/row containing the objective function for all the models. In this case, 

the dissimilarity matrix will be of size (: + 1)	× 	(: + 1).  
It is difficult to get insight from the dissimilarity matrix directly. As result, after we 

construct the distance matrix 2, all the realizations are mapped into an Euclidean space = 

using multidimensional scaling (MDS). This will allow getting the position of each model 

relative to all the others in a lower-dimensional space, and also visualizing the distance 

matrix in a way that the relationship between models is preserved as a Euclidean distance 

(Thiele et al., 2016). In this case, the models that are very different from each other will 

exhibit a larger separation in the lower dimensional MDS space than models that are similar 

and we would be able to visually observe these differences. 

  



 

152 

 

4.2.2 Multidimensional Scaling (MDS) 

MDS is used as a method to map the dissimilarity matrix into a specific layout of points in 

�2 Euclidean space. The spatial representation of the points is arranged such that their 

Euclidean distances correspond as much as possible to the dissimilarities of the actual 

models (Scheidt and Caers, 2009). A successful MDS procedure would result in a good 

correlation between the dissimilarity distance and the Euclidean distance. The classical 

MDS algorithm rests on the fact that the coordinate matrix J of the points can be derived 

by eigenvalue decomposition from a matrix ´ obtained by converting the dissimilarity 

matrix 2 into a scalar product. We should note that because the map of points obtained by 

MDS is derived only by the dissimilarity distances in the matrix, the absolute location of 

the points is irrelevant. It is possible to subject the MDS map to translation, rotation, and 

reflection, without impacting the methodology. That’s because only the distances in 

mapping space = are of interest (Caers, 2011). 

To define the notion of distance mathematically, a single model � is represented by a vector 

O!, which contains a list of variables that quantify that model uniquely. The “size” or 

“dimension” : of the model is then the length of this vector (Park, 2011). : is typically 

very large. â denotes the number of alternative models generated with typically â ≪ :. All 

models are collected in the matrix J: 

J =	 [OaO>…OÚ]@ ( 4.4 ) 

One of the most studied distances is the Euclidean distance, which is defined as 



 

153 

 

�!" =	}(O! d O")@(O! d O") ( 4.5 ) 

if this distance were applied to a pair of models O!, O" (Caers, 2008). A distance, such as a 

Euclidean distance, defines a metric space À, which is a space only equipped with a 

distance; hence it does not have any axis, origin, nor direction as, for example, a Cartesian 

space has. This means that the location of any O in this space cannot be uniquely defined, 

only how far each O! is from any other O", since only their mutual distances are known. 

Even though locations for O in À cannot be uniquely defined, some mapping or projection 

of these points in a low dimensional Cartesian space can, however, be presented. To 

construct such maps, a traditional statistical technique termed multidimensional scaling 

(MDS) is employed. The MDS procedure works as follows. The distances are centered 

such that the maps origin is 0. It can be shown that this can be done by the following 

transformation of the distance �!" into a new variable /!", 
/!" =	d12 (�!"> d 1â��! > d 1â��(">Ú

(�a
Ú

 �a d 1â>��� (>Ú
(�a

Ú
 �a ) ( 4.6 ) 

 

This scalar expression can be represented in matrix form as follows. Firstly, construct a 

matrix ´ containing the elements 

�!" =	d12�!">  ( 4.7 ) 

then, center this matrix as follows 
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0 = (Ù´Ù) ( 4.8 ) 

With  

Ù = é d	1â	¡¡@ ( 4.9 ) 

With ¡ = 	 [1	1	1…1]@ a row of â ones, é, the identity matrix of dimension â. 0 (of size 

â	 × 	â) can also be written as: 

0 = (ÙJ)(ÙJ)@ ( 4.10 ) 

Considering the eigenvalue of decomposition 0 as: 

0 = 	EºΛºEº@ ( 4.11 ) 

In our case, â ≪ : and the distance is Euclidean, hence all eigenvalues are positive. We 

can now reconstruct (map onto a location in Cartesian space) any O in J in any dimension 

from a minimum of one dimension up to a maximum of â dimensions, by considering that 

0 = (ÙJ)(ÙJ)@ = EºΛºEº@ ⇒ 	J = EºΛº�.� ⇒ 	J� = Eº,�Λº,��.� ∶
J	→	J�	(À2?) ( 4.12 ) 

if we take the � largest eigenvalues.  Eº,� contains the eigenvectors belonging to the � 

largest eigenvalues contained in the diagonal matrix Λº,� . The solution J� retained by 

MDS is such that the mapped locations contained in the matrix J� =	 qOa,�O>,� …OÚ,�r@ 

have their centroid as origin and the axes are chosen as the principal axes of X. The length 

of each vector O!,� is �, the chosen mapping dimension.  

Traditional MDS was developed for Euclidean distances, but as an extension the same 

operations can be done on any distance matrix. Assembling the dissimilarity matrix and 
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building the MDS space results in a display of the relationships among all the models as 

shown. 

4.3 Clustering 

Clustering techniques are commonly used tools in computer science and some other areas 

like Earth Sciences. In clustering, the goal is to divide a set of objects into mutually 

exclusive classes based on information provided on that object. What is unknown and need 

to be defined are the number of classes and what features or attributes of the object should 

be used to make such division. The number of classes, clusters or groups can either be 

decided on:  

• how many response evaluations could be made based on computational power  

or  

• how many response evaluations are necessary in order to obtain the desired 

accuracy for a realistic assessment of uncertainty on the response.  

4.3.1 K-Means clustering 

There are several different clustering techniques available in the literature. A simple 

technique is termed k-means clustering. Similar to other clustering methods, the objective 

of the k-means clustering method is to cluster � objects into % classes. The value of k is 

specified by the user based on the criteria explained above or can also be suggested by 

methods like the Davies–Bouldin index (1979), or the Silhouette index (Rousseeuw 1987). 

In traditional k-means clustering, such objects are characterized by m attributes. The 
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objects are then plotted in m-D Cartesian space. The following algorithm summarizes the 

k-means algorithm: 

1. Randomly selected m cluster centers are chosen for initialization. 

2. The distance between each object and the cluster centers is calculated.  

3. Objects are assigned to the center closest to it. 

4. A new cluster center is calculated for each cluster based on the assigned objects.  

5. The process is repeated from step 2 again until no changes in the cluster centers are 

observed. 

The number k needs to be specified and may not be easy to know a priori. One advantage 

is that the k-means clustering algorithm works as long as the distance between objects is 

known.  

k-means works well for a lot of cases, but may go wrong in more difficult cases where the 

variation of points in the 2D plot is quite nonlinear. Also, the k-means method is sensitive 

to the initialization of the algorithm in step 1, and a “bad” initialization can result 

completely wrong grouping of objects sometimes. A solution that works well is to make 

the distribution of dots in this 2D plot more linear or at least more aligned in a specific 

direction. Performing a kernel transformation is a way to achieve this that is explained in 

the following section. 

4.3.2 Kernels and Feature space 

The selection of representative models can prove difficult if the ensemble of models in a 

2D or 3D projection Cartesian space has a complex shape. In computer science kernel 
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techniques are used to transform from one metric space into a new metric space such that, 

after projecting in 2D, 3D and so on, the cloud of models displays a simpler arrangement. 

