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Abstract

Given a set of symmetric/antisymmetric filter vectors containing only regular multiresolu-

tion filters, the method we present in this thesis can establish a balanced multiresolution

(BMR) scheme for images, allowing their balanced decomposition and subsequent perfect

reconstruction without the use of any extraordinary boundary filters. We define balanced mul-

tiresolution such that it allows balanced decomposition i.e. decomposition of a high-resolution

image into a low-resolution image and corresponding details of equal size. Several applica-

tions of such a decomposition result in a balanced wavelet transform (BWT) that makes

on-demand reconstruction of regions of interest (ROIs) efficient in both computational load

and implementation aspects. We find such decomposition and perfect reconstruction based

on an appropriate combination of symmetric/antisymmetric extensions near the image and

detail boundaries. In our method, exploiting such extensions correlates to performing sample

(pixel/voxel) split operations. We demonstrate our general approach for some commonly

used symmetric/antisymmetric multiresolution filters. We also show the application of such

a balanced multiresolution scheme in constructing an interactive multilevel focus+context

visualization framework for the navigation and exploration of large-scale 2D and 3D images.

Typically, the given filters are floating-point values, so our BWTs reversibly map integers

to floating-point i.e. real values. We extend our balanced multiresolution framework further

to construct reversible integer-to-integer BWTs from a given symmetric/antisymmetric

decomposition filter vector of width less or equal to four. In our approach, we adjust the

linear combination of fine samples suggested by the given decomposition vector using optimal

sample split operations in combination with a rounding operation. Such adjustments translate

an affine integer combination of fine samples to obtain an integer coarse sample, which closely

approximates the floating-point coarse sample suggested by the given decomposition filter

vector. The associated translation vectors give us the detail samples. Furthermore, when
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necessary, we construct every other detail sample differently in order to ensure local perfect

reconstruction. Compared to their integer-to-real counterparts, the resulting reversible

integer-to-integer BWTs occupy less memory, offer better compressibility, and do not require

sample quantization for rendering purposes.
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Chapter 1

Introduction

Figure 1.1: Multilevel focus+context visualization of a Plumeria rubra leaf with frangipani rust.
Source image dimensions: 10496×3328.

The continuous growth of 2D/3D image size in various application domains and the prolific

use of handheld devices mandate the ability to visualize and explore large-scale images

within the physical and ergonomic limitations of the screen space available on such devices.

To address this issue, we present a multilevel focus+context visualization framework for

large-scale 2D and 3D images. The advantages of such a visualization framework are manifold.

It allows for more manageable utilization of screen space by the creation of a multilevel

visualization hierarchy. In such a multilevel hierarchy, enlarged regions of interest (ROIs) can

also serve as contexts to further increase the depth of the hierarchy, if required (see Fig. 1.1;

data source: S. Fraser-Smith, Wikipedia; used under the Creative Commons Attribution 2.0

Generic license). Therefore, such a hierarchy permits the visualization of contexts with higher

degrees of interest [CN02] in higher resolutions, while maintaining interactive frame rates.

The ability to have multiple ROIs at different desired resolutions at the same or different

levels of the visualization hierarchy also enables comparative analyses, highlighting their

discontinuities, similarities, and relationships.

Such a visualization framework can be supported by a multiresolution approach, allowing

different levels of detail of the data to be properly retrieved, scaled, and rendered at different
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resolutions on demand. Wavelet transform representations can be exploited to produce coarse

approximations of data while retaining the ability to recover the original data when more

detail is desired. This can enhance the overall visualization throughput by removing excessive

details unless required. Additionally, wavelet transformation ensures a linear runtime for

decomposition and reconstruction with no additional storage requirements. In order to

support the proposed visualization framework, we additionally present the construction of

balanced wavelet transforms (BWTs) and balanced integer wavelet transforms (BIWTs) using

our novel balanced multiresolution (BMR) framework.

The operations we specify for pixels in this thesis are readily applicable to voxels; so

from this point forward, we generally refer to pixels and voxels as samples. In the next three

sections, we introduce our balanced multiresolution and multilevel focus+context visualization

frameworks while summarizing the contributions of this thesis.

1.1 Balanced Multiresolution

Context. Applications that facilitate multiscale 2D and 3D image visualization and ex-

ploration (see [LHJ99, WS05, SBO07], for example) benefit from multiresolution schemes

that decompose high-resolution images into low-resolution approximations and corresponding

details (usually, wavelet coefficients). Several subsequent applications of such a decomposi-

tion constructs the corresponding wavelet transform. This wavelet transform can then be

used to derive low-resolution approximations of the entire image, as well as high-resolution

approximations of a region of interest (ROI), on demand. Reconstructing the high-resolution

approximation of a ROI involves locating the corresponding details from a hierarchy of details

within the wavelet transform. One such hierarchy of details resulting from only two levels of

decomposition of an Earth image (data source: Visible Earth, NASA) is shown in Fig. 1.2.

For the purpose of demonstration, we created the wavelet transform in Fig. 1.2 using the

short filters of quadratic B-spline presented by Samavati et al. [SB04, SBO07]. In practice,

2



Figure 1.2: Hierarchy of details in a wavelet transform resulting from two levels of decomposition
of a 1024×512 Earth image. The coarse image (at the top left corner) contains a rectangular ROI
and the details corresponding to that ROI are enclosed by rectangles within all levels of details.

images that require multiscale visualization are larger in size and may require more levels of

decomposition. For each level of decomposition in this particular example, the image was

first decomposed heightwise and then widthwise.

Problem. Sequences of samples along each image dimension can be treated as finite-length

signals. It is well-known that decomposition and reconstruction of finite-length signals require

special treatments at the boundaries [AW03], which often involves the use of extraordinary

boundary filters. The use of extraordinary boundary filters (as opposed to regular filters) for

handling image and detail boundaries lead to irregular reconstruction near image boundaries.

From a hierarchy of details, such as the one in Fig. 1.2, if we need to reconstruct the

high-resolution approximation of a ROI located in the low-resolution (coarse) image shown

in the top-left rectangle in Fig. 1.2, we have to locate the corresponding details in some or all

of the rectangles that contain details depending on the expected level of resolution. Locating

these details will be straightforward if each of the heightwise and widthwise decomposition

steps decomposes an image into two halves of equal size – one half corresponding to the coarse

image and the other half corresponding to the details. Among B-spline wavelets, only the

3



Figure 1.3: A ROI in a balanced wavelet transform after two levels of balanced decompositions
of a 1024×512 Earth image is shown. The location of the coarse sample highlighted with a red
circle at top-left corner of the ROI rectangle in the coarse image is denoted (x, y). Due to balanced
decompositions, the detail rectangles (four here) corresponding to the ROI can be found with simple
dyadic operations. For example, the location of the detail sample highlighted with a yellow circle at
top-left corner of the detail rectangle corresponding to the ROI is

(
2lx, 2l−1(h/4 + y)

)
, where the

level of resolution l = 2.

filters obtained from Haar wavelets provide such a balanced decomposition [Haa10, SDS96].

However, because Haar wavelets and the associated B-spline functions are not continuous, it

would be beneficial to achieve such a balanced decomposition for the filters obtained from

B-splines with higher continuity.

Existing multiresolution schemes for the local filters of second or higher order scaling

functions and their wavelets (see [SBO07, CDF92, Dau92, Mey90], for example) result in

unequal numbers of coarse and detail samples after decomposition (i.e. w1 6= w2, w11 6=

w12, h1 6=h2, and h11 6=h12 in Fig. 1.2). Such inequalities resulting from decomposition make

locating the details corresponding to a ROI for reconstruction a cumbersome task (which

involves keeping track of level-wise offsets from boundaries), specially when an interactive

multilevel visualization hierarchy (see Fig. 1.1, for example) is concerned. Creation of a such

an interactive visualization hierarchy requires efficient on-demand access to details.

In contrast, balanced decompositions can construct BWTs, such as the one shown in

4



Fig. 1.3 (data source: Visible Earth, NASA). In Fig. 1.3, the rectangles containing different

levels of details for the entire image are numbered with (l, 1) tuples for widthwise and (l, 2)

tuples for heightwise decompositions, where l represents the level of resolution. Locating the

details corresponding to a ROI on demand in a BWT includes a number of simple dyadic

operations, which are known to perform significantly faster than non-dyadic operations in

both hardware and software implementations. Such efficient access to details is demonstrated

by means of an example in Fig. 1.3. In general, if cx,y is the coarse sample at the top-left

corner of a ROI rectangle, then d
(l,1)

2l−1(wc+x),2l−1y
and d

(l,2)

2lx,2l−1(hc+y)
are the detail samples at

the top-left corners of the detail rectangles corresponding to the ROI for widthwise and

heightwise balanced decompositions, respectively. Here, wc × hc, which is w
4
× h

4
in Fig. 1.3,

is the resolution of the coarse image containing the ROI.

Proposed approach. In order to address the issues discussed above, in this thesis, we

introduce a technique for devising balanced multiresolution (BMR) schemes for the local

filters of second or higher order scaling functions and their wavelets. Our technique uses an

appropriate combination of symmetric/antisymmetric extensions near the image and detail

boundaries, which correlate to sample split operations. To guarantee a perfect (lossless)

reconstruction without the use of any extraordinary boundary filters, our method requires each

of the given decomposition and reconstruction filter vectors (kernels) to be either symmetric

or antisymmetric about their centers. Many existing sets of local regular multiresolution

filters, such as those associated with the B-spline wavelets [SBO07], biorthogonal and reverse

biorthogonal wavelets [CDF92, Dau92], and Meyer wavelets [Mey90, Dau92], exhibit such

symmetric/antisymmetric structures.

Contributions. We present a novel method to devise a BMR scheme for a given set of

symmetric/antisymmetric multiresolution filter vectors containing regular filters. Devised

BMR schemes allow balanced decomposition and perfect reconstruction without the use of

extraordinary boundary filters. A BWT representation of an image resulting from balanced
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decompositions provides straightforward and efficient access to previously extracted details

corresponding to a ROI on demand. We also provide ready-to-use BMR schemes devised

using our proposed method for eleven commonly used sets of symmetric/antisymmetric

multiresolution filter vectors (see Table A.1).

1.2 Reversible Integer-to-Integer Balanced Wavelet Transform

Context and motivation. BMR schemes resulting from our BMR framework introduced

in section 1.1 can efficiently support a framework for interactive multilevel focus+context

visualization of large-scale 2D and 3D images that provides an effective technique for the

navigation and exploration of such imagery within the ergonomic and physical confines

of limited screen space. That visualization framework allows for improved visualization

throughput by on-demand reconstruction of ROIs at desired resolutions from an underlying

BWT. However, the underlying BWT constructed utilizing our BMR framework referred

to in section 1.1 may occupy more memory compared to that of the original image, while

containing the same number of samples. One desired property for a wavelet transform is to

have its storage requirement not more than that of the original image [SBO07]. Our original

BMR framework could not achieve this property when working with integer samples because

the decomposition filters that are typically applied to the integer samples in images for the

construction of BWTs are floating-point values. As a result, the constructed BWTs contain

floating-point values that must be stored to ensure reversibility (i.e. perfect reconstruction).

For instance, the BWT constructed from a 32-bit RGBA image will occupy sixteen bytes of

per sample in single-precision floating-point format as opposed to just four bytes for that of

the original image.

Therefore, as another goal for this thesis, we aim to construct reversible BWTs that map

integers to integers. The samples in such balanced integer wavelet transforms (BIWTs) i.e.

the transform coefficients can be stored occupying less memory compared to their floating-
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point counterparts. This enables large-scale image visualization applications, such as those

supporting multilevel focus+context visualization, to handle comparatively larger imagery,

while potentially reducing the computation time. For instance, rendering coarse images

reconstructed from BIWTs does not require the sample quantization step, leading to higher

frame rates. Furthermore, integer wavelet transforms, in general, are known to be useful for

image compression [AK00], while their floating-point counterparts lead to poor compression

efficiency [Ada02].

Problems and challenges. Our original BMR framework for symmetric/antisymmetric

multiresolution filters introduced in section 1.1 holds a set of useful properties to efficiently

support interactive multilevel focus+context visualization. First, the balanced decomposition

offered by the BMR framework, which by definition is the decomposition of 2n fine samples

into n coarse and n detail samples (wavelet coefficients) where n ∈ Z+, enables efficient and

straightforward, on-demand, random-access to details within the hierarchy of details in a

BWT by means of simple dyadic operations. Such dyadic operations are known to have

more efficient software as well as hardware implementations compared to their non-dyadic

counterparts. Second, the BMR framework allows local perfect reconstruction, which is

crucial for on-demand reconstruction of high-resolution approximations of ROIs from a BWT

to support multilevel focus+context visualization. Last but not the least, the BMR framework

only makes use of the given set of regular multiresolution filters and avoids the use of any

extraordinary boundary filters by exploiting symmetric/antisymmetric extensions at image

and detail boundaries. Therefore, our primary set of challenges while extending the existing

BMR framework for the construction of BIWTs is associated to retraining the three properties

listed above such that the resulting framework still efficiently supports interactive multilevel

focus+context visualization.