To achieve this, we can consider a model O! and its transformation using some multivariate 

function _: 

O!	→		φ or 

þ�
�
Oa	...OÚ	��
� 	→	

þ�
�
φ(Oa	)...φ(OÚ	)��

�		 ( 4.13 ) 

 

Now, consider that we are trying to achieve Figure 4.1. 

 

Figure 4.1: Metric and feature space and the projections with MDS (Caers, 2011) 
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If we want the points of the ensemble on the metric space to be simpler, by knowing the 

distance between any two O!, we do not need to change O! individually, we only need to 

transform the distances between the O!, in order to rearrange the cloud. We also do not need 

a function to change O! but a function that changes the distances between them. This is 

practical, since O is of very large dimension : and finding such a multivariate function 

may be hard, however the distance is a simple scalar and there are only â	 × 	â distances to 

transform. A function that transforms distances or transforms from one metric (or distance) 

space to another is termed in technical literature a kernel function. There are many kernel 

functions, and we will just discuss one that was previously also discussed in chapter 3, the 

radial basis kernel (RBF) which in all generality is given by: 

7!" = %QO!, O"R = exp	(d QO! d O"R@ d	(O! d O")2σ> ) ( 4.14 ) 

This RBF is function (a single scalar) of two reservoir models O! and O" and of parameter 

σ , called the bandwidth, which needs to be chosen by the modeler. The bandwidth acts 

like a scalar of length. Modelers have found that choosing the bandwidth equal to the 

standard deviation of values in â	 × 	â distance matrix is a reasonable choice (Caers, 2011). 

This RBF is function of the Euclidean distance	QO! d O"R@ d	(O! d O"). If we want to make 

this RBF a function of any distance and not just the Euclidean distance, it can be done 

simply by means of MDS according to Caers (2011) as follows: 

1) Specify the distance �QO!, O"R  
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2) Use MDS to plot these locations in a low dimension, call these locations O�,!	and 

O�,"	with the dimension of �	in the MDS plot.  

3) Calculate the Euclidean distance between O�,!	and O�,"	.  
4) Calculate the kernel function with given ] using 

7!" = %QO!, O"R = exp	(d QO�,! d O�,"R@ d	(O�,! d O�,")2σ> ) ( 4.15 ) 

Because there is a new indicator of distance, 7!", we also have a new metric space, which 

is traditionally called the “feature space” (Caers, 2011). The eigenvalue decomposition of 

K is calculated and projections are mapped in any dimension, for example in 2D using 

φ��> = E*,��>Λ*,��>�.� ( 4.16 ) 

where E*,��> contains the eigenvectors of K belonging to the two largest eigenvalues of K 

contained in the diagonal matrix Λ*,��>. Some examples to illustrate this are provided in 

Figures 4.2 and 4.3 from Caers (2011). In the figures, it can be seen how MDS is different 

with and without kernel transformation.  
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Figure 4.2: RBF kernel transformation (Caers, 2011) 

 

If we first transform the dots using a kernel transformation, as shown in Figure 4.2, then 

perform k-means clustering and back-transform the dots back into the original space. The 

kernel transformation requires only the specification of a distance and, as shown in Figure 

4.3, would reposition the points into a more organized distribution.  
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Figure 4.3: k-means and kernel k-means clustering comparison (Caers, 2011) 

 

The following algorithm, named kernel k-means, summarizes these steps: 

1) A distance between the � objects is specified.  

2) The objects are transformed into a feature space. 

3) K-means algorithm presented above is applied. 

4) The results are back-transform into the original Cartesian axis system. 

Since reservoir models typically include high non-linearity of the responses, we can use 

the kernel k-means to clusters the models more accurately for the sensitivity analysis 

purposes described in the next sections. 
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4.4 Distance-Based Sensitivity Analysis 

4.4.1 Main Effects 

The clustering result from the previous step separates the models into distinct classes based 

upon the dissimilarity distance definition and the selected model responses. As explained 

previously, the appropriate number of classes can be discovered using the Davies–Bouldin 

index (Davies and Bouldin 1979), or the Silhouette index (Rousseeuw 1987). Alternatively, 

the user can select the number of classes based upon specific domain criteria. For reservoir 

engineering applications, it is typical to use the P10, P50, P90 values. For higher number 

of classification P10, P25, P50, P75 and P90 in ensembles are usually used, so a value of 

3 to 5 for the number of clusters is common for k in the reservoir modelling context. If a 

smaller number of clusters are defined, the clustering would result in differentiating models 

with large differences in model response. If it is practical to define a bigger number of 

clusters, subtler differences could be identified in the response, and parameters which 

impact their variations. But it should be noted that the defined number should be practical 

in terms of computation as well. In terms of the number of models in each cluster, Fenwick 

and Scheidt (2013) suggest that at least ten models per cluster should be used. Obviously, 

the selection of the numbers is completely dependent of the complexity of the models being 

classified. The more complex the modelling is; the larger number of model evaluations 

must be done.  

Once classification of the output responses is obtained, we would list the values of the 

parameters responsible for creating the responses belonging to that class. This is done per 
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each class. Now if the statistical distribution of the sample values of a parameter is similar 

amongst all clusters then the response would be considered insensitive to the value of that 

parameter, hence the parameter is non-significant to the variability of the model response. 

If the opposite is true, then the response is sensitive to the parameter values and the 

parameter is considered influential. Therefore, some measure of dissimilarity between 

statistical distributions of a parameter among different clusters would also be a measure of 

sensitivity for that parameter in relevance to the response (Fenwick et al., 2014). According 

to this concept, we can define a sensitivity measure as follows:  

The prior distribution of each parameter is denoted as ì($!) (CDF) and its empirical 

distribution function (from sampling) as ìê($!). After classification, we obtain a class-

conditional empirical distribution function ìê($!|N ), ∀�, %. (Fenwick et al., 2014) 

Now in order to evaluate how the classification of the responses impacts the distribution 

of a parameter $!, the distance between the prior empirical distribution function and the 

class-conditional empirical distribution function is calculated. This is done by a calculating 

the area between the curves numerically: 

�� ,! = �∆5��(ìê($!), ìê($!|N )) ( 4.17 ) 

Where % = 1, 2, … , 7. 

This distance is denoted as the CDF distance. Equation (4.17) defines the measure of 

sensitivity for parameter $!, used in this chapter. It is a single-way sensitivity measure, 

because it measures sensitivity for a single parameter. Similar to the previous chapters, this 
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measure is also called the Main Effect as it shows the singular impact of parameter $! on 

the response of choice (objective function). 

4.4.2 Testing statistical significance using bootstrap 

We should be careful to test for statistical significance since the number of points in each 

cluster is always smaller than the total population size and therefore there will always be a 

difference because of the resolution of the respective CDFs. 

Using the bootstrap results, the CDF distance (Eq. 4.17) can be standardized as follows: 

P($!) = 	 17��� ,!&*
 �a  ( 4.18 ) 

Where 

�� ,!& =	 �� ,!��� ,!(�) ( 4.19 ) 

Here P($!) defines a standardized sensitivity measure for parameter $! on the response �. 

Each term �� ,!&  in the summation in Eq. (4.18) is defined as the standardized CDF distance 

for class % and parameter $!. In order to study the results, a Pareto plot can be used to rank 

these sensitivity measures as we will see in the case study results. 

4.5 Parameter Interactions 

We can express parameter interactions through conditional distributions. For example, if 

we consider two parameters $! and $", the same approach used for a single-way sensitivity 

could be used to quantify sensitivity for two-way parameter interactions (interaction 

between a pair of parameters); response is insensitive to the parameter interaction under 
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the condition that there is no difference in the class-conditional distribution of a single 

parameter and the class-conditional distribution of that parameter additionally conditioned 

to a second parameter (Fenwick et al., 2014). Therefore, for each pairwise interaction, two 

parameters $! and $! would be considered in addition to the various indicators values 

�($!; Ï#) defined as follows for continuous parameters: 

�($!; Ï#) = 	1	��	Ï#ba ≤	$! 	≤ 	 Ï#; DÏæ��'�P�	�($!; Ï#) = 	0,� = 1, 2, … ,À		 ( 4.20 ) 

with Ï� = ���($!) and À the number of bins. The thresholds are a subjective and could 

be chosen by the modeler, with a natural choice being evenly spaced quantiles (Fenwick et 

al., 2014). For discrete parameters, an indicator value can be defined 

�($!; Ï#) = 	1	��	$! =	 Ï#; DÏæ��'�P�	�($!; Ï#) = 	0,� = 1, 2, … ,À		 ( 4.21 ) 

where Ï# is the �C	value of the discrete parameter, and À is the total number of discrete 

categories. For each class N  and for each threshold Ï# the conditional distribution 

ì($!|�($"; Ï#) = 1, N ) can be estimated based on the parameter values obtained from the 

classification. Similar to Eq. (4.17) for individual parameters, a CDF distance is calculated: 

�� ,!|",# = �∆5�� 
ìêQ$!|�($"; Ï#) = 1, N R, ìê($!|N )�∀%	∀� ( 4.22 ) 

Equation (4.22) is used to determine whether any interaction of $! on $" is significant 

enough which influences the response �. Here, we can also first perform a bootstrapped-

based hypothesis test to check whether there is a statistically significant interaction and, 
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then continue to define a measure of conditional interaction sensitivity per class, similar to 

the approach for single-way sensitivity: 

P Q$!|$"R = 	 aÆ∑ �� ,!|",#&Æ#�a  ∀%  ( 4.23 ) 

Where  

�� ,!|",#& =	�� ,!|",#��� ,!|",#(�)  ( 4.24 ) 

We can also define an average measure of sensitivity over all classes: 

PQ$!|$"R = 	 17 1À� � �� ,!|",#&Æ
#�a

*
 �a  ( 4.25 ) 

Now this measure of sensitivity based on conditional interaction is asymmetric because 

conditional distributions are asymmetric. Interested readers can check Fenwick et al. 

(2014) for a more detailed description of the distance based approach. 
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4.6 Case Studies 

4.6.1 Polynomial function 

Similar to the previous chapters, we first validate the results of the distance based 

sensitivity analysis method with the following polynomial function 

L = 	Ja +	10J> + Jx + 50JaJ> ( 4.26 ) 

Using Latin Hypercube Design sampling, we generate 512 experiments from within the 

Ja, J> and Jx parameter ranges and calculate the model responses accordingly. The next 

step is to calculate the pairwise distances between pairs of models. Once the pairwise 

distances are available, we construct the dissimilarity matrix and perform the 

multidimensional scaling for 2 dimensions. Assembling the dissimilarity matrix and 

building the MDS space result in a display of the relationships among all the models. Here, 

this MDS space is only used for visualization purposes, and all necessary calculations 

required to perform the next stages can be done by directly using the original dissimilarity 

matrix. Next, we apply the k-means clustering algorithm described in the previous section 

to categorize these model responses into 3 clusters. The medoids of these 3 groups are also 

defined at this step. The clusters are displayed in MDS space for easier interpretation of 

the clustering visualization and may at times be counterintuitive since MDS can only be 

displayed using a maximum of three dimensions. 

The final clustering result is shown in Figure 4.4: 
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Figure 4.4: 2D clustering result for polynomial function model ensemble 

 

The medoids of the clusters are visualized by a diamond shaped red point in this figure. 

We can also visualize the result by applying the multidimensional scaling in 3 dimensions 

as shown in Figure 4.5:  
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Figure 4.5: 3D clustering result for polynomial function model ensemble 

 

However, the visualization of the clustering result in 3D is counterintuitive in this case as 

the 3 groups can be more easily identified in the 2D Figure 4.5 shown previous to it. 

Once the dissimilarity is clustered into 3 groups as visualized above, the CDF of each 

parameter in each cluster is compared to the distribution of the entire population (black line 

in the following figures). The following figures (Figures 4.6 to 4.8) show the empirical 

CDF curves for the three continuous parameters. The prior CDF (the distribution of the 

entire population) is in black and the CDFs for the three clusters are in blue (Na) and red 

(N>) and green (Nx). 
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Figure 4.6: Empirical CDF curves for parameter  ¡ in polynomial function 

 

Figure 4.7: Empirical CDF curves for parameter  ¦ in polynomial function 
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Figure 4.8: Empirical CDF curves for parameter  ô in polynomial function 

 

It is possible to quantify the extent of sensitivity by the value of the normalized CDF 

difference, meaning the larger the deviation from the whole population CDF, the more/less 

sensitive the parameter is considered to be. As it can be observed, the parameters Ja and 

J> show the largest deviation. 

Figure 4.9 shows the results of a SA using the standardized CDF distance calculated from 

the CDFs in Fig. 4.6 to Fig. 4.8 for each class. If the difference is statistically relevant, the 

parameter is deemed sensitive and a bar with a value greater than one (normalized 

difference in CDF) is displayed. If the parameter is insensitive the bar length will be less 

than one.  
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Figure 4.9: Standardized CDF distances for each cluster of polynomial function 

 

The standardized measure of sensitivity which is the average distance P($!) for each 

parameter is displayed in the following Figure 4.10: 
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Figure 4.10: Average distance for each parameter of polynomial function 

 

Figure 4.10 matches the analytic sensitivities of the polynomial function and also equate 

to the results of the previous chapters, and is therefore deemed valid. There are two 

parameters, Ja and J>, for which the distances are significant, and therefore are judged to 

be influential based on the classification. The other parameter, Jx has a small distance and 

is determined to be non-influential to the classification\response of the function. 

For the two-way interactions, each parameter is divided into 3 bins; low, medium and high; 

using evenly spaced quantile values for the thresholds Ï#. Figures 4.11 to 4.16 display the 

class conditional CDFs (for class N>) for the interactions from which the standardized 

distances are calculated. 
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Figure 4.11: Class conditional CDF curves for interaction  ¡| ¦ in polynomial 

function (cluster �¦) 

 

Figure 4.12: Class conditional CDF curves for interaction  ¦| ¡ in polynomial 

function (cluster �¦)  
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Figure 4.13: Class conditional CDF curves for interaction  ¡| ô in polynomial 

function (cluster �¦) 

 

Figure 4.14: Class conditional CDF curves for interaction  ô| ¡ in polynomial 

function (cluster �¦) 
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Figure 4.15: Class conditional CDF curves for interaction  ¦| ô in polynomial 

function (cluster �¦) 

 

Figure 4.16: Class conditional CDF curves for interaction  ô| ¦ in polynomial 

function (cluster �¦) 
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By simply reviewing the above figures, it could be observed that the two way interaction 

between parameters Ja  and J> exist in the model. One possible way to display the results 

for analysis is to stack the bars (from Figures 4.11 to 4.16) belonging to a single cluster. 