In addition to making the resulting coarse and detail samples integers, yet further

constraints in the construction of the intended BIWTs come from what constitute the
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resulting coarse and detail values. Our proposed framework starts from a given symmet-

ric/antisymmetric decomposition filter vector that generally produces a floating-point coarse

value. In order to respect the choice of symmetric/antisymmetric decomposition filter vector,

it is important for the resulting coarse integer samples to closely approximate the corre-

sponding coarse floating-point samples. On the other hand, the detail samples should mostly

constitute close to zero, low-magnitude values like that in conventional wavelet transforms.

This property leads to better compression efficiency by reducing the number of unique detail

sample values in wavelet transforms.

Contributions and methodology. The primary contribution of this part the thesis lies in

presenting an extended BMR framework that can devise a novel BMR scheme to construct

reversible BIWTs based on a given symmetric/antisymmetric decomposition filter vector

of width less or equal to four. Furthermore, we show how a BMR scheme devised by the

proposed framework can be used to support an application allowing interactive multilevel

focus+context visualization of large-scale imagery.

To obtain an integer coarse sample under our proposed framework, we start by applying

optimal sample split operations to rewrite the linear combination of fine samples suggested

by the given symmetric/antisymmetric decomposition filter vector. The rewritten form yields

a translation of an affine integer combination of fine samples i.e. an intermediate integer

sample. The optimality of the applied sample split operations rely on minimizing the length

of the associated translation vector, which is used to form a detail sample in our presented

framework. Next, we perform a rounding operation on the translation vector and use the

resulting vector to translate the previously obtained intermediate integer sample to obtain the

expected integer coarse sample. Ensuring local perfect reconstruction under this framework

may require alternating definitions of detail integer samples, implied by the use of alternating

sets of optimal sample split operations employed in the initial rewriting step. To avoid the use

of extraordinary boundary filters and rounding operators during balanced decomposition and
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perfect reconstruction, we make use of symmetric/antisymmetric extensions at fine image,

coarse image, and detail boundaries like that in our original BMR framework introduced in

section 1.1.

1.3 Application in Multilevel Focus+Context Visualization

Query window-based focus+context visualization is useful for the visualization and exploration

of large-scale 2D and 3D images. It allows simultaneous visualization of both the local and

global views of the data, possibly at varying scales. Facilitating such visualization involves

rendering a low-resolution approximation of data providing the context and a high-resolution

approximation of an enclosed ROI selected by a query window, defining the focus. The

work presented in this thesis extends this mode of focus+context visualization to construct a

multilevel focus+context visualization framework.

In order to support the presented visualization framework by an underlying wavelet

transform, on-demand reconstruction of high-resolution approximations of the ROIs from

low-resolution approximations of data and their corresponding details is required. Here we

exploit either a BWT or a BIWT resulting from our work referred to in sections 1.1 and 1.2,

respectively.

Such a framework can be used to efficiently support web-based visualization and explo-

ration of complex large-scale imagery on handheld devices with limited screen spaces. This is

possible due to the use of either BWT or BIWT, which needs only be constructed once (for

each image) on the server-side in a preprocessing phase and allows robust on-demand recon-

struction queries to be performed via progressive transmission with minimal communication

overhead, exploiting the L-updating technique described later in this thesis. We additionally

discuss the performance characteristics of our framework with respect to time and space

complexities, achieved frame rates, and implications of using different sets of multiresolution

filters. Furthermore, scalability and multilevel hierarchy was highlighted as one of the top
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ten challenges regarding interaction and user interfaces in extreme-scale visual analytics

by Wong et al. [WSJ∗12]. We envision that our presented framework for large-scale image

visualization and exploration will provide insights toward developing similar visualization

frameworks suitable for extreme-scale visual analytics.

1.4 Summary and Thesis Roadmap

In this chapter, we introduced our balanced multiresolution (BMR) framework for contrstruct-

ing balanced wavelet transforms (BWTs) and balanced integer wavelet transforms (BIWTs)

from images, as well as their application in multilevel focus+context visualization, while

highlighting the contributions of this thesis. Our work on BMR and multilevel focus+context

visualization frameworks, referred to in sections 1.1 and 1.3, respectively, have been published

in [HSJ14, HSJ15, HSS15].

This thesis is organized as follows. In chapter 2, we present a review of existing related

work, discuss some preliminaries, and introduce the notations used throughout the thesis.

Next, we present how our BMR framework constructs BWTs in chapter 3 and BIWTs in

chapter 4, accompanied by several examples. We demonstrate the application of balanced

multiresolution in real-time multilevel focus+context visualization with experimental results

in chapter 5. Finally, chapter 6 concludes the thesis. We also provide four appendices with

additional examples of balanced multiresolution schemes devised by our BMR framework.
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Chapter 2

Background and Preliminaries

In this chapter, we primarily review existing related work within the following four categories:

multiresolution, reversible integer-to-integer wavelet transform, symmetric and antisymmetric

extensions, and focus+context visualization. We conclude the chapter by discussing some

preliminaries that pertain to the multiresolution frameworks we propose in the thesis, while

introducing the relevant notations. Some parts of our presented survey of previous work in

this chapter have been published in [HSJ14, HSJ15, HSS15].

2.1 Multiresolution

In the next two subsections, we review relevant background literature on multiresolution for

regular meshes and images.

2.1.1 Multiresolution for Regular Meshes

Here we review the multiresolution methods applicable to curves and tensor-product meshes

(surfaces and volumes) given their applicability to multidimensional images due to their

regular structure.

Hierarchical representation of multiresolution tensor-product surfaces was made possible

due to the pioneering work of Forsey and Bartels [FB88]. They localized the editing effect in

a desired manner on tensor-product surfaces through hierarchically controlled subdivisions.

This was done by adding finer sets of B-splines onto existing coarse sets. However, it resulted

in an over-representation because the union of the sets of basis functions from different

resolutions did not form a set of basis functions. Adding complementary basis functions to

the coarse set of basis functions is a possible way to resolve the problem of over-representation.
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This means of supporting multiresolution is closely aligned to the wavelet theory approach to

multiresolution [SDS96]. Wavelet representations of details may, however, introduce undesired

undulations, as pointed out by Gortler and Cohen [GC95]. Furthermore, under this approach,

optimizing the behaviour of the analysis (decomposition) using least squares is difficult due

to the need to support interactive mesh manipulations [ZSS97].

Samavati and Bartels pioneered in their work on a mathematically clean and efficient

approach to multiresolution based on reverse subdivision [SB99, BS00, BGS06, BS11]. Under

this approach, during the analysis, each coarse vertex is obtained by efficiently solving a

local least squares optimization problem. The use of least squares optimization reduces the

undesired undulations. Additionally, the resulting wavelets provide a much more compact

support compared to the conventional wavelets for curves and regular surfaces. Some of the

examples demonstrating the application of our proposed method use multiresolution filters

resulting from this approach (see the examples in section 3.2, for instance).

2.1.2 Multiresolution for Images

Notable existing approaches obtaining a multiresolution representation supporting context-

aware visualization of 3D images include the wavelet tree [WS05], segmentation of texture-

space into an octree [LHJ99, PTCF02, PHF07], octree-based tensor approximation hierarchy

[SGM∗11], and trilinear resampling on the Graphics Processing Unit (GPU) coupled with

the deformation of regularly partitioned image regions [WWLM11]. For 4D images, the

wavelet-based time-space partitioning (WTSP) tree was used in [WS05]. In [WS05], Haar

[Haa10, SDS96] and Daubechies’ D4 [Dau88] wavelets were used to construct the wavelet

transforms in each node of the wavelet and WTSP trees.
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2.2 Reversible Integer-to-Integer Wavelet Transform

From a historical perspective, reversible integer-to-integer wavelet transforms have been

remarkably instrumental in image and signal coding applications [DC97, CDSY98, JP98a,

Ada02, XYZ∗05, LYK07], more specifically, in the domain of image compression [SP96,

GSK∗97, AK00]. As the name suggests, reversible integer-to-integer wavelet transforms

map integers to integers and they are reversible i.e. invertible exploiting finite-precision

arithmetic that can be performed using smaller word size, reducing memory requirements

and prospectively, the associated computational complexity. Furthermore, they are nonlinear

approximations of conventional, linear wavelet transforms [CK96]. The nonlinearity generally

come from the use of various rounding operators during decomposition and reconstruction, such

as, floor, biased floor, ceiling, biased ceiling, truncation, biased truncation, round-away-from-

zero (RAFZ), etc. [Ada02]. These properties of reversible integer-to-integer wavelet transforms

make them extraordinarily suitable for developing lossless, hybrid lossy/lossless, and strictly

lossy image coding systems [ZASB95, SP96, AK00]. Lossless (perfect) reconstruction of RIOs

while exploiting lossy compression is addressed in [NC98, AF98].

The next six subsections review a specific example of reversible integer-to-integer wavelet

transform, namely the sequential (S) transform [Wen87, BF89, RJ91], followed by the evolu-

tion of noteworthy frameworks for devising reversible integer-to-integer wavelet transforms,

namely the sequential plus prediction (S+P) transform framework [SP96], the lifting frame-

work [CDSY98], the overlapping rounding transform (ORT) framework [JP97, JP98a, JP98b],

the generalized reversible integer-to-integer transform (GRITIT) framework [Ada02, Ada03],

and symmetric-extension-compatible, nonexpansive reversible integer-to-integer wavelet trans-

forms [Ada02, AW03].
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2.2.1 Sequential (S) Transform

S transform [Wen87, BF89, RJ91] is the simplest known reversible integer-to-integer wavelet

transform, which approximates the linear Haar wavelet transform [Haa10]. From implemen-

tation standpoint, a number of slightly varying constructions for S transform can be found in

the literature. Here, we include a commonly used construction like that in [SP96], where the

general recipe for decomposition is  ci =
⌊
f2i−1+f2i

2

⌋
,

di = f2i−1 − f2i,
(2.1)

and that for a perfect reconstruction is f2i−1 = ci +
⌊
di+1
2

⌋
,

f2i = f2i−1 − di.
(2.2)

In equations (2.1) and (2.2), f2i−1 and f2i represent fine integer samples and ci and di represent

a coarse integer sample and a detail integer sample, respectively, where i ∈ {1 . . . n} for a

suitably large n ∈ Z+.

As pointed out in [Ada02], the reversibility of S transform is based on the observations

one can unambiguously recover two numbers for their sum and difference, both of which

have the same parity. Like its real-to-real counterpart [Haa10], S transform readily supports

balanced decomposition i.e. from a sequence of 2n fine samples, it produces n coarse and n

detail samples for a suitably large n ∈ Z+.

2.2.2 Sequential plus Prediction (S+P) Transform Framework

The decomposition process under the S+P transform framework [SP96] differs from that of S

transform in the generation of detail samples (see the second equation in (2.1)). In the S+P

transform framework, the detail sample generated by S transform is adjusted by a predictor

term defined on a local neighbourhood of constructed coarse integer samples. The predictor

term can be different based on embedded predictor coefficients and the considered width of
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the local neighbourhood of constructed coarse samples — resulting in different reversible

integer-to-integer wavelet transforms under the S+P transform framework. The well-known

two-six transform [ZASB95] is one such example; furthermore, the S+P transform framework

produces S transform when the predictor term is zero.

2.2.3 Lifting Framework

The lifting framework for constructing reversible integer-to-integer wavelet transforms was

first proposed by Calderbank et al. [CDSY98], based on Sweldens’ lifting scheme [Swe95,

Swe96, Swe98]. Lifting scheme uses reversible ladder-based polyphase networks [BvdE92] to

perform polyphase filtering. As described in [Ada02], to construct a reversible integer-to-

integer wavelet transform for a given linear wavelet transform, the lifting framework devises

the forward transform (i.e. decomposition) such that it constitutes one or more reversible

integer-to-integer lifting steps followed by a reversible integer-to-integer scaling step. Each

lifting step is defined by the application of corresponding filter and a rounding operator. The

inverse transform (i.e. reconstruction) inverts the scaling step first and then the series of

lifting steps from the forward transform process in the reverse order.

2.2.4 Overlapping Rounding Transform (ORT) Framework

The ORT framework [JP97, JP98a, JP98a] is a special case of the lifting framework [CDSY98]

with minor extensions as shown by Adams [Ada02, Ada03]. With the help of GRITIT

framework [Ada02, Ada03], Adams showed that when the applicable operations under the

ORT framework are decomposed into lifting and scaling steps, unlike the lifting framework,

the ORT framework allows lifting and scaling steps to be intermixed. In addition, it allows

intermixing those with any number of shifts in the subband signals. The ORT framework

may not allow the wavelet transforms to be calculated in-place based on the choice of allowed

filtering steps during polyphase filtering, which makes the resulting reversible integer-to-integer

wavelet transforms less practical for use in applications handling large-scape multidimensional
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images.