Since the number of bins might not be the same for different parameters, each bar is 

standardized by the number of bins for the given interaction. As a consequence, the total 

length of the bar is P Q$!|$"R	where each sub-bar (bars of different hue) has a length of 

�ê©,¬|
,�Æ . We can also display the measure of sensitivity averaged over all classes PQ$!|$"R. 
Based on this, Figure 4.17 displays the CDF distance measure per class (red, blue, or green 

bars), P Q$!|$"R	and the contribution 
�ê©,¬|
,�Æ  of each distance per threshold (segments within 

the red, blue and green bars). 

 

Figure 4.17: Two way conditional interactions and CDF distance measure per class 

for polynomial function 
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The average measure of interactions PQ$!|$"R is then displayed in Figure 4.18: 

 

Figure 4.18: Average measure of sensitivity for two way conditional interactions of 

polynomial function 

 

The interaction results are also as expected and show the interactions existing between 

parameters Ja  and J>. The other two way interactions are negligible for this function. 

 

4.6.2 Ishigami function 

We learned about the Ishigami function from the previous chapters as a commonly used 

test function for sensitivity and uncertainty analysis that exhibits strong non-linearity and 

non-monotonicity. It is a very good function to test the reliability of the sensitivity analysis 



 

179 

 

methods since the analytical sensitivities are available and here we use the distance based 

sensitivity analysis approach to compare the results.  

�(O) = ?��(Ja) + �	?��>(J>) + /Jx�	?��(Ja) ( 4.27 ) 

with �	 = 	7 and /	 = 	0.1. 

Similar to the previous case of the polynomial function, as the first step, we perform a Latin 

Hyper Cube (LHC) sampling with 2048 experiments and compute the output of the 

Ishigami function. Next, the pairwise distances are calculated and the MDS space is 

constructed to apply the clustering method. Models are categorized in 3 clusters and the 

result is plotted in Figure 4.19: 

 

Figure 4.19: 2D clustering result for Ishigami function model ensemble 
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The following Figures 4.20, 4.21, and 4.22 show the class conditional CDFs as well as the 

CDF for the overall population for the 3 clusters: 

 

Figure 4.20: Empirical CDF curves for parameter  ¡ in Ishigami function (LHC 

sampling) 
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Figure 4.21: Empirical CDF curves for parameter  ¦ in Ishigami function (LHC 

sampling) 

 

Figure 4.22: Empirical CDF curves for parameter  ô in Ishigami function (LHC 

sampling) 
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We can display the standardized CDF distance calculated based on the previous step as 

well as the average measure of sensitivity (main effect) for each parameter in the following 

Figures 4.23 and 4.24: 

 

Figure 4.23: Standardized CDF distances for each cluster of Ishigami ensemble 

(LHC sampling) 
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Figure 4.24: Average distance (sensitivity measure) for each parameter of Ishigami 

function (LHC sampling) 

 

The analysis of the result shows the method is able to correctly identify parameter Jx as 

non-influential, but the result for the other parameters are not exactly the true sensitivities. 

Here parameter J> is identified as the most important parameter by a large margin, where 

in fact we know from the analytical sensitivities as well the results of the Sobol method in 

the previous chapter that this is not the case. By looking back at the result, we see a peculiar 

behavior in Figure 4.21 where the CDF of parameter J> is calculated in each of the clusters 

and compared to the prior CDF. In the next section we try to investigate this and possibly 

address the issue. 
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4.6.2.1 Change of sampling method with Low discrepancy sequence 

In our first try, we performed a Latin Hyper Cube (LHC) sampling in order to sample the 

input parameter space and subsequently calculate the responses. In doing so, we saw some 

skewed behavior for the class conditional CDFs of parameters J> which contributed to 

overestimation of its sensitivity in the model. Since we have the analytical sensitivities of 

the Ishigami function available in the literature, we know for a fact that this estimation was 

incorrect.  

In the previous chapter we introduced low-discrepancy sampling sequence where we 

needed more orthogonality when trying to estimate the value of the Monte-Carlo integrals 

for Sobol method. Although using LHC ensures in many cases that the sampling ensemble 

of random numbers is representative of the real variability in the model, we observed that 

this was not enough in cases where the complexity of the estimation is high. Due to the 

highly nonlinear and non-monotone nature of the Ishigami function, we can assume that 

using the low discrepancy sequence may help improving the estimation of the distance 

based sensitivities measure. In order to verify this hypothesis, we repeat the procedure 

exactly as before but instead of LHC sampling, we use the low discrepancy sequence that 

we developed in the previous chapter and compare the results. The same number of 

experiments (2048) are generated and the class conditional CDFs are calculated and plotted 

in Figures 4.25 to 4.27 as follows: 
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Figure 4.25: Empirical CDF curves for parameter  ¡ in Ishigami function (low-

discrepancy sampling) 

 

Figure 4.26: Empirical CDF curves for parameter  ¦ in Ishigami function (low-

discrepancy sampling) 
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Figure 4.27: Empirical CDF curves for parameter  ô in Ishigami function (low-

discrepancy sampling) 

 

We can see that we get a completely different set of CDFs for each cluster for parameter 

J> compared to before (Figures 4.20, 4.21, and 4.22). Calculating the standardized CDF 

distance and the average measure of sensitivity (main effect) for each parameter based on 

the new CDF values result in the following Figures 4.28 and 4.29: 



 

187 

 

 

Figure 4.28: Standardized CDF distances for each cluster of Ishigami ensemble 

(low-discrepancy sampling) 

 

Figure 4.29: Average distance (sensitivity measure) for each parameter of Ishigami 

function (low-discrepancy sampling) 
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It can be observed that using the low discrepancy sequence sampling results in matching 

the expected true values for parameter sensitivities in the Ishigami function.  

Now that we could match the expected sensitivities for the main effects, we evaluate how 

the distance based sensitivity analysis method can handle the parameter interactions. 

 

4.6.2.2 Ishigami Interactions 

By defining 3 bins for each parameter we create evenly spaced quantile values for the 

thresholds Ï# and calculate the class conditional CDFs per all clusters from which the 

standardized distances are calculated. In the following graphs class conditional CDFs for 

pairwise interaction of Ja|J> and J>|Ja are displayed for cluster Na (Figures 4.30 and 4.31), 

J>|Jx and Jx|J> for cluster N> (Figures 4.32 and 4.33), and Ja|Jx and Jx|Ja are displayed 

for cluster Nx (Figures 4.34 and 4.35). 
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Figure 4.30: Class conditional CDF curves for interaction  ¡| ¦ in Ishigami 

function (cluster �¡) 

 

Figure 4.31: Class conditional CDF curves for interaction  ¦| ¡ in Ishigami 

function (cluster �¡) 
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Figure 4.32: Class conditional CDF curves for interaction  ¦| ô in Ishigami 

function (cluster �¦) 

 

Figure 4.33: Class conditional CDF curves for interaction  ô| ¦ in Ishigami 

function (cluster �¦) 
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Figure 4.34: Class conditional CDF curves for interaction  ¡| ô in Ishigami 

function (cluster �ô) 

 

Figure 4.35: Class conditional CDF curves for interaction  ô| ¡ in Ishigami 

function (cluster �ô) 
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The CDF distance measures per cluster and average measure of interactions are plotted 

next in Figures 4.36 and 4.37: 

 

Figure 4.36: Two way conditional interactions and CDF distance measure per class 

for Ishigami function 
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Figure 4.37: Average measure of sensitivity for two way conditional interactions of 

Ishigami function 

 

The interaction results are also as expected and show pairwise interactions between Ja|Jx 

and Jx|Jawhich proves the robustness of the method. This is important because parameter 

Jx in itself is a non-influential input but its pairwise interaction together with parameter Ja 

contributes to the variability of the response. 
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4.6.3 Sobol G function 

Sobol G function is another common test function for numerical estimation and sensitivity 

analysis methods that we used in the previous chapters to evaluate the developed sensitivity 

analysis methods.  

�(J) = 	�|4J! d 2| +	�!	1 +	�!
�
!�a  ( 4.28 ) 

Where the values of �! coefficients displayed in the Table 4.1 are used.  

Table 4.1: �� values for Sobol G function �� �a �> �x �� �� �� �� �� �� �a� �aa �a> 

Value 0.001 89.9 5.54 42.10 0.78 1.26 0.04 0.79 74.51 4.32 82.51 41.62 

 

The sensitivity indices for Sobol G function are expressed analytically and we know the 

lower the value of �! is, the more important parameter J! becomes. So in terms of parameter 

importance, we expect a ranking of Ja>	J�>	J�>	J�>…	 and so on. 

Applying the MDS procedure and k-means clustering for 3 clusters yields in the following 

clustering of responses in Figure 4.38. In this case we have generated 2048 experiments 

using LHC sampling.  
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Figure 4.38: 2D clustering result for Sobol G function model ensemble 

 

The class conditional CDFs for parameters Ja to Ja> are shown in Figure 4.39 as follows: 
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Figure 4.39: Empirical CDF curves for parameter  ¡ to  ¡¦ in Sobol G function 

 

Analyzing the plots shows the largest distance between the class conditional CDFs of the 

parameters Ja	and J� and the total population CDF. This is the indication of the impact of 

these parameters based on the selected distance.  

4.6.3.1 Sobol G Main Effects 

Using the standardized CDF distance calculated from the CDFs in Fig. 4.39 for each class, 

again, if the difference is statistically relevant, as we observed in the previous figures for 

parameters Ja	and J� for example, the parameter is deemed sensitive and a bar with a value 

greater than one (normalized difference in CDF) is displayed. If the parameter is insensitive 
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the bar length will be less than one as it is the case for parameters J>, J�, J�, etc. We can 

check that for this function in Figure 4.40: 

 

Figure 4.40: Standardized CDF distances for each cluster of Sobol G function 

 

The standardized measure of sensitivity ( the average distance P($!) for each parameter) is 

displayed in the following Figure 4.41: 
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Figure 4.41: Average distance (sensitivity measure) for each parameter of Sobol G 

function 

 

The order of parameter importance from the above graphs matches the parameter ranking 

obtained from the available analytic sensitivities of the Sobol function in the literature and 

also equate to the results of the previous chapters. This confirms the method could now be 

applied to real reservoir modeling cases for analysis.  

 

4.6.4 CSS pilot 

In the previous chapters, we studied a single well cyclic steam stimulation (CSS) pilot and 

tried to determine the importance of reservoir and operating variables, for later history 
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matching the model so that it can be used to develop an optimum ongoing strategy for 

future wells. The CSS model consisted of 9 uncertain parameters and 3 objective functions.  

In chapter 3, since the CPU cost of running Sobol sensitivity analysis method directly on 

the model was prohibitively high, we created a LHC design with 642 experiments in order 

to train a surrogate model and run the SA method through this approximation of our model.  

Now, we utilize this created model ensemble from before for use in the distance based 

approach introduced in this chapter.  

4.6.4.1 Cumulative Oil Production objective function 

The time series plot of these 642 runs for our first objective function, Cumulative Oil 

Production is presented in Figure 4.42. 

 

Figure 4.42: Time series model ensemble for the producer Cumulative Oil SC 
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The next step is to calculate the pairwise distances for Cumulative Oil SC of our producer 

well for each time step between each two pairs of models. Once the pairwise distances are 

available, we construct the dissimilarity matrix and perform the multidimensional scaling 

for 2 dimensions. Then, the clustering algorithm is applied to group the runs in 3 clusters 

and find the medoids. The clustering results are plotted in Figure 4.43. 

 

Figure 4.43: 2D clustering result for CSS pilot Cumulative Oil Production model 

ensemble 

 

The selected 3 medoids by the clustering algorithm are highlighted within the model 

ensemble in Figure 4.44.  
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Figure 4.44: 3 cluster medoids for CSS pilot Cumulative Oil SC model ensemble 

 

Now that we have the clusters available, the CDF of each input parameter in each cluster 

is compared to the distribution of the entire population. These CDF plots are available for 

verification in Appendix B.  

Based on the results of this stage, the CDF distance measure per cluster (red, blue, or green 

bars) is calculated for each parameter and the results are displayed in the Figure 4.45.  
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Figure 4.45: Standardized CDF distances for each cluster for Cumulative Oil 

Production objective function 

 

This plot, as well as Figure 4.46 that displays the average distance measure for each 

parameter, provide the final ranking of inputs in terms of their main effect contribution to 

the objective function uncertainty. As it can be observed, the results are in very good 

agreement with the Sobol SA method presented in chapter 3. 
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Figure 4.46: Average distance (sensitivity measure) for each parameter of 

Cumulative Oil Production objective function 

 

4.6.4.2 Cumulative Water Production objective function 

The same procedure is repeated for Cumulative Water Production objective function. The 

following model ensemble is used to obtain the clustering in Figure 4.47.  
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Figure 4.47: Time series model ensemble for the producer Cumulative Water SC 

 

Figure 4.48 displays the result of clustering the model ensemble in 3 classes: 

 

Figure 4.48: 2D clustering result for CSS pilot Cumulative Water Production model 

ensemble 
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The cluster medoids are highlighted within the ensemble in Figure 4.49 and the CDF 

distances per cluster per parameter are calculated. The plots are available in Appendix B. 

 

Figure 4.49: 3 cluster medoids for CSS pilot Cumulative Water SC model ensemble 

 

Using the standardized CDF distance for each class and the average distance for each 

parameter (Figures 4.50 and 4.51), we get the parameter ranking for Cumulative Water 

Production objective function. Once again the results match the much more 

computationally expensive Sobol SA method. 
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Figure 4.50: Standardized CDF distances for each cluster for Cumulative Water 

Production objective function 

 

Figure 4.51: Average distance (sensitivity measure) for each parameter of 

Cumulative Water Production objective function 
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4.6.4.3 Cumulative Steam Injection objective function  

Using the same setup and procedure as the previous two objective functions, the following 

Figures 4.52 to 4.56 display the model ensemble, clustering results, the standardized CDF 

distance for each class, and finally the average distance for each parameter.  

The CDF plots of each input parameter within each cluster are available for verification in 

Appendix B. 

 

Figure 4.52: Time series model ensemble for the injector Cumulative Steam 
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Figure 4.53: 2D clustering result for CSS pilot Cumulative Steam Injection model 

ensemble 

 

Figure 4.54: 3 cluster medoids for CSS pilot Cumulative Steam Injection model 

ensemble 
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Figure 4.55: Standardized CDF distances for each cluster for Cumulative Steam 

Injection objective function 

 

Figure 4.56: Average distance (sensitivity measure) for each parameter of 

Cumulative Steam Injection objective function 
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The final result identifies permeability in layer 1, dilation onset pressure, and the 

permeability exponent as the most significant parameters for cumulative steam injected 

objective function.  