2.2.5 Generalized Reversible Integer-to-Integer Transform (GRITIT) Framework

In addition to constructing reversible integer-to-integer wavelet transforms, the GRITIT

framework proposed by Adams [Ada02, Ada03], can describe preexisting frameworks, such

as, the S+P framework [SP96], the lifting framework [CDSY98], and the ORT framework

[JP97, JP98a, JP98b], allowing for comparative analyses of multiple frameworks. Under the

GRITIT framework, the forward transform (i.e. decomposition) constitutes a split operation

followed by polyphase filtering, comprising one or more displace, exchange, shift, and scale

operations in any order. The employed split, displace, exchange, shift, and scale operations

are reversible integer-to-integer operations. The inverse transform (i.e. reconstruction) inverts

the sequence of operations from the forward transform in the reverse order.

2.2.6 Nonexpansive Reversible Integer-to-Integer Wavelet Transforms

Adams et al. [Ada02, AW03] introduced two families of reversible integer-to-integer wavelet

transforms, namely odd-length analysis/synthesis filter (OLASF) and even-length analy-

sis/synthesis filter (ELASF) families and proved that they are compatible with symmet-

ric/antisymmetric extensions to form nonexpansive transforms for finite-length signals. In

other words, given n fine integer samples for a suitably large n ∈ Z+, the forward transform

will produce n1 coarse integer samples and n2 detail integer samples, where n1 + n2 = n.

Our proposed framework in chapter 4 also uses symmetric/antisymmetric extensions but

employs a geometric approach for the forward transform to ensure a balanced decomposition

i.e. n1 = n2 and n1 + n2 = n for a suitably large n ∈ 2Z+.
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2.3 Symmetric and Antisymmetric Extensions

As mentioned earlier, we achieve balanced decomposition and subsequent perfect recon-

struction based on the use of an appropriate combination of symmetric and antisymmetric

extensions near the image and detail boundaries. In the literature, symmetric and an-

tisymmetric extensions were used in the context of various types of wavelet transforms

[LL00, KZT02, AW03, LS08]. In contrast, our proposed method allows the construction of a

balanced wavelet transform.

For end point and boundary interpolations, extraordinary filters (as opposed to regular

filters) are used in multiresolution methods for curves and regular meshes, respectively.

However, the use of extraordinary filters at image boundaries for boundary interpolation

assigns incongruous importance to the image boundaries. Therefore, for 2D or 3D image

decomposition, the general practice is to use symmetric extensions near the image boundaries

to avoid boundary case evaluations using extraordinary filters [SBO07]. However, an arbitrary

choice of symmetric extension for decomposition while using a given set of multiresolution

filters may eventually lead to the use of extraordinary boundary filters for a perfect recon-

struction (see section 3.3, for example). This can also make on-demand reconstruction of

image parts corresponding to a ROI computationally untidy near the image boundaries.

Therefore, a careful setup of symmetric/antisymmetric extensions for both decomposition

and reconstruction is required, which can be obtained by our presented method.

2.4 Focus+Context Visualization

Because we chose to demonstrate the use of a balanced multiresolution scheme resulting from

our method in a real-time focus+context visualization application, here we review some of

the notable related work.

In many visualization tasks, it is useful to simultaneously visualize both the local and

global views of the data, possibly at different scales, which is known as focus+context
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(a) A circular ROI. (b) A rectangular ROI.

Figure 2.1: Traditional focus+context visualization in medical illustrations. (a) Thrombosis in
human brain. Copyright Fairman Studios, LLC. Used with permission. (b) An embolic stroke,
showing a blockage lodged in a blood vessel. Blausen Medical Communications, Inc. Used under
the Creative Commons Attribution 3.0 Unported license.

visualization. One approach to implement focus+context is to use the metaphor of lenses

[TSS∗06, WWLM11, HMC11]. This metaphor is inspired by techniques used in traditional

medical (see Fig. 2.1), technical, and scientific illustrations [Hod03].

Our implemented approach to focus+context visualization of multidimensional images

is closest to the technique presented by Taerum et al. for the visualization of small-scale

clinical volumetric datasets [TSS∗06]. In their approach, the resolution of a given 3D image

is reduced by one level using reverse subdivision [SB99, BS00], which is rendered during user

interactions to achieve interactive frame rates. The 3D image is rendered in the original

resolution while there is no user-interaction. The ROI identified by a query window is enlarged

by the application of B-spline subdivision to allow different levels of smoothness. Therefore,

the authors used only three different levels of resolution. In contrast, our implementation for

multiresolution visualization of images provides a true multiresolution framework, where the

resolutions of both the coarse image (providing context information) and the enlarged ROI

(providing focus information) can be controlled by the user.

Hauser generalized focus+context visualization across the fields of information and
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scientific visualizations based on the various methods (such as graphics resource allocation)

used to discriminate between data subsets corresponding to focus and context [Hau06].

Using a metaphor of lenses is a prominent way of supporting focus+context visualization

[TSS∗06, HMC11, WWLM11]. This technique is influenced by traditional handcrafted

medical, technical, and scientific illustrations [Hod03]. According to the categorization by

Cohen and Brodlie [CB04], our implemented multiresolution approach to this metaphor of

lenses is discontinuous and undistorted like that in [TSS∗06], as opposed to continuous and

distorted techniques in [HMC11, WWLM11].

Multifocal and/or multicontext visualization techniques have been used in the literature

for various types of data. Cossalter et al. used a multifocal multilevel technique for network

visualizations [CMS13]. Tu and Shen presented a multifocal technique applicable to treemap

visualizations for hierarchical data [TS08]. Mendez et al. used a multifocal [MKS06] and

Kalkofen et al. a multicontext [KMS07] approach to focus+context visualization in augmented

reality applications. Ropinski et al. made use of a multifocal approach, utilizing multiple

interactive closeups for the visualization of multiple modalities of medical data [RVB∗09].

Beyond the scope of this thesis work, we collaborated with Packer et al. [Pac13, PHS17] to

present a technique for illustrative multifocal multicontext visualization of layered tubular

volumes (for instance, human muscle tissue) along a snaking path in a perspective view.

In contrast to this body of work, in this thesis, we take a multiresolution approach to

interactive multilevel focus+context visualization, supported by an underlying BWT. Sherlock

et al. [She17, SHS16] adapted our present interactive multilevel focus+context visualization

approach for a Digital Earth (DE) supported by an underlying discrete global grid system

(DGGS).
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2.5 Preliminaries & Notations

The thesis adopts and extends the notations for denoting multiresolution operations used by

Samavati et al. in [SBO07].

2.5.1 Decomposition

Given a column vector of fine samples Ck, a column vector of coarse samples Ck−1 is obtained

by downsampling Ck using the matrix equation

Ck−1 = AkCk, (2.3)

and the details lost due to downsampling, denoted by Dk−1 are captured using the matrix

equation

Dk−1 = BkCk. (2.4)

Ak and Bk used in equations (2.3) and (2.4) are decomposition (analysis) filter matrices.

This process of deriving Ck−1 and Dk−1 from Ck is referred to as decomposition. Note that

for image decomposition, the sequences of samples along each dimension can be treated

independently, allowing any such sequence to form Ck for decomposition.

2.5.2 Reconstruction

The reconstruction process involves recovering the column vector of fine samples Ck from

the column vectors of coarse sample Ck−1 and corresponding details Dk−1. Reconstruction

(synthesis) filter matrices Pk and Qk respectively refine Ck−1 and Dk−1 to recover Ck as

follows:

Ck = PkCk−1 + QkDk−1. (2.5)

Equation (2.5) reverses the application of decomposition filter matrices Ak and Bk on the

original column vector of fine samples Ck. Therefore, decomposition and reconstruction are
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inverse processes that satisfy Ak

Bk

[ Pk Qk

]
=

 I 0

0 I

.
2.5.3 Wavelet Transform

Recursive decompositions of a column vector of fine samples Ck into column vectors of coarse

samples

C l, C l+1, . . . , Ck−1

and corresponding details

Dl, Dl+1, . . . , Dk−1

construct the wavelet transform of Ck, denoted by

C l, Dl, Dl+1, . . . , Dk−1,

where l < k. From this wavelet transform, we can fully or partially reconstruct each of

C l+1, . . . , Ck−1, Ck.

2.5.4 Simplified Notations

For the rest of the thesis, we simplify the notations by omitting the superscript k for the kth

level of resolution with the following assumptions: F = Ck, C = Ck−1, D = Dk−1, A = Ak,

and B = Bk, P = Pk, and Q = Qk. Also, the decomposition and reconstruction filter

matrices are assumed to have appropriate sizes to satisfy the equations

C = AF, (2.6)

D = BF, (2.7)

F = PC + QD. (2.8)

The filter matrices A, B, P and Q we consider are of banded, repetitive, and slanted

structure. Therefore, let the nonzero entries in a representative row of A and B be represented
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by decomposition filter vectors a and b, respectively. In a similar manner, let the nonzero

entries in a representative column of P and Q be denoted by reconstruction filter vectors p

and q, respectively.

Furthermore, let sizeof(V ) represent the number of elements in vector V and the widths

of filter vectors a and b be represented by wa and wb, respectively, i.e. sizeof(a) = wa and

sizeof(b) = wb.

2.5.5 Symmetric and Antisymmetric Extensions

Fig. 2.2 shows three types of extensions as defined in [KNI94]. Consider a sequence of n

samples (f1, f2, . . . , fn), corresponding to a column vector of samples

[
f1 f2 . . . fn

]T
,

where n ∈ N and n ≥ 3. Fig. 2.2(a), 2.2(b), and 2.2(c) show the extended sequences obtained

through half-sample symmetric, whole-sample symmetric, and half-sample antisymmetric

extensions, respectively, at both ends of (f1, f2, . . . , fn). Whole-sample antisymmetry, not

shown in Fig. 2.2, can be obtained by negating the samples in the extensions of Fig. 2.2(b).

Note that the types of extensions at both ends of a sequence do not necessarily have to be

the same (as used in Fig. 3.8, for example).

f2 f1 f1 f2 fn fn  fn-1

(a) Half-sample symmetry.

f3 f2 f1 f2 fn  fn-1  fn-2

(b) Whole-sample symmetry.

-f2 -f1 f1 f2 fn -fn -fn-1

(c) Half-sample antisymmetry.

Figure 2.2: Symmetric and antisymmetric extensions.

To be consistent with the coloring used in Fig. 2.2, from this point forward in this thesis,

notations and figures may use red, purple, and green to denote the samples introduced by
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half-sample symmetric, whole-sample symmetric, and half-sample antisymmetric extensions,

respectively.

2.6 Summary

In this chapter, we presented a survey of existing related work on multiresolution for regular

meshes and images, a specific example of reversible integer-to-integer wavelet transform

followed by five noteworthy frameworks for devising such wavelet transforms, symmetric

and antisymmetric extensions, and focus+context visualization. This chapter also discussed

relevant preliminaries and introduced the notations used throughout the thesis.
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Chapter 3

Balanced Multiresolution

In this chapter, we present the construction of balanced wavelet transforms (BWTs) using

our novel balanced multiresolution (BMR) framework. Our work presented in this chapter

has been published in [HSS15].

3.1 Problem Definition

Given a set of regular multiresolution filters in the form of symmetric/antisymmetric filter

vectors a, b, p, and q, devise a balanced multiresolution scheme applicable to a high-resolution

column vector of samples F that satisfies:

(i) C = AF ′ and D = BF ′, analogous to equations (2.6) and (2.7), where F→F ′ by the

use of symmetric extensions at its boundaries and the nonzero entries in each row of A

and B correspond to the regular filters in the given filter vectors a and b, respectively;

(ii) sizeof(C) = sizeof(D) i.e. a balanced decomposition;

(iii) sizeof(C) + sizeof(D) = sizeof(F ) i.e. a compact representation of the resulting

balanced wavelet transform; and

(iv) F = PC ′ + QD′, analogous to equation (2.8), where C→ C ′ and D→D′ through

symmetric/antisymmetric extensions at their boundaries and the nonzero entries in

each column of P and Q correspond to the regular filters in the given filter vectors p

and q, respectively.
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3.2 Methodology

In this section, we explain and demonstrate by examples how our method achieves balanced

decomposition and subsequent perfect reconstruction by choosing an appropriate combination

of symmetric and antisymmetric extensions near the image and detail boundaries.

3.2.1 Balanced Decomposition

We defined balanced decomposition as the task of decomposing a high-resolution image into

a low-resolution image and corresponding details of equal size. Balanced decomposition of a

3D image of dimensions 2w×2h×2s results in an image of dimensions w×h ×s after one

level of widthwise, heightwise, and depthwise decomposition. To allow l levels of balanced

decomposition, we need the following conditions to be satisfied: 2w = 2lm, 2h = 2ln, and

2s = 2lz, where m,n, z ∈ Z+. Disregarding the third dimension infers the same idea for

a 2D image. Once the ideal dimensions are known, the high-resolution image should be

uniformly resampled to those dimensions before the application of our balanced decomposition

procedure.