With the results available for all three objective functions, we can see that the distance 

based sensitivity analysis method applied to this case study was successful in ranking the 

input parameters in terms of their importance with great agreement with the much more 

computationally expensive variance based Sobol method. Besides that, since this method 

is based on clustering the model ensemble it could also be used in cases where multiple 

realizations of the same model is incorporated in the study to include the geological 

uncertainty. In the next section, we will examine such case and study the impact of 

geological uncertainty using the distance based sensitivity analysis method.  

 

4.6.5 Brugge field 

In reservoir engineering, several realizations of petrophysical and/or lithological models of 

the subsurface reservoir are generated using a geostatistical algorithm. The transfer 

function in this application is a numerical flow simulator, and the realizations are submitted 

to flow simulation in order to assess the uncertainty in reservoir flow performance. We use 

the multidimensional scaling and clustering method described in this chapter to select a 

representative subset of these realizations and perform only a small number of flow 

simulations whose response has the same characteristics as the entire set of realizations. 
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The probability distribution of the flow response of interest, in this case the oil recovery 

factor, is then determined.  

The Brugge field is a synthetic reservoir generated by TNO for Scientific Research groups 

to study history matching and optimization methods for a water flooding project (Peters et 

al., 2009). It is a large scale benchmark case. Figure 4.57 shows the top structure of this 

field which consists of an E-W elongated half-dome with a large boundary fault at its 

northern edge and one internal fault with transmissibility of one. 

 

Figure 4.57: 3D view of the top structure map and faults of the Brugge field 

 

The Brugge field consists of four formations from top to bottom, namely Schelde, Maas, 

Waal and Schie. There is no continuous shale barrier within each formation. Table 4.2 

shows the stratigraphy of the Brugge field with main characteristics. The formations vary 

from a highly permeable layer to a less permeable layer. The underlying and edge aquifers 

are inactive. 
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Table 4.2: Stratigraphy sequence of Brugge field with main characteristics 

Formations 
Avg 

Thickness, 
m 

Avg 
Porosity, 

% 

Avg  Horizontal 
Permeability, 

mD 

Avg  
N/G, 

% 

Depositional 
Environment Remarks 

Schelde 10 20.7 1105 60 Fluvial 
Discrete sand 

bodies in  
shale 

Maas 20 19 90 88 Lower 
Shoreface 

Contain 
loggers: 

carbonate 
concretions 

Waal 26 24.1 814 97 Upper 
Shoreface - 

Schie 5 19.4 36 77 Sandy shelf 
Irregular  
carbonate 
patches 

 

For this model, first, facies modeling is created by a sequential indicator simulation method 

based on facies logs for each formation. Next, porosity is modeled by the sequential 

Gaussian simulation method following facies types and porosity logs, and then 

permeability is generated by a cloud transform method collocated with the calculated 

porosity as shown in Figure 4.58.  
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Figure 4.58: Correlation between porosity and permeability based on well log data 

 

Thus the properties of the simulation model satisfy geological trends. Finally, net to gross 

and water saturation are also generated by the sequential Gaussian simulation method for 

the whole reservoir. 

In the history matching process (Figure 4.59), uncertainty is added to the variograms 

parameters and an optimizer invokes the geomodeling software with updated variogram 

parameters to generate multiple realizations (new reservoir properties). The optimizer 

software then matches the model history by minimizing specified target differences with 

respect to the field data (Nguyen et al., 2015).  
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Figure 4.59: The history matching workflow (Nguyen et al., 2015) 

 

After obtaining a good matched model, 100 best-matched models which have a history 

matching error less than 7%, are selected. Their cumulative oil production curves are 

shown in Figure 4.60. Then six representative models out of these 100 models with 

probability of 0, 20, 40, 60, 80, and 100% are chosen to optimize the production rate and 

the injection rate for the next twenty years with the objective being maximizing an average 

net present value of these six models. 
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Figure 4.60: Cumulative Oil Production curves of 100 models with history matching 

error less than 7%, and the 6 representative models shown in red 

 

We will incorporate these 6 representative model to represent the reservoir’s geological 

uncertainty in the next part of our study. We define the input parameters of model in Table 

4.3. 
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Table 4.3: Brugge field model input parameters and values 

Parameters Unit Uncertainty Range 

DWOC m 1670 - 1690 

no - 1 – 1.5 

nw - 4 – 4.5 

krwiro - 0.6 – 1 

krocw - 0.45 – 0.6 

swcon - 0.25 – 0.4 

swcrit - swcon 

Pb kPa 800 – 3000 

Ratio - 0.1 – 0.3 

sorw - 0 – 0.2 

Min Perm mD 2500 - 3500 

Min_Por - 800 – 1400 

Min_facies - 1000 - 1200 

  

Now, in addition to these continuous parameters, the reservoir geological property 

distribution (Distribution) is added as an additional parameter. Six distributions obtained 

from the previous realization selection step are specified (Figure 4.60), each representing 

a different geological interpretation. The probabilities of these realizations are equal. 

therefore, runs have different geostatistical realizations assigned. Distances between the oil 

recovery factor for the entire field over the simulation period of the models are calculated 
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from a total of 618 models. The clustering algorithm thus employs hundreds of response 

values to distinguish the models and group them into 5 classes. 

4.6.5.1 Clustering 

The runs for the entire field recovery factor from which the distances are calculated are 

plotted in Figure 4.61.  

 

Figure 4.61: Time series model ensemble for the entire field Oil Recovery Factor 

 

We define the number of classifications to 5 to represent P10, P25, P50, P75 and P90 of 

the runs though the clustering medoids. The MDS space for 5 clusters are visualized 

below in Figure 4.62 and the corresponding medoids are highlighted in the model 

ensemble in Figure 4.63. 
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Figure 4.62: 2D clustering result for CSS pilot Field Oil Recovery Factor model 

ensemble 

 

Figure 4.63: 5 cluster medoids for Oil Recovery Factor model ensemble 
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4.6.5.2 Parameter Distributions 

Figures 4.64 to 4.76 show the CDFs for the input parameters with the prior CDF in black, 

and the class-conditional CDFs for each cluster (blue, green, red, orange, and light blue).  

 

 

Figure 4.64: Empirical CDF curves for parameter ‘DWOC‘ 
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Figure 4.65: Empirical CDF curves for parameter ‘Pb’  

 

Figure 4.66: Empirical CDF curves for parameter ‘Ratio’  
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Figure 4.67: Empirical CDF curves for parameter ‘no’  

 

Figure 4.68: Empirical CDF curves for parameter ‘nw’  
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Figure 4.69: Empirical CDF curves for parameter ‘krwiro’ 

 

Figure 4.70: Empirical CDF curves for parameter ‘krocw’  
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Figure 4.71: Empirical CDF curves for parameter ‘swcon’ 

 

Figure 4.72: Empirical CDF curves for parameter ‘sorw’  
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Figure 4.73: Empirical CDF curves for parameter ‘MinPerm’ 

 

Figure 4.74: Empirical CDF curves for parameter ‘MinPor’  
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Figure 4.75: Empirical CDF curves for parameter ‘MinFacies’  

 

Figure 4.76: Empirical CDF curves for parameter ‘Distribution’  
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4.6.5.3 Main effect sensitivities 

The standardized CDF distance for each class (Figure 4.77), and average distance over all 

classes (Figure 4.78) show the dominat parameters on Oil Recovery Factor for the 

Brugge field. 

 

Figure 4.77: Standardized CDF distances for each cluster for Oil Recovery Factor 

objective function 
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Figure 4.78: Average distance (sensitivity measure) for each parameter of Brugge 

field 

 

The ranking of influential parameters demonsterates the contribution of reservoir property 

distrubution that we incorporated in the model through the geological realizations, and 

proves the importance of including the geological uncertainty in the workflow. 

 

4.7 Conclusions and Summary 

In this chapter, a distance-based sensitivity analysis approach has been presented which 

could be applicable to models with stochastic responses and diverse types of input 

parameters (continuous, discrete, scenario based, etc.). There are several advantages to this 

approach. First, the experiment design procedure can account for any type of parameter 
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with different CDFs, discrete, continuous, or even categorical or scenario based. Second, 

the classification is not limited to a single response, but can be an amalgam of several 

responses, based upon the requirements of the simulation engineer. Third, the responses 

can be stochastic in nature, without any modification of the SA approach, and can thus deal 

with spatial uncertainty in Earth models. Finally, since the model responses are used only 

for classification, proxy models (as introduced in the previous chapter) can also be 

employed in this approach. In other words, what is important is that the responses correctly 

classify the models—the absolute accuracy of the proxy response itself is less 

consequential. This is a significant advantage for computationally intensive models when 

a fast proxy model could be constructed. Overall, the CDF distance allows quantifying 

parameter influence conveniently and is a flexible measure of sensitivity that works for all 

distributions which is robust for small sample sizes, hence providing a computational 

advantage even in cases of using CPU exhausting simulations. In addition, standardization 

of the CDF distance allows for a simple interpretation of sensitivity. Through the case 

studies provided in this chapter, comparison of the distance based sensitivity analysis with 

the other SA approaches was shown and demonstrated good agreement of the results for 

all the analyzed cases. 
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Chapter Five: Conclusions and Recommendations 

 

5.1 Summary and Conclusions 

For many reservoir engineering scenarios, current methodologies do not adequately 

quantify and manage the parameter uncertainty as it arises during the design process, which 

can lead to unacceptable risks, wrong conclusions, increase in cost, and field development 

schedule overruns. Therefore, the main objective of this thesis was to provide innovative 

workflows for petroleum reservoir engineers during sensitivity analysis studies. In this 

work, we presented and developed several methods for parameter uncertainty 

quantification and sensitivity analysis, which can be used to better understand and mitigate 

the effects of uncertainty in the reservoir modeling workflow. 

 

In chapter 2, we discussed situations where a large number of parameters must be used to 

describe reservoir dynamics in all possible operating conditions. Hence, the Morris 

screening approach has been applied to help with categorizing the parameters in groups of 

relative importance with a low computational cost. An iterative procedure based on 

creating trajectories was introduced and executed in order to calculate the partial 

derivatives of the objective functions and find the main effect contribution of the 

parameters to the output uncertainty as well as indication of interactions.  

Morris method can be used as a qualitative approach to get overall sensitivity estimations 

with a limited number of simulations. It is a reliable screening step to simplify a model, as 
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it can identify the input parameters with relative low influence which could be fixed to a 

nominal value. 

Regarding parameter significance ranking, Morris approach reduces the risk to 

underestimate and fix non-negligible factors, and compared to the local sensitivity analysis, 

we can conclude that it overcomes the inherent drawbacks and challenges of local SA 

including being dependent on a given point in the input uncertainty space, and assumptions 

of linearity and normality. Also, the Morris approach provides a good approximation of 

global sensitivity measure, where the computational cost of running more sophisticated 

sensitivity analysis methods could be excessively high.  

 

In chapter 3, the variance based Sobol method of Global sensitivity analysis was 

introduced. By decomposing the variance of the output of the model into fractions and 

attributing the fractions to inputs, Sobol method provides sensitivity measure 

quantitatively. This includes the main and interaction effects for the parameters.  

It is a very good approach for cases of high complexity where Sobol method provides 

accurate relative contributions of parameters.  However, we observed that Sobol method is 

not computationally very efficient for complex models with many inputs. If sensitivity 

indices for other effects such as two-way and three-way interactions between inputs are to 

be estimated, the computational cost will increase substantially as well. Due to this 

drawback, the application of surrogate modelling was incorporated in this research to create 

an approximation of the response so that the computation could be done on the surrogate 



 

232 

 

model. Through this approach, the surrogate model is built and its accuracy of prediction 

is verified first. If the accuracy was deemed reasonable, then the Sobol analysis would be 

followed. Overall, the Sobol GSA results supplemented with reservoir engineering 

knowledge provide valuable insights into the engineering problems at hand, thereby 

helping engineers in doing their modeling work with much less uncertainty, fine-tuning 

parameters, and checking the robustness of reservoir model, among others. 

 

In chapter 4, we presented a classification-based method for sensitivity analysis. The 

method relied on a correlation between a chosen distance measure and the response 

variables of interest. Using a chosen model-specific distance is an important additional tool 

which makes the task of response uncertainty quantification for reservoirs more effective. 

Given the distance measure, we employed kernel k-means clustering to select sub-

categories of models which include the P10, P50, P90, etc. of the entire set of realizations 

depending on the choice of the user. With these clusters available, the CDF distance allows 

quantifying parameter influence. This is a flexible measure of sensitivity that is robust and 

works for all distributions. In addition, interpretation of sensitivity results is simple through 

standardization of the CDF distance. This approach could also be applied to models with 

stochastic responses and different types of input parameters including continuous and 

discrete, categorical, scenario based, etc. This includes parameters that cannot be ranked 

or given a value. It could also be used for an amalgamation of several responses, for 

example the reservoir’s history can be considered a special model added as a response. For 
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this approach, although there are automatic clustering algorithms that can select the optimal 

number of classes, ultimately the user should decide on the optimal number with which to 

perform the analysis by incorporating the engineering knowledge about the model. This 

degree of flexibility in interpretation is an advantage of this SA methodology. Studying the 

joint variation of parameters within a cluster as well as the joint variation of parameters 

between clusters also provide an insight into which combination of parameters is important 

to the reservoir model response under study. 

 

Whether using screening methods such as Morris, variance based Sobol, or the distance 

based SA, sensitivity analysis is necessarily subjective. The methods presented in this work 

could all be either used separately to carry out sensitivity studies with reliable results, or 

complimentary to each other as the complexity of the modeling increases and in cases 

where more\different requirements are needed. 

In this work, many comparisons of the methods with each other and against known test 

functions were conducted and have shown good agreement of the results for the case 

studies analyzed. Although we should not expect that all SA methods provide identical 

results in general, different methods introduced in this work and their applications 

demonstrated the usability of each approach under many different scenarios.  

 

A robust and reliable software infrastructure is also the backbone of this study, as the 

number of runs, parameters, and data mining needs put significant usability requirements 
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when executing the workflows. Although this thesis did not describe any of the software 

architecture and design requirements associated with the implementation of the work, there 

is an important software element involved that should not be dismissed. 