Given the decomposition filter vectors a and b, to achieve a balanced decomposition of

a column vector containing an even number of fine samples F , we first decide on the type

of symmetric extension to use for decomposition based on the parity of wa and wb. Then

an extended column vector of fine samples F ′ is obtained from F , through the chosen type

of symmetric extension, such that sizeof(F ′) ensures the generation of sizeof(F )/2 coarse

samples and sizeof(F )/2 detail samples by a subsequent application of filter vectors a and b

on F ′, respectively.

Demonstration by example. Before we outline the general construction for the balanced

decomposition process, here we demonstrate how it works for a given set of decomposition

filter vectors. In this example, we consider the decomposition filter vectors a and b from
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following set of local regular multiresolution filters [SB04, SBO07]:

a =

[
−1

4
3
4

3
4
−1

4

]
,

b =

[
1
4
−3

4
3
4
−1

4

]
,

p =

[
1
4

3
4

3
4

1
4

]
,

q =

[
−1

4
−3

4
3
4

1
4

]
.

(3.1)

The filter vectors in equation (3.1) are known as the short filters of quadratic (third order)

B-spline [SBO07] and were constructed by reversing Chaikin subdivision [Cha74]. Recall

from section 2.5 that filter vectors a and b contain the nonzero entries in a representative

row of analysis filter matrices A and B, respectively.

For the purpose of demonstration, assume that we are given a fine column vector of

8 samples F =

[
f1 f2 . . . f8

]T
, on which we have to perform a balanced decomposition.

Provided sizeof(F ) = 8, a balanced decomposition should result in column vectors of coarse

samples C =

[
c1 c2 c3 c4

]T
and detail samples D =

[
d1 d2 d3 d4

]T
.

In Fig. 3.1, we present one possible setup to obtain such a balanced decomposition. It

shows the application of equations C = AF ′ and D = BF ′, analogous to equations (2.6) and

(2.7), where F ′ =

[
f1 f1 f2 . . . f8 f8

]T
. First, note that F ′ was obtained by extending

the given sample vector F by 2 extra samples. In general, when the dilation factor is 2,

a given column vector of fine samples F , with sizeof(F ) = 2n for n ∈ Z+, does not have

enough samples to accommodate n shifts of both a and b for generating n coarse and n detail

samples, respectively. The number of extra samples x, required for a balanced decomposition

can be obtained by the general formula:

x = max(wa, wb) + 2(n− 1)− 2n (3.2)

⇒ x = max(wa, wb)− 2. (3.3)

Here we explain how equation 3.2 evaluates x. We need at least max(wa, wb) fine samples to
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f1 f1 f2 f3 f4 f5 f6 f7 f8 f8
1
4

−
3
4

3
4

1
4

−

1
4

3
4

−
3
4

1
4

−
c1

d1
1
4

−
3
4

3
4

1
4

−

1
4

3
4

−
3
4

1
4

−
c2

d2
1
4

−
3
4

3
4

1
4

−

1
4

3
4

−
3
4

1
4

−
c3

d3
1
4

−
3
4

3
4

1
4

−

1
4

3
4

−
3
4

1
4

−
c4

d4
Figure 3.1: Balanced decomposition of 8 fine samples using the decomposition filter vectors a and
b from equation (3.1).

obtain both c1 and d1, which explains the first term on the right-hand side of equation 3.2.

Next, because the dilation factor is 2, every 2 additional samples will guarantee the generation

of an additional pair of ci and di. Here, i ∈ {2, . . . , n} because we want to generate

|{2, . . . , n}| = n− 1 more coarse samples and n− 1 more detail samples to achieve a balanced

decomposition. This indicates the need for an additional 2(n− 1) fine samples, justifying the

addition of the second term on the right-hand side of equation 3.2. Therefore, subtracting 2n

i.e. the sizeof(F ) in the third term gives us the required number of extra samples.

For the families of multiresolution filters we consider in this thesis, wa and wb are either

both even or both odd. For example, see the decomposition filter vectors obtained from B-

spline wavelets [SBO07], biorthogonal and reverse biorthogonal wavelets [CDF92, Dau92], and

27



Meyer wavelets [Mey90, Dau92]. The multiresolution filter vectors obtained from most such

wavelets and their scaling functions are available in commonly used mathematical software

packages such as MATLAB [MAT14]. For the given filter vectors a and b in equation (3.1),

because both wa and wb are even, observe that the extension of F by 2 extra samples to

obtain F ′ was achieved by half-sample symmetric extension at both ends of F . Here we would

have used whole-sample symmetric extension instead if both wa and wb were odd. Use of an

appropriate type of symmetric extension is required to avoid the use of any extraordinary

boundary filters for a perfect reconstruction. We justify our choice of symmetric extension

for a balanced decomposition later in section 3.2.3.

Finally, as shown in Fig. 3.1, the filter vectors a and b in equation (3.1) are applied to the

samples in F ′ to obtain C and D in order to complete the balanced decomposition process.

For instance, the coarse sample c1 and the detail sample d1 are computed from the first 4

samples in F ′ as follows: 
c1 = −1

4
f1 + 3

4
f1 + 3

4
f2 − 1

4
f3,

d1 = 1
4
f1 − 3

4
f1 + 3

4
f2 − 1

4
f3.

(3.4)

Note that the total contribution of f1 in the construction of c1 is 1
2
f1, written as −1

4
f1 + 3

4
f1 in

equation (3.4) through an implicit sample split operation. A similar sample split is observed

in the construction of d1, as shown in equation (3.4). Therefore, the symmetric extensions at

both ends of F implicitly lead to a number of sample split operations during decomposition.

Therefore, for n ∈ Z+, a balanced multiresolution scheme based on the short filters of
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quadratic B-spline given in equation (3.1) can make use of the matrix equations



c1

c2
...

cn


=


−1

4
3
4

3
4
−1

4
0 0 0 · · ·

0 0 −1
4

3
4

3
4
−1

4
0 · · ·

...
...

...
...

...
...

...
. . .





f1

f1

f2
...

f2n−1

f2n

f2n


and



d1

d2
...

dn


=



1
4
−3

4
3
4
−1

4
0 0 0 · · ·

0 0 1
4
−3

4
3
4
−1

4
0 · · ·

...
...

...
...

...
...

...
. . .





f1

f1

f2
...

f2n−1

f2n

f2n


for the decomposition process, analogous to equations (2.6) and (2.7).

General construction. Now we present our general approach for achieving a balanced

decomposition. Given the symmetric/antisymmetric decomposition filter vectors a and b con-

taining only regular filters, carry out the following steps to achieve a balanced decomposition

of a fine column vector of samples F , where sizeof(F ) = 2n for a suitably large n ∈ Z+.

1. Determine x, the number of extra samples required for a balanced decomposition using

equation (3.3).

2. If both wa and wb are even, extend F with x extra samples using half-sample symmetric

extension to obtain F ′. Use whole-sample symmetric extension instead if both wa and wb
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are odd. Justification for our choice of symmetric extension can be found in section 3.2.3.

To avoid giving inconsistent importance to any end (boundary) of F :

(a) If x is even, introduce x/2 samples at each end of F .

(b) If x is odd, introduce bx/2c samples at one end and bx/2c+ 1 samples at the other

end of F . Let us refer to the end at which bx/2c+1 samples are introduced as the odd

end. Alternate between the ends of F as the choice of the odd end during multiple

levels of decomposition.

3. To obtain C and D such that sizeof(C) = sizeof(D), use equations C = AF ′ and

D = BF ′, analogous to equations (2.6) and (2.7).

3.2.2 Perfect Reconstruction

Given the reconstruction filter vectors p and q that can reverse the application of the

decomposition filter vectors a and b, to achieve a perfect reconstruction of the column vector

of fine samples F from its prior balanced decomposition into C and D, we first reconstruct

as many interior samples of F as possible by the application of p and q on C and D,

using equation (2.8). To evaluate the samples near each boundary (end) of F , we form a

square system of linear equations based on the prior construction of corresponding boundary

samples in C and D, where the unknowns constitute the boundary samples of F yet to be

reconstructed. Symbolically solving two such square systems for the two boundaries of F

reveals the extended versions of C and D (denoted by C ′ and D′, respectively) required

for a perfect reconstruction by the application of p and q using equation F = PC ′ + QD′,

analogous to equation (2.8).

Demonstration by example. Here we demonstrate how we perform a perfect reconstruction

of F following its balanced decomposition to C and D by means of an example, before giving

the general construction for our perfect reconstruction process. In this example, we consider

the reconstruction filter vectors p and q given in equation (3.1). Recall from section 2.5 that
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filter vectors p and q contain the nonzero entries in a representative column of synthesis

filter matrices P and Q, respectively.

This example to demonstrate our perfect reconstruction process is an extension of the

example shown in Fig. 3.1. Therefore, from the resulting column vectors of coarse samples

C =

[
c1 c2 c3 c4

]T
and detail samples D =

[
d1 d2 d3 d4

]T
in section 3.2.1, we now want

to reconstruct the corresponding column vector of fine samples F =

[
f1 f2 . . . f8

]T
.
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Figure 3.2: Perfect reconstruction of 6 of the 8 fine samples using the reconstruction filter vectors
p and q from equation (3.1).

In Fig. 3.2, we show the application of the filter vectors p and q to the samples in C and

D, respectively. For instance, the fine sample f2 is reconstructed from the first two coarse

samples and the first two detail samples as follows:

f2 =
3

4
c1 +

1

4
c2 +

3

4
d1 −

1

4
d2.

Note that the application of the filter vectors p and q to the samples in C and D in Fig. 3.2

left two samples, f1 and f8, near the two ends of F not reconstructed. Note that having two
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samples near the boundaries of F yet to reconstruct is specific to this example. The example

in section 3.2.4 receives 5 samples yet to reconstruct at this stage. Now, to reconstruct f1,

we form the following 1×1 system of linear equations based on the prior construction of c1

(as shown in Fig. 3.1) to which f1 made some contribution during decomposition:

c1 = −1

4
f1 +

3

4
f1 +

3

4
f2 −

1

4
f3 (3.5)

⇒ f1 = 2c1 −
3

2
f2 +

1

2
f3

⇒ f1 = 2c1 −
3

2

(
3

4
c1 +

1

4
c2 +

3

4
d1 −

1

4
d2

)
+

1

2

(
1

4
c1 +

3

4
c2 +

1

4
d1 −

3

4
d2

)
⇒ f1 = c1 − d1. (3.6)

c1 c2 c3 c4 −d1 d2 d3 d4

3

4

1

4

3

4

1

4
−

c1 c4 d1 −d4

3

4

1

4

3

4
−

1

4
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−
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Figure 3.3: Perfect reconstruction of 8 fine samples using the reconstruction filter vectors p and q
from equation (3.1).

Although it appears from equation (3.6) that f1 is not reconstructed using regular filters,
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our prior appropriate choice of symmetric extension to obtain F ′ from F (justified later in

section 3.2.3) guarantees that we can rewrite f1 using the regular filter values from p and q in

equation (3.1). This is achieved by a rearrangement of the right-hand side of equation (3.6),

which is implicitly equivalent to performing two sample split operations:

f1 = 1
4
c1 + 3

4
c1 + 1

4
(−d1)− 3

4
d1. (3.7)

This rewriting step is important because it allows the reconstruction of fine samples near

the boundaries of F without the use of any extraordinary boundary filters. Equation (3.7)

now yields the introduction of one extra coarse sample through half-sample symmetric

extension and one extra detail sample through half-sample antisymmetric extension for the

reconstruction of f1, as shown in Fig. 3.3. We use a similar approach to determine how to

reconstruct the boundary sample f8, resulting in

f8 = 3
4
c4 + 1

4
c4 + 3

4
d1 − 1

4
(−d4), (3.8)

as reflected in Fig. 3.3. This concludes the perfect reconstruction process.

Therefore, based on our findings from equations (3.7) and (3.8), for a given column vector

of 2n fine samples for a suitably large n ∈ Z+, we get
f1 = 1

4
c1 + 3

4
c1 + 1

4
(−d1)− 3

4
d1,

f2n = 3
4
cn + 1

4
cn + 3

4
dn − 1

4
(−dn).

As a result, a balanced multiresolution scheme based on the short filters of quadratic B-spline
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given in equation (3.1) will make use of the matrix equation



f1

f2
...

f2n


=



1
4

3
4

0 0 · · · 0 0 0

0 3
4

1
4

0 · · · 0 0 0

0 1
4

3
4

0 · · · 0 0 0

0 0 3
4

1
4
· · · 0 0 0

0 0 1
4

3
4
· · · 0 0 0

...
...

...
...

. . .
...

...
...

0 0 0 0 · · · 3
4

1
4

0

0 0 0 0 · · · 1
4

3
4

0

0 0 0 0 · · · 0 3
4

1
4





c1

c1

c2
...

cn

cn


+



1
4
−3

4
0 0 · · · 0 0 0

0 3
4
−1

4
0 · · · 0 0 0

0 1
4
−3

4
0 · · · 0 0 0

0 0 3
4
−1

4
· · · 0 0 0

0 0 1
4
−3

4
· · · 0 0 0

...
...

...
...

. . .
...

...
...

0 0 0 0 · · · 3
4
−1

4
0

0 0 0 0 · · · 1
4
−3

4
0

0 0 0 0 · · · 0 3
4
−1

4





−d1

d1

d2
...

dn

−dn



for the reconstruction process, analogous to equation (2.8).

General construction. Now we describe our general approach to achieve perfect reconstruc-

tion. Given the symmetric/antisymmetric reconstruction filter vectors p and q containing

only regular filters that can reverse the application of the decomposition filter vectors a and

b, carry out the following steps to perfectly reconstruct the column vector of fine samples F

from its prior balanced decomposition into C and D.

1. Assume that F =

[
Fl

T Fm
T Fr

T

]T
, where Fl

T and Fr
T respectively contain some samples

at the left and right boundaries of F T , and Fm contains the remaining interior samples

of F . To reconstruct the samples in Fm, use the equation Fm = PC + QD, analogous to

equation (2.8). The samples in Fl and Fr are yet to be reconstructed.

(In the example above, we had Fl = [f1], Fm =

[
f2 f3 . . . f7

]T
, and Fr = [f8]. Note that

Fl and Fr may contain more samples; for instance, the Fl and Fr encountered in 3.2.4

have 2 and 3 samples, respectively.)

34



2. To reconstruct the samples in Fl:

(a) Form a system of linear equations based on the prior construction of some coarse and

detail boundary samples, to which the fine samples in Fl made some contributions

during the decomposition process. It should be a m×m system, where m = sizeof(Fl)

and the unknowns are the samples of Fl.

(For example, see the 1×1 system formed by equation (3.5) and the 2×2 system

formed by the two equations in (3.16).)

(b) Solving the system formed in step 2(a) symbolically will evaluate each sample in Fl

as a linear combination of some samples from C and D.

(For example, see equation (3.6) and the two equations in (3.17).)

(c) Rewrite the linear combination(s) of coarse and detail samples on the right-hand

side(s) of the equation(s) obtained in step 2(b) using the regular filter values from

the filter vectors p and q as coefficients. Such rewriting here correlates to performing

sample split operations. This will reveal the following two pieces of information

applicable to the left boundaries of C and D for a perfect reconstruction: (i) the

type of symmetric/antisymmetric extension that must be used and (ii) the number of

extra samples that must be to introduced.

(For example, see equation (3.7) and the two equations in (3.18).)

3. Use an approach similar to that in step 2 to reconstruct the samples in Fr.

Note that steps 2-3 above allow the generation of C ′ and D′ respectively from C and D,

such that condition (iv) of the problem definition given in section 3.1 is satisfied.

3.2.3 Choice of Symmetric Extension for Decomposition

Claim. For a given set of symmetric/antisymmetric multiresolution filter vectors a, b, p,

and q, even values of wa and wb imply the use of half-sample symmetric extensions at the
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(b) Balanced decomposition using whole-sample symmetric extension.

Figure 3.4: Balanced decomposition of 8 fine samples using the decomposition filter vectors a and
b from equation (3.9).
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image boundaries during a balanced decomposition to ensure a perfect reconstruction only

using the regular reconstruction filters from p and q. On the other hand, odd values of wa

and wb imply the use of whole-sample symmetric extensions instead.

Proof outline. We outline the proof by means of an example that makes use of the filter

vectors containing only regular filters,

a =

[
a−2 a−1 a1 a2

]
,

b =

[
b−2 b−1 b1 b2

]
,

p =

[
p−2 p−1 p1 p2

]
,

q =

[
q−2 q−1 q1 q2

]
.

(3.9)

The widths of the filter vectors a, b, p, and q in equation (3.9) are assumed to be 4 as in the

case of the filter vectors containing the short filters of quadratic B-spline in equation (3.1).

Therefore, here wa and wb are even. Next, two possible balanced decompositions of a fine

column vector of 8 samples F =

[
f1 f2 . . . f8

]T
are shown by the use of half-sample and

whole-sample symmetric extensions at its boundaries in Fig. 3.4(a) and 3.4(b), respectively.

Now, our goal is to perfectly reconstruct F from the column vectors of coarse samples

C =

[
c1 c2 c3 c4

]T
and detail samples D =

[
d1 d2 d3 d4

]T
using only the regular

reconstruction filters vectors p and q from equation (3.9) as shown in Fig. 3.5.

We intend to evaluate the unknowns in Fig. 3.5, which are αci ∈ {−c1, c1,−c2, c2}, βcj ∈

{−c3, c3,−c4, c4}, γdk ∈ {−d1, d1,−d2, d2}, and δdl ∈ {−d3, d3,−d4, d4} near the boundaries

of C and D. Once evaluated, these will reveal the type of symmetric/antisymmetric extensions

to be used at the boundaries of C and D to ensure a perfect reconstruction using only the

regular reconstruction filters. Here α, β, γ, δ ∈ {+,−} represent the signs of ci, cj, dk and dl,

respectively. When negative, they allow the representation of antisymmetric extensions.

Now, let us try to evaluate αci. As shown in Fig. 3.5, αci contributes to the reconstruction

of f1. If we consider the balanced decomposition shown in Fig. 3.4(a) and try to evaluate f1
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Figure 3.5: Perfect reconstruction of 8 fine samples using the reconstruction filter vectors p and q
from equation (3.9).

following our general approach from section 3.2.2, we get

c1 = a−2f1 + a−1f1 + a1f2 + a2f3

⇒ f1 =
1

a−2 + a−1
c1 −

a1
a−2 + a−1

f2 −
a2

a−2 + a−1
f3

⇒ f1 =
1

a−2 + a−1
c1

− a1
a−2 + a−1

(p1c1 + p−2c2 + q1d1 + q−2d2)

− a2
a−2 + a−1

(p2c1 + p−1c2 + q2d1 + q−1d2)

⇒ f1 =

(
1− a1p1 − a2p2
a−2 + a−1

)
c1 +

(
−a1p−2 − a2p−1

a−2 + a−1

)
c2

+

(
−a1q1 − a2q2
a−2 + a−1

)
d1 +

(
−a1q−2 − a2q−1
a−2 + a−1

)
d2. (3.10)

Next, if we consider the balanced decomposition shown in Fig. 3.4(b) and try to evaluate f1
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following our general approach from section 3.2.2, we get

c1 = a−2f2 + a−1f1 + a1f2 + a2f3

⇒ f1 =
1

a−1
c1 −

a−2 + a1
a−1

f2 −
a2
a−1

f3

⇒ f1 =
1

a−1
c1 −

a−2 + a1
a−1

(p1c1 + p−2c2 + q1d1 + q−2d2)

+
a2
a−1

(p2c1 + p−1c2 + q2d1 + q−1d2)

⇒ f1 =

(
1− a−2p1 − a1p1 − a2p2

a−1

)
c1

+

(
−a−2p2 − a1p2 − a2p−1

a−1

)
c2

+

(
−a−2q1 − a1q1 − a2q2

a−1

)
d1

+

(
−a−2q2 − a1q2 − a2q−1

a−1

)
d2. (3.11)

Let the filter values multiplied to c1 and c2 in the reconstruction of f1 be denoted by

w(c1) and w(c2), respectively. In equation (3.10),
w(c1) = 1−a1p1−a2p2

a−2+a−1
,

w(c2) = −a1p−2−a2p−1

a−2+a−1
,

(3.12)

which result from using half-sample symmetric extension at the left boundary F for a balanced

decomposition. On the other hand, in equation (3.11),
w(c1) = 1−a−2p1−a1p1−a2p2

a−1
,

w(c2) = −a−2p2−a1p2−a2p−1

a−1
,

(3.13)

which result from using whole-sample symmetric extension instead. Now, according to

Fig. 3.5, f1 is reconstructed as follows:

f1 = p2(αci) + p−1c1 + q2(αdk)− q−1d1. (3.14)

If we consider αci = −c1 in equation (3.14) for example, then w(c1) = −p2+p−1 and w(c2) = 0.

If −c1 is substituted in Fig. 3.5 in place of αci, it would then reveal the need for half-sample
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antisymmetric extension for the left boundary of C to be used during reconstruction. In this

manner, Table 3.1 lists the sufficient conditions for all possible values of αci. Note that each

possible value of αci yields a particular type of extension (listed in Table 3.1) for the left

boundary of C.

Table 3.1: Sufficient conditions for symmetric and antisymmetric extensions.

Case Sufficient Conditions αci
Type of Ex-
tension

I

{
w(c1) = p2 + p−1

w(c2) = 0
c1

Half-sample
symmetry

II

{
w(c1) = −p2 + p−1

w(c2) = 0
−c1

Half-sample
antisymmetry

III

{
w(c1) = p−1

w(c2) = p2
c2

Whole-sample
symmetry

IV

{
w(c1) = p−1

w(c2) = −p2
−c2

Whole-sample
antisymmetry

Now, if we substitute the actual values of the corresponding regular filters of quadratic

B-spline from equation (3.1) in equations (3.12) and (3.13), we find that equation (3.12) only

satisfies the sufficient conditions under case I (i.e. αci = c1) in Table 3.1 and equation (3.13)

does not satisfy the sufficient conditions under any of the cases. Recall that equation (3.12)

was obtained by the use of half-sample symmetric extension on the left boundary of F for a

balanced decomposition. This implies that the use of half-sample symmetric extension at

the left boundary of F for a balanced decomposition will ensure the perfect reconstruction

of that boundary only using regular reconstruction filters. Similarly, for the regular filters

of quadratic B-spline from equation (3.1), we can show that βcj = c4, γdk = −d1, and

δdl = −d4; and they all require the use of half-sample symmetric extension at the boundaries

of F for a balanced decomposition.

In the above manner, we can show that for any set of symmetric/antisymmetric filter

vectors a, b, p, and q, where wa and wb are even, half-sample symmetric extension can be

used at the boundaries of a column vector of fine samples for a balanced decomposition
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to ensure a perfect reconstruction only using the regular reconstruction filters from p and

q. A similar proof can be outlined to show that odd values of wa and wb imply the use of

whole-sample symmetric extension instead.

3.2.4 Further Demonstration by Example

The example in this subsection illustrates the use of decomposition filter vectors of odd

width for a balanced decomposition as opposed to the even width of decomposition filter

vectors in the previous example (sections 3.2.1 and 3.2.2). Further examples are provided in

appendix A.

Balanced decomposition. Here we demonstrate our general approach described in subsec-

tion 3.2.1 using the decomposition filter vectors a and b from following set of local regular

multiresolution filters [BS00, SBO07]:

a =

[
1
8
−1

2
3
8

1 3
8
−1

2
1
8

]
,

b =

[
−1

8
1
2
−3

4
1
2
−1

8

]
,

p =

[
1
8

1
2

3
4

1
2

1
8

]
,

q =

[
1
8

1
2

3
8
−1 3

8
1
2

1
8

]
.

(3.15)

The filter vectors in equation (3.15) are known as the inverse powers of two filters of cubic

(fourth order) B-spline [SBO07]. We explain the balanced decomposition process using the

decomposition filter vectors in equation (3.15) through the example shown in Fig. 3.6. Similar

to the previous example shown in Fig. 3.1, here we have a column vector of 8 fine samples

F =

[
f1 f2 . . . f8

]T
that we want to decompose into the column vectors of coarse

samples C =

[
c1 c2 c3 c4

]T
and detail samples D =

[
d1 d2 d3 d4

]T
.

Fig. 3.6 shows one possible balanced decomposition using our general approach presented

in section 3.2.1. Step 1 of our general construction given in section 3.2.1 reveals that 5

extra samples are required to ensure a balanced decomposition. As noted earlier, wa and
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Figure 3.6: Balanced decomposition of 8 fine samples using the decomposition filter vectors a and
b from equation (3.15).

wb for the filter vectors in equation (3.15) are odd. For this reason, according to step 2,

whole-sample symmetric extension is used to introduce 2 extra samples at one end and 3

extra samples at the other end of F to obtain the extended column vector of fine samples

F ′ =

[
f3 f2 f1 f2 . . . f8 f7 f6 f5

]T
. Finally, according to step 3, the filter vectors

a and b from equation (3.15) are applied to F ′ to obtain C and D by means of the equations

C = AF ′ and D = BF ′, analogous to equations (2.6) and (2.7).

Therefore, for n ∈ Z+, a balanced multiresolution scheme based on the inverse powers of
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two filters of cubic B-spline given in equation (3.15) can make use of the matrix equations



c1

c2
...

cn


=



1
8
−1

2
3
8

1 3
8
−1

2
1
8

0 0 0 · · ·

0 0 1
8
−1

2
3
8

1 3
8
−1

2
1
8

0 · · ·

...
...

...
...

...
...

...
...

...
...

. . .





f3

f2

f1

f2
...

f2n−1

f2n

f2n−1

f2n−2

f2n−3


and



d1

d2
...

dn


=


−1

8
1
2
−3

4
1
2
−1

8
0 0 0 · · ·

0 0 −1
8

1
2
−3

4
1
2
−1

8
0 · · ·

...
...

...
...

...
...

...
...

. . .





f3

f2

f1

f2
...

f2n−1

f2n

f2n−1


for the decomposition process, analogous to equations (2.6) and (2.7).

Perfect reconstruction. Here we demonstrate our general approach described in subsec-

tion 3.2.2 using the reconstruction filter vectors p and q given in equation (3.15). They

can reverse the application of the decomposition filters vectors a and b from equation

(3.15). Given the column vectors of coarse samples C =

[
c1 c2 c3 c4

]T
and detail

samples D =

[
d1 d2 d3 d4

]T
(obtained as shown in Fig. 3.6), we now want to perfectly
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reconstruct the column vector fine samples F =

[
f1 f2 . . . f8

]T
.
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Figure 3.7: Perfect reconstruction of 3 of the 8 fine samples using the reconstruction filter vectors
p and q from equation (3.15).

Fig. 3.7 shows the reconstruction of Fm =

[
f3 f4 f5

]T
according to step 1 of our

general construction given in section 3.2.2. Fl =

[
f1 f2

]T
and Fr =

[
f6 f7 f8

]T
are

yet to be reconstructed.

Next, following step 2(a) of our given general construction, we form the following system

of 2 linear equations in 2 unknowns (f1 and f2 in Fl):
c1 = 1

8
f3 − 1

2
f2 + 3

8
f1 + f2 + 3

8
f3 − 1

2
f4 + 1

8
f5,

d1 = −1
8
f3 + 1

2
f2 − 3

4
f1 + 1

2
f2 − 1

8
f3.

(3.16)

The equations in (3.16) were obtained from Fig. 3.6, which shows how c1 and d1 were

computed during decomposition. Note that in (3.16), we can replace f3, f4, and f5 with the

corresponding linear combinations of coarse and detail samples from Fig. 3.7. Then following

step 2(b), solving the 2×2 system formed by the equations in (3.16) gives
f1 = c1 − d1 + d2,

f2 = 7
8
c1 + 1

8
c2 + 3

8
d1 + 1

2
d2 + 1

8
d3.

(3.17)
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Now, according to step 2(c), the equations in (3.17) can be rewritten as follows such that the

coefficients of the coarse and detail samples are all regular filters from equation (3.15):
f1 = 1

2
c1 + 1

2
c1 + 1

2
d2 + (−1)d1 + 1

2
d2,

f2 = 1
8
c1 + 3

4
c1 + 1

8
c2 + 1

8
d2 + 3

8
d1 + 3

8
d2 + 1

8
d3.

(3.18)

This rewriting required two implicit sample split operations on the right-hand side of each

equation in (3.18).

Finally, following step 3 of our general construction to reconstruct Fr, we form the

following system of 3 linear equations in 3 unknowns (f6, f7, and f8 in Fr):

c3 = 1
8
f3 − 1

2
f4 + 3

8
f5 + f6 + 3

8
f7 − 1

2
f8 + 1

8
f7,

c4 = 1
8
f5 − 1

2
f6 + 3

8
f7 + f8 + 3

8
f7 − 1

2
f6 + 1

8
f5,

d4 = −1
8
f5 + 1

2
f6 − 3

4
f7 + 1

2
f8 − 1

8
f7.

(3.19)

The equations in (3.19) were obtained from Fig. 3.6, which shows how c3, c4, and d4 were

evaluated during decomposition. Observe that in (3.19), we can replace f3, f4, and f5 with

the corresponding linear combinations of coarse and detail samples from Fig. 3.7. Then

solving the 3×3 system formed by the equations in (3.19) gives

f6 = 1
8
c2 + 3

4
c3 + 1

8
c4 + 1

8
d2 + 3

8
d3 + 1

2
d4,

f7 = 1
2
c3 + 1

2
c4 + 1

2
d3 − 1

2
d4,

f8 = 1
4
c3 + 3

4
c4 + 1

4
d3 + 3

4
d4.

(3.20)

Now, the equations in (3.20) can be rewritten as follows such that the coefficients of the
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coarse and detail samples are all regular filters from equation (3.15):

f6 = 1
8
c2 + 3

4
c3 + 1

8
c4 + 1

8
d2 + 3

8
d3 + 3

8
d4 + 1

8
d4,

f7 = 1
2
c3 + 1

2
c4 + 1

2
d3 + (−1)d4 + 1

2
d4,

f8 = 1
8
c3 + 3

4
c4 + 1

8
c3 + 1

8
d3 + 3

8
d4 + 3

8
d4 + 1

8
d3.

(3.21)
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Figure 3.8: Perfect reconstruction of 8 fine samples using the decomposition filter vectors a and b
from equation (3.15).

As we mentioned in the general construction given in section 3.2.2, note that the equations

in (3.18) and (3.21) yield a specific type of symmetric extension for each boundary of C and

D as shown in Fig. 3.8. Therefore, based on (3.18) and (3.21), for a given column vector of
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2n fine samples (n ∈ Z+), we get

f1 = 1
2
c1 + 1

2
c1 + 1

2
d2 + (−1)d1 + 1

2
d2,

f2 = 1
8
c1 + 3

4
c1 + 1

8
c2 + 1

8
d2 + 3

8
d1 + 3

8
d2 + 1

8
d3,

f2n−2 = 1
8
cn−2 + 3

4
cn−1 + 1

8
cn + 1

8
dn−2 + 3

8
dn−1 + 3

8
dn + 1

8
dn,

f2n−1 = 1
2
cn−1 + 1

2
cn + 1

2
dn−1 + (−1)dn + 1

2
dn,

f2n = 1
8
cn−1 + 3

4
cn + 1

8
cn−1 + 1

8
dn−1 + 3

8
dn + 3

8
dn + 1

8
dn−1.

As a result, a balanced multiresolution scheme based on the inverse powers of two filters of

cubic B-spline given in equation (3.15) can make use of the matrix equation



f1

f2
...

f2n


=



1
2

1
2

0 · · · 0 0 0 0 0

1
8

3
4

1
8
· · · 0 0 0 0 0

...
...

...
. . .

...
...

...
...

...

0 0 0 · · · 0 1
8

3
4

1
8

0

0 0 0 · · · 0 0 1
2

1
2

0

0 0 0 · · · 0 0 1
8

3
4

1
8





c1

c1

c2
...

cn−1

cn

cn−1



+



1
2
−1 1

2
0 · · · 0 0 0 0 0

1
8

3
8

3
8

1
8
· · · 0 0 0 0 0

...
...

...
...

. . .
...

...
...

...
...

0 0 0 0 · · · 1
8

3
8

3
8

1
8

0

0 0 0 0 · · · 0 1
2
−1 1

2
0

0 0 0 0 · · · 0 1
8

3
8

3
8

1
8





d2

d1

d2
...

dn−1

dn

dn

dn−1


(3.22)

for the reconstruction process, analogous to equation (2.8).

3.3 Discussion

Not using the type of symmetric extension suggested by our general construction in subsec-

tion 3.2.1 to obtain the extra fine samples required for a balanced decomposition may lead to

the use of extraordinary boundary filters. For the sake of comparison, we used half-sample

symmetric extension in place of the suggested whole-sample symmetric extension to obtain

the five extra fine samples required for a balanced decomposition using the decomposition
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filter vectors in equation (A.3), which contains the wide and optimal filters of cubic B-spline.

This led to the following matrix equation for a perfect reconstruction, both P and Q matrices

containing unwanted extraordinary boundary filters:



f1

f2
...

f2n


=



11
10
− 1

10
0 · · · 0 0 0 0

9
10

1
10

0 · · · 0 0 0 0

1
2

1
2

0 · · · 0 0 0 0

1
8

3
4

1
8
· · · 0 0 0 0

...
...

...
. . .

...
...

...
...

0 0 0 · · · 1
8

3
4

1
8

0

0 0 0 · · · 0 1
2

1
2

0

0 0 0 · · · 0 1199
9730

1472
1946

84
695

0 0 0 · · · 0 − 69
9730

1019
1946

336
695

0 0 0 · · · 0 − 23
1946

401
1946

112
139





c1

c2
...

cn



+



263
52

−82
65

23
260

0 · · · 0 0 0 0

37
52

−33
65
− 23

260
0 · · · 0 0 0 0

−23
52

1 −23
52

0 · · · 0 0 0 0

− 23
208
− 63

208
− 63

208
− 23

208
· · · 0 0 0 0

...
...

...
...

. . .
...

...
...

...

0 0 0 0 · · · − 23
208

− 63
208

− 63
208

− 23
208

0 0 0 0 · · · 0 −23
52

1 −23
52

0 0 0 0 · · · 0 − 27577
252980

− 566
1807

− 4841
19460

0 0 0 0 · · · 0 1587
252980

− 874
1807

307743
252980

0 0 0 0 · · · 0 529
50596

− 391
1807

5281
50596





d1

d2
...

dn


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in place of equation (A.4). Note that such extraordinary boundary filters in P and Q

matrices do not allow the anticipated sample split operations that yield suitable symmet-

ric/antisymmetric extensions to use for C and D for a perfect reconstruction only by the use

of regular filters.

Our method can be used to devise a balanced multiresolution scheme for any set of

given regular multiresolution filter vectors. However, if the scheme would only make use of

regular reconstruction filters is determined by the properties of the given multiresolution

filter vectors. If the given filter vectors are symmetric/antisymmetric, then our method can

devise a balanced multiresolution scheme that only uses regular filters. Otherwise, some

extraordinary boundary reconstruction filters are introduced (see appendix B, for instance).

The balanced multiresolution schemes devised by our approach can also be applied to open

curves and tensor product meshes (surfaces and volumes) in applications where boundary

interpolation is not important but a balanced decomposition is preferred, for reasons such as

partitioning the curve or the mesh into even and odd vertices. Such a partitioning allows

the storage of coarse vertices and details in even and odd vertices, respectively, as proposed

in [OSB07]. However, some of the devised balanced multiresolution schemes may support

boundary interpolation only in the context of subdivision i.e. when we only consider the

result of PC ′ in order to increase the resolution of C. For example, the filters of second order

B-spline in equation (A.1) and the short filters of third order B-spline in equation (3.1) lead

to such boundary interpolating subdivisions.

3.4 Summary

In this chapter, we presented our general construction for devising a BMR scheme from a given

set of symmetric/antisymmetric regular multiresolution filters. Our presented methodology

uses a compatible combination of symmetric/antisymmetric extensions near fine image, coarse

image, and detail boundaries, which correlate to performing sample split operations. We
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also provided a proof outline justifying our choice of symmetric extension for a balanced

decomposition leading to a perfect reconstruction without the use of extraordinary boundary

filters. Furthermore, we included two example BMR schemes devised by our method — one

for odd-width and another for even-width decomposition filter vectors.
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Chapter 4

Reversible Integer-to-Integer

Balanced Wavelet Transform

The balanced multiresolution (BMR) framework we presented in chapter 3 provides a

mathematically clean and computationally efficient way for on-demand reconstruction of

regions of interest (ROIs) in a low-resolution image from a previously constructed balanced

wavelet transform (BWT) of the high-resolution version of that image. However, the BWT

of an image consists of floating-point values (i.e. real values) as opposed to the original

image that is composed of integer intensity values. This happens because typically, the

decomposition filters used in the construction of BWTs are floating-point values. Therefore,

BWTs map real values (including integers) to real values in general. In this chapter, we extend

our BMR framework to construct reversible balanced integer wavelet transforms (BIWTs)

from a given symmetric/antisymmetric decomposition filter vector of width less or equal to

four.

4.1 Problem Definition

Given a symmetric/antisymmetric decomposition filter vector a with wa ≤ 4, devise a balanced

multiresolution scheme applicable to a column vector of fine (high-resolution) integer samples

F that satisfies:

(i) the decomposition of F produces a column vector of coarse (low-resolution) integer

samples C and a column vector of detail integer samples D, where C ≈ AF ′ (i.e. C

is approximately equal to AF ′), F → F ′ by the use of symmetric extensions at its

boundaries, and the nonzero entries in each row of A correspond to the regular filters
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in the given decomposition filter vector a;

(ii) sizeof(C) = sizeof(D) i.e. a balanced decomposition;

(iii) sizeof(C) + sizeof(D) = sizeof(F ) i.e. a compact representation of the resulting

balanced integer wavelet transform (BIWT);

(iv) the resulting BIWT is reversible i.e. F can be perfectly reconstructed from C ′ and D′,

where C→C ′ and D→D′ by the use of symmetric/antisymmetric extensions at their

boundaries; and

(v) no extraordinary boundary filters are used for the balanced decomposition and perfect

reconstruction of F .

4.2 Methodology

In this section, we explain and demonstrate by examples how our method achieves balanced

decomposition and subsequent perfect reconstruction while mapping integers to integers.

4.2.1 Balanced Decomposition

Method overview. Given a symmetric/antisymmetric decomposition filter vector a with

wa ≤ 4, to achieve a balanced decomposition of a column vector F containing an even number

of fine integer samples, first an extended column vector F ′ is obtained from F through

symmetric extension at its boundaries, based on the value and parity of wa, which represents

the width of a. Next, to obtain each coarse integer sample, we perturb the coarse real sample

suggested by a such that it becomes an integer. To accomplish this, we rewrite the linear

combination of the contributing fine integer samples suggested by a using optimal sample split

operations, with an added application of a rounding operator. This rewriting step translates

an intermediate integer sample, represented by an affine integer combination of some of the

contributing fine samples, to obtain the final coarse integer sample closely approximating the
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coarse real sample suggested by a. The translation vectors moving the intermediate integer

samples to the locations of the final coarse integer samples give us the detail integer samples.

Minimizing the length of such translation vectors dictates the optimality of the sample split

operations in the prior rewriting step. To guarantee local perfect reconstruction, we construct

every other detail sample differently, resulting in alternating rewriting steps for every other

coarse sample.

Demonstration by example. Before we outline the general construction for the balanced

decomposition process, here we demonstrate by means of an example how it works for a given

decomposition filter vector a. In this example, we consider the decomposition filter vector a

from the first equation in (3.1), which is a part of the short, local, regular multiresolution

filters of quadratic (third order) B-spline [SBO07, SB04]:

a =

[
−1

4
3
4

3
4
−1

4

]
. (4.1)

Recall from section 2.5 that filter vector a contain the nonzero entries in a representative row

of analysis filter matrix A.

For the sake of demonstration, assume that we are given a fine column vector of 2n integer

samples F =

[
f1 f2 . . . f2n

]T
for a suitably large n ∈ Z+, on which we have to perform a

balanced decomposition. Provided sizeof(F ) = 2n, a balanced decomposition should result

in column vectors of coarse integer samples C =

[
c1 c2 . . . cn

]T
and detail integer samples

D =

[
d1 d2 . . . dn

]T
.

First, we determine the number of extra samples required to obtain F ′ from F based

on value and parity of wa, for which we make use of equation 3.3. However, equation 3.3

also requires the value of wb, which represents the width of filter vector b. Recall from

section 2.5 that filter vector b contains the nonzero entries in a representative row of analysis

filter matrix B. Based on our proposed construction, the filter values in our intended b filter

vector operate on either some or all of the same fine integer samples that the filter values
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from a from equation (4.1) will operate on; therefore,

wb ≤ wa. (4.2)

Now, because wa = 4 for the given filter vector a, the inequality in (4.2) implies,

max(wa, wb) = 4. (4.3)

Furthermore, as stated in section 3.2.1, for the families of multiresolution filters we consider in

this thesis, wa and wb are either both even or both odd (see [SBO07, CDF92, Dau92, Mey90],

for example), which makes both wa and wb even in this example. Now, provided their even

parity and equation 4.3,

F ′ =

[
f1 f1 f2 . . . f2n f2n

]T
(4.4)

is obtained based on equation (3.3) to determine that two extra samples required for a

balanced decomposition and section 3.2.3 to use of half-sample symmetric extensions for

introducing the extra samples.

Next, based on the given decomposition filter vector a in equation (4.1), a real coarse

sample cri can be written as a linear combination of fine integer samples, fj, fj+1, fj+2, and

fj+3 as follows:

cri = −1

4
fj +

3

4
fj+1 +

3

4
fj+2 −

1

4
fj+3. (4.5)

Now, as suggested in the method overview above, we rewrite the right-hand side of equation 4.5

such that coarse real sample cri represents the translation an intermediate integer sample,

represented by an affine integer combination of some of the contributing fine samples, implying

cri = c′i + d′i, (4.6)

where c′i and d′i represent the intermediate integer sample and the translation vector, respec-

tively. Note that now applying a rounding operator on the translation vector d′i will produce

our intended coarse integer sample ci closely approximating the coarse real sample cri . This
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justifies the rewriting step of our methodology. Next, we want to obtain the corresponding

detail integer sample di. For this, we rewrite d′i in equation 4.6 as λdi, implying

cri = c′i + λdi, (4.7)

when substituted in equation 4.6, where λ ∈ R and the coefficients of the fine samples

contributing to di are all integers, making di an integer. The requirement that the co-

efficients in di are all integers in equation (4.7), however, restricts the family of given

symmetric/antisymmetric decomposition filter vectors that our method can process – if the

filter values in a are not rational numbers, formation of di with all integer coefficients in

equation (4.7) is not guaranteed.

With c′i and di both being integers in equation (4.7), the only term that contributes to

cri not always being an integer is the scalar value λ. Therefore, we adjust the length of the

translation vector λdi with a rounding operator (here, the floor operator) to obtain an integer

coarse sample ci as follows:

ci = c′i + bλdic . (4.8)

While forming the intermediate integer sample c′i in equation (4.7), we try to minimize

the value of detail integer sample di because smaller detail values contribute toward better

compression efficiency. Furthermore, because ci in equation (4.8) is obtained by rewriting

the linear combination of fine integer samples for cri from equation (4.5), with only an added

application of a rounding operator, we argue that ci is a good approximation of cri .

As indicated above, we want to find a c′i that optimally minimizes di. In other words, the

intended c′i should minimize ‖di‖2. From equation (4.7), we get,

di =
1

λ
(cri − c′i). (4.9)

Therefore,

min ‖di‖2 = min

∥∥∥∥1

λ
(cri − c′i)

∥∥∥∥
2

⇒ min ‖cri − c′i‖2. (4.10)
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We can write c′i from equation (4.7) as an affine integer combination of the involved fine

samples as follows:

c′i = α1fj + α2fj+1 + α3fj+2 + α4fj+3, (4.11)

where α1 + α2 + α3 + α4 = 1. Then by substituting the values of cri from equation (4.5) and

c′i from equation (4.11) in the function from (4.10), we get,

min ‖cri − c′i‖2

= min

∥∥∥∥(−1

4
fj +

3

4
fj+1 +

3

4
fj+2 −

1

4
fj+3

)
− (α1fj + α2fj+1 + α3fj+2 + α4fj+3)

∥∥∥∥
2

= min

∥∥∥∥(−1

4
− α1

)
fj +

(
3

4
− α2

)
fj+1 +

(
3

4
− α3

)
fj+2 +

(
−1

4
− α4

)
fj+3

∥∥∥∥
2

= min
{(
−1

4
− α1

)2
f 2
j +

(
3
4
− α2

)2
f 2
j+1 +

(
3
4
− α3

)2
f 2
j+2 +

(
−1

4
− α4

)2
f 2
j+3

}
. (4.12)

The assumption that the given fine integer samples are uniformly distributed allows treating

them as constants and makes the function in (4.12) imply

min

{(
−1

4
− α1

)2

+

(
3

4
− α2

)2

+

(
3

4
− α3

)2

+

(
−1

4
− α4

)2
}
. (4.13)

Because wa = 4 and the dilation factor is 2, the last wa−2 = 2 fine samples that contribute to

the construction of ci, namely fj+2 and fj+3, will also contribute as the first two fine samples

in the construction of ci+1. For this reason, in function (4.13), for c′i, we set α1 and α2 to 0

because they do not correspond to the last two fine samples contributing in the construction

of ci. For ci, that makes α3 + α4 = 1 in function (4.13), where α3, α4 ∈ Z6=0. We require α3

and α4 to be nonzero because we want the corresponding fine integer samples to contribute

in the construction of c′i. Alternatively, in function (4.13), for c′i+1, we set α3 and α4 to 0

because they do not correspond to the first two fine samples contributing in the construction

of ci+1. For ci+1, that makes α1 + α2 = 1, where α1, α2 ∈ Z6=0. The steps described in this

paragraph cause alternating definitions detail samples and makes local perfect reconstruction

possible. However, it affects the achievable minimum value of di in equation (4.8).
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As mentioned above, setting α1 and α2 to 0 in function (4.13), we obtain,

min

{
1

16
+

9

16
+

(
3

4
− α3

)2

+

(
−1

4
− α4

)2
}

⇒ min

{(
3

4
− α3

)2

+

(
−1

4
− α4

)2
}
. (4.14)

Provided α3 = 1− α4, by substituting the value of α3 in function (4.14), we get,

min

{(
3

4
− 1 + α4

)2

+

(
−1

4
− α4

)2
}

= min

{(
−1

4
+ α4

)2

+

(
−1

4
− α4

)2
}

= min

(
1

16
− 1

2
α4 + α2

4 +
1

16
+

1

2
α4 + α2

4

)
= min

(
2α2

4 +
1

8

)
(4.15)

Through a simple exhaustive search along the integer number line on both sides of 0, we find

that

min

(
2α2

4 +
1

8

)
=

17

8
, (4.16)

where α4 = −1, making α3 = 1− α4 = 2. Substituting the values of α1, α2, α3, and α4 in

equation (4.11), we get,

c′i = 2fj+2 − fj+3. (4.17)

If we rewrite the right-hand side of equation (4.5) in the form of that of equation (4.7) and

then substitute the value of c′i from equation (4.17), we get,

cri = (2fj+2 − fj+3) +
1

4
(−fj + 3fj+1 − 5fj+2 + 3fj+3) , (4.18)

revealing

λ =
1

4
(4.19)

and

di = −fj + 3fj+1 − 5fj+2 + 3fj+3. (4.20)
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jf

1jf 

2jf 

3jf 

ic

r

ic
id

(a) The coarse real sample cri is suggested by the given a as a linear combination of
fine integer samples fj . . . fj+3. Here, cri is shown as a translation of an intermediate
integer sample c′i, which is an affine integer combination of fj+2 and fj+3. λdi is
the associated translation vector, where di is our desired detail integer sample.

jf

1jf 

2jf 

3jf 

ic

ic
id  

(b) The length of the translation vector is adjusted using a floor operator to obtain
a coarse integer sample ci in place of the coarse real sample cri .

Figure 4.1: Construction of a coarse and a detail integer sample.
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Obtaining equation (4.18) from equation (4.5) is equivalent to employing two sample split

operations on fine integer samples fj+2 and fj+3. Finally, substituting the values of λ from

equation (4.19), c′i from equation (4.17), and di from equation (4.20) in equation (4.8), we

obtain the coarse integer sample,

ci = (2fj+2 − fj+3) +

⌊
1

4
(−fj + 3fj+1 − 5fj+2 + 3fj+3)

⌋
. (4.21)

Fig. 4.1 shows pictorial representations of cri , λdi, c
′
i, and ci from equations (4.18), (4.19),

(4.20), (4.17), and (4.21), respectively, in an attempt to demonstrate how ci and di are

constructed.

Now, in a similar manner, based on the next coarse real sample,

cri+1 = −1

4
fj+2 +

3

4
fj+3 +

3

4
fj+4 −

1

4
fj+5, (4.22)

we can show that the next coarse integer sample,

ci+1 = (−fj+2 + 2fj+3) +

⌊
1

4
(3fj+2 − 5fj+3 + 3fj+4 − fj+5)

⌋
, (4.23)

where

c′i+1 = α1fj+2 + α2fj+3 + α3fj+4 + α4fj+5 = −fj+2 + 2fj+3 (4.24)

with α1 = −1, α2 = 2, α3 = 0, and α4 = 0, and

di+1 = 3fj+2 − 5fj+3 + 3fj+4 − fj+5. (4.25)

It is important to note that while finding the values of α1 and α2 for ci+1, we enforce that

vector [ α1 α2 ] for c′i+1 is linearly independent of the vector [ α3 α4 ] for c′i. This allows us

to form linear systems of independent equations for the perfect reconstruction of fine integer

samples, fj+2 and fj+3, as demonstrated later in section 4.2.2.

For demonstration purposes, based on the the definitions of F ′, ci, and ci+1 in equa-

tions (4.4), (4.21) and (4.23), respectively, we show a balanced decomposition of 16 fine integer

samples i.e. for n = 16 in (D.3). The relationship between the indices of the coarse and detail
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integer samples and the corresponding fine integer samples in (D.3) allows us to generalize

the recipe for the devised balanced decomposition method for the given decomposition filter

vector a as follows:

c1 = (−f1 + 2f1) +

1
4

(3f1 − 5f1 + 3f2 − f3)︸ ︷︷ ︸
d1

,
c2 = (2f4 − f5) +

1
4

(−f2 + 3f3 − 5f4 + 3f5)︸ ︷︷ ︸
d2

 ,
...

ci = (2f2i − f2i+1) +

1
4

(−f2i−2 + 3f2i−1 − 5f2i + 3f2i+1)︸ ︷︷ ︸
di

,
ci+1 = (−f2i + 2f2i+1) +

1
4

(3f2i − 5f2i+1 + 3f2i+2 − f2i+3)︸ ︷︷ ︸
di+1

,
...

cn−1 = (−f2n−4 + 2f2n−3) +

1
4

(3f2n−4 − 5f2n−3 + 3f2n−2 − f2n−1)︸ ︷︷ ︸
dn−1

,
cn = (2f2n − f2n) +

1
4

(−f2n−2 + 3f2n−1 − 5f2n + 3f2n)︸ ︷︷ ︸
dn

.

(4.26)

Because the indices of coarse, detail, and fine integer samples in (4.26) are all written in

terms of i, where i is an even index in {2, . . . , n}, it facilitates straightforward, on-demand,

random-access to the coarse and detail integer samples corresponding to fine integer samples

of interest. From application point of view, it makes locating detail integer samples of interest

within the hierarchy of details in a BIWT simple and efficient.

For another example of balanced decomposition using given Haar decomposition filters

[Haa10, SDS96], see the second and third columns of table C.1.

General construction. Now we present our general approach for achieving a balanced

decomposition. Given the symmetric/antisymmetric decomposition filter vector,

a =

[
a1 a2 . . . ak

]
(4.27)
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with k ≤ 4, containing only regular filters, carry out the following steps to achieve a balanced

decomposition of a fine column vector of integer samples,

F =

[
f1 f2 . . . f2n

]T
, (4.28)

where sizeof(F ) = 2n for a suitably large n ∈ Z+.

1. Assuming wb ≤ wa, determine x, the number of extra samples required for a balanced

decomposition using equation (3.3).

2. Assuming wb will have the same parity as wa, if wa is even, extend F with x extra

samples using half-sample symmetric extension to obtain F ′. Use whole-sample symmetric

extension instead if wa is odd. Justification for our choice of symmetric extension can be

found in section 3.2.3. To avoid giving inconsistent importance to any end (boundary)

of F :

(a) If x is even, introduce x/2 samples at each end of F .

(b) If x is odd, introduce bx/2c samples at one end and bx/2c+ 1 samples at the other

end of F . Let us refer to the end at which bx/2c+1 samples are introduced as the odd

end. Alternate between the ends of F as the choice of the odd end during multiple

levels of decomposition.

3. Find

m = max(1,m′) (4.29)

where m′ consecutive fine integer samples contribute in the construction of m′ consecutive

coarse real samples for wa = k and dilation factor of 2. Here, m ∈ Z+ and m < k.

(In the example above for the given decomposition filter vector in equation (4.1), m = 2.)

4. Rewrite each linear combination of fine integer samples suggested by the given decomposi-

61



tion filter vector a for a local neighbourhood of m coarse real samples,
cri
...

cri+m−1

 =


a1fj + a2fj+1 + . . .+ akfj+k−1

...

a1fj+2m−2 + a2fj+2m−1 + . . .+ akfj+2m+k−3

 (4.30)

as a translation of an intermediate integer sample by a vector, implying
cri
...

cri+m−1

 =


c′i
...

c′i+m−1


︸ ︷︷ ︸
Intermediate
integer samples

+λ


di
...

di+m−1


︸ ︷︷ ︸

Translation
vectors

, (4.31)

where the corresponding m intermediate integer samples,
c′i
...

c′i+m−1

 =


α11fj+k−m + . . .+ α1mfj+k−1

...

αm1fj+k−m + . . .+ αmmfj+k−1

 (4.32)

and the corresponding m detail integer samples,
di
...

di+m−1

 =


β11fj + β12fj+1 + . . .+ β1kfj+k−1

...

βm1fj+2m−2 + βm2fj+2m−1 + . . .+ βmkfj+2m+k−3

, (4.33)

such that:

(a) each element of

[
c′i c

′
i+1 . . . c′i+m−1

]T
in equation (4.32) is an integer affine combi-

nation of the same m consecutive fine integer samples fj+k−m, . . . , fj+k−1, implying


α11 + . . .+ α1m = 1,

...

αm1 + . . .+ αmm = 1,

(4.34)

where αxy ∈ Z6=0 for x, y ∈ {1, . . . ,m};
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(b) the m vectors formed by the coefficients of the fine integer samples fj+k−m, . . . , fj+k−1

in equation (4.32) are linearly independent i.e. the following vectors are linearly

independent: 
[α11 . . . α1m] ,

...

[αm1 . . . αmm] ;

(4.35)

(c) for each of the m detail samples in

[
di di+1 . . . di+m−1

]T
from equation (4.33), the

coefficients of all contributing fine integer samples are integers i.e. in equation (4.33),

βxy ∈ Z for x, y ∈ {1, . . . , k}, making each detail sample an integer; here, (4.34)

implies that 
β11 + β12 + . . .+ β1k = 0,

...

βm1 + βm2 + . . .+ βmk = 0,

(4.36)

because in equation (4.27), a1 + a2 + . . .+ ak = 1; and

(d) each element of

[
di di+1 . . . di+m−1

]T
is minimized by evaluating the function,

min




cri
...

cri+m−1

−


c′i
...

c′i+m−1


. (4.37)

(In the example above for the given decomposition filter vector in equation (4.1), equa-

tions (4.5) and (4.22) for fine real samples correspond to equation (4.30), equations (4.17)

and (4.24) for obtaining intermediate integer samples correspond to equation (4.32),

and equations (4.20) and (4.25) for obtaining detail integer samples correspond to equa-

tion (4.33) at this step.)

5. By applying a rounding operator (here, the floor operator) on the second term in right-

hand side of equation (4.31), obtain the corresponding local neighbourhood of m coarse
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integer samples as
ci
...

ci+m−1

 =


c′i
...

c′i+m−1

+

λ


di
...

di+m−1




⇒


ci
...

ci+m−1

 =


α11fj+k−m + . . .+ α1mfj+k−1

...

αm1fj+k−m + . . .+ αmmfj+k−1

+

λ


di
...

di+m−1


, (4.38)

after substituting the value of

[
c′i c

′
i+1 . . . c′i+m−1

]T
from equation (4.32). In equa-

tion (4.38), the floor operator on λ

[
di di+1 . . . di+m−1

]T
works elementwise i.e. it results

in

[
bλdic bλdi+1c . . . bλdi+m−1c

]T
.

(In the example above for the given decomposition filter vector in equation (4.1), equa-

tions (4.21) and (4.23) for obtaining coarse integer samples correspond to equation (4.38)

at this step.)

6. Keeping the values of αxy ∈ Z6=0 for x, y ∈ {1, . . . ,m} and βxy ∈ Z for x, y ∈ {1, . . . , k}

constant, use equations (4.33) and (4.38) to respectively obtain m detail integer samples

and m coarse integer samples for each of the n/m representative m-sample neighbourhood

of coarse real samples suggested by the application of a on F ′. This will result in n coarse

integer samples and n detail integer samples to respectively form the column vectors C

and D referred to in section 4.1 as

C =

[
c1 c2 . . . cn

]T
(4.39)

and

D =

[
d1 d2 . . . dn

]T
, (4.40)

yielding a balanced decomposition of the column vection of 2n fine integer samples F .
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4.2.2 Perfect Reconstruction

Method overview. Given the column vectors of coarse and detail integer samples C and

D from a prior balanced decomposition of a column vector of fine integer samples F , to

achieve a perfect reconstruction of F , we first reconstruct as many interior samples of F as

possible taking each k-sample neighbourhood of F into consideration, where k = wa. During

the prior balanced decomposition, if m fine integer samples, where m < k, contributed to

the construction of each intermediate integer sample like ci in equation (4.17), we form and

symbolically solve an m×m system of linear equations based on the construction of those

intermediate integer samples to reconstruct the m contributing fine integer samples in a

representative k-sample neighbourhood of F . Next, to reconstruct the other k − m fine

integer samples in the k-sample neighbourhood, we form and symbolically solve another

(k −m)× (k −m) system of linear equations based on the prior construction of k −m detail

samples from k−m consecutive, overlapping k-sample neighbourhood of F . At this point, we

will have a general recipe to perfectly reconstruct an interior k-sample neighbourhood of F .

Finally, if applicable, to perfectly reconstruct the fine integer samples at each boundary

of F , we symbolically solve one or more square systems of linear equations that are formed

based on the prior construction of some coarse and detail boundary integer samples, to which

the unknown fine boundary samples made contributions. By means of sample split operations,

we then rewrite the obtained symbolic solutions for the fine boundary samples to match the

corresponding parts of the previously obtained general recipe for the reconstruction of an

interior k-sample neighbourhood of F . This rewriting step reveals how many extra samples

must be introduced via what types of symmetric/antisymmetric extensions to obtain C ′ and

D′ from C and D, respectively, to avoid the use of extraordinary boundary reconstruction

filters and rounding operators.

Demonstration by example. Here we demonstrate how we perform a perfect reconstruction

of F following its balanced decomposition into C and D by means of an example, before
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giving the general construction for our perfect reconstruction process. This example to

demonstrate our perfect reconstruction process is an extension of the example shown in

section 4.2.1. Therefore, from the resulting column vectors of coarse integer samples C

from equation (4.39) and detail integer samples D from equation (4.40), we now want to

reconstruct the corresponding column vector of fine integer samples F as in equation (4.28).

Based on the definitions of ci and ci+1 from the general recipe for balanced decomposition

in (4.26) for the given decomposition filter vector a in equation (4.1), we can form the

following linear system of two equations with two unknowns, f2i and f2i+1, where i is an even

index in {2, . . . , n}: 
2f2i − f2i+1 = ci −

⌊
di
4

⌋
,

−f2i + 2f2i+1 = ci+1 −
⌊
di+1

4

⌋
.

(4.41)

Symbolically solving the 2× 2 system in (4.41) provides us with the following general recipe

for perfectly reconstructing the fine integer samples, f2i and f2i+1: f2i = 2
3
ci + 1

3
ci+1 − 2

3

⌊
di
4

⌋
− 1

3

⌊
di+1

4

⌋
,

f2i+1 = 1
3
ci + 2

3
ci+1 − 1

3

⌊
di
4

⌋
− 2

3

⌊
di+1

4

⌋
.

(4.42)

Based on the general recipe in (4.42), we can obtain the fine integer samples, f2i−4 and f2i−3

as follows:  f2i−4 = 2
3
ci−2 + 1

3
ci−1 − 2

3

⌊
di−2

4

⌋
− 1

3

⌊
di−1

4

⌋
,

f2i−3 = 1
3
ci−2 + 2

3
ci−1 − 1

3

⌊
di−2

4

⌋
− 2

3

⌊
di−1

4

⌋
.

(4.43)

Now that f2i−4, f2i−3, f2i, and f2i+1 are all known, based on the definitions of di−1 and di

from the general recipe in (4.26), we can form the following linear system of two equations

with two unknowns, f2i−2 and f2i−1:
3f2i−2 − f2i−1 = di−1 − 3f2i−4 − 5f2i−3,

−f2i−2 + 3f2i−1 = di + 5f2i − 3f2i+1.

(4.44)

Symbolically solving the 2× 2 system in (4.44) provides the following general recipe for the
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perfect reconstruction of interior fine integer samples, f2i−2 and f2i−1: f2i−2 = −1
8
ci−2 + 7

8
ci−1 + 7

24
ci − 1

24
ci+1 + 3

8
di−1 + 1

8
di + 1

8

⌊
di−2

4

⌋
− 7

8

⌊
di−1

4

⌋
− 7

24

⌊
di
4

⌋
+ 1

24

⌊
di+1

4

⌋
,

f2i−1 = − 1
24
ci−2 + 7

24
ci−1 + 7

8
ci − 1

8
ci+1 + 1

8
di−1 + 3

8
di + 1

24

⌊
di−2

4

⌋
− 7

24

⌊
di−1

4

⌋
− 7

8

⌊
di
4

⌋
+ 1

8

⌊
di+1

4

⌋
.

(4.45)

Putting together the general recipes from (4.43) and (4.45), we get the following general

recipe for perfectly reconstructing a representative 4-sample interior neighbourhood of F :

f2i−2 = −1
8
ci−2 + 7

8
ci−1 + 7

24
ci − 1

24
ci+1 + 3

8
di−1 + 1

8
di + 1

8

⌊
di−2

4

⌋
− 7

8

⌊
di−1

4

⌋
− 7

24

⌊
di
4

⌋
+ 1

24

⌊
di+1

4

⌋
,

f2i−1 = − 1
24
ci−2 + 7

24
ci