 

5.2 Major Contributions 

The major contributions of this study are briefly summarized as follows: 

• Application of an efficient sensitivity screening method, Morris Elementary 

Effects, as a qualitative SA technique to tackle models with large number of 

uncertain parameters with a relative low computational cost as the main approach 

to first analyzing the inputs.  

• Extending the sampling algorithm of Morris method for better exploration of input 

space and increasing the accuracy of the result.  

• Application of the robust variance based Sobol global sensitivity analysis method 

for reservoir models of high complexity, non-linearity and non-monotonicity and 

providing exact quantitative measure for the effect of parameters and interactions 

involved in the model. 

• Implementing the LHD sampling in comparison with the original approach of using 

the random Monte Carlo sampling design due to its drawback in providing not 

enough information regarding the input space.  
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• Development of a very efficient Gray code implementation of low-discrepancy 

sampling sequence for when much higher uniformity is required in the sampling 

space.   

• Investigating the effect of the orthogonality of the experiment deign for sensitivity 

analysis results and incorporating the low-discrepancy design over LHD or random 

Monte Carlo sampling for cases when high orthogonality is a requirement for 

accuracy and reliability of the SA approach. 

• Integrating a surrogate modeling based approach to successfully handle the high 

computational cost of sensitivity analysis methods through application of Single-

Layer RBF, and Multi-Layer Neural Network proxy models, with providing 

necessary verification of the proxy approximation. 

• Incorporation of a distance based classification of models using full-physics finite-

difference simulation and providing desired number of response classes. 

• Application of classification based sensitivity analysis method to conduct SA 

studies with any type of parameter and conveniently including geological 

uncertainty in the SA workflow. 

5.3 Recommendations 

The Morris method screening method can be extended so that it works with groups of 

parameters. Due to the limited applicability of parameter grouping in cases of large number 
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of uncertain parameters in the reservoir, this was not included in this study. However, given 

a realistic case, Morris method could be extended to include parameter grouping. 

The methods in this study could be used in some situations where the simulation is not a 

deterministic but a stochastic. This means that two model calls with the same set of input 

variables leads to different output values. A few studies have been done to propose 

solutions for dealing with Sobol indexes in for these scenarios, but more work is 

recommended specially in the context of stochastic geological modeling. 

Using the distance based approach, more relevant case studies could be investigative for 

addressing the spatial uncertainty in reservoir modeling workflow. The recommendation 

could be extended for other case studies involving various types of uncertainty which 

commonly arise in real field applications in the geosciences. 
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APPENDIX A: Proof of Equations. (3.26) and (3.27) 

 

By applying the differential operator ð/ð'UV(Æb*ba) to Eq. (3.21) and employing the 

chain differentiation rule, it is straightforward to demonstrate that ∀À,7, where 7	 ∈
(0,À d 2), â� = 2 

ðLMð'UV(Æb*ba) = \(âÆb*b> + 1
d 	É)	\(âÆb*ba
d È)	ÙU(Æb*b>)ì(ÙV(Æb*ba))	 ðLMðÙV(Æb*ba) 

( A.1 ) 

where \(O) is Heaviside’s step-function. At the same time, Eq. (3.27) can be re-written in 

the following form: 

<V(Æb*) = \(âÆb* d 	È)	ì(ÙV(Æb*))	 ðLMðÙV(Æb*) ( A.2 ) 

On the other hand, the derivative ðLM ðÙV(Æb*ba)�  can be represented as  

ðLMðÙV(Æb*ba) =	 � ðÙ�(Æb*)ðÙV(Æb*ba)
ÚÛÞä
��a 	 ðLMðÙ�(Æb*)

=	 � 'V�(Æb*)	<�(Æb*)ÚÛÞä
��a  

( A.3 ) 

Substituting Eq. (A.3) into Eq. (A.1) we arrive at the final expression  
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ðLMð'UV(Æb*ba)
= \(âÆb*b> + 1
d 	É)	\(âÆb*ba
d È)	ÙU(Æb*b>)ìQÙV(Æb*ba)R � 'V�(Æb*)	<�(Æb*)ÚÛÞä

��a  

( A.4 ) 

or, in terms of Eqs. (3.26) and (3.27): 

ðLMð'UV(Æb*ba) = 	ÙU(Æb*b>)<V(Æb*ba) ( A.5 ) 

Where 

<V(Æb*ba) = 	ìQÙU(Æb*ba)R � 'Vñ(Æb*)³ÛÞä
ñ�a <V(Æb*) ( A.6 ) 

In other words, an assumption of validity of Eqs. (3.26) and (3.27) for any given hidden 

layer M – K leads to the conclusion that it is also valid for the previous hidden layer M – K 

– 1. According to the principle of Mathematical Induction, it proves its validity for all 

hidden layers. 
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APPENDIX B: Empirical CDF curves for parameters of CSS pilot case study 

 

5.4 B.1. Cumulative Oil Production 

 

Figure B.1: Empirical CDF curves for parameter ‘DilCompress‘ 

 

Figure B.2: Empirical CDF curves for parameter ‘DilOnsetPres‘ 
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Figure B.3: Empirical CDF curves for parameter ‘KvKhRatio‘ 

 

Figure B.4: Empirical CDF curves for parameter ‘PermL1‘ 
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Figure B.5: Empirical CDF curves for parameter ‘PermL2‘ 

 

Figure B.6: Empirical CDF curves for parameter ‘PermL3‘ 
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Figure B.7: Empirical CDF curves for parameter ‘PermL4‘ 

 

Figure B.8: Empirical CDF curves for parameter ‘PermExp‘ 
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Figure B.9: Empirical CDF curves for parameter ‘Porosity‘ 

 

5.5 B.2. Cumulative Water Production 

 

Figure B.10: Empirical CDF curves for parameter ‘DilCompress‘ 



 

256 

 

 

Figure B.11: Empirical CDF curves for parameter ‘DilOnsetPres‘ 

 

Figure B.12: Empirical CDF curves for parameter ‘KvKhRatio‘ 
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Figure B.13: Empirical CDF curves for parameter ‘PermL1‘ 

 

Figure B.14: Empirical CDF curves for parameter ‘PermL2‘ 
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Figure B.15: Empirical CDF curves for parameter ‘PermL3‘ 

 

Figure B.16: Empirical CDF curves for parameter ‘PermL4‘ 
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Figure B.17: Empirical CDF curves for parameter ‘PermExp‘ 

 

Figure B.18: Empirical CDF curves for parameter ‘Porosity‘ 
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5.6 B.3. Cumulative Steam Injection 

 

Figure B.19: Empirical CDF curves for parameter ‘DilCompress‘ 

 

Figure B.20: Empirical CDF curves for parameter ‘DilOnsetPres‘ 
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Figure B.21: Empirical CDF curves for parameter ‘KvKhRatio‘ 

 

Figure B.22: Empirical CDF curves for parameter ‘PermL1‘ 
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Figure B.23: Empirical CDF curves for parameter ‘PermL2‘ 

 

Figure B.24: Empirical CDF curves for parameter ‘PermL3‘ 
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Figure B.25: Empirical CDF curves for parameter ‘PermL4‘ 

 

Figure B.26: Empirical CDF curves for parameter ‘PermExp‘ 
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Figure B.27: Empirical CDF curves for parameter ‘Porosity‘ 
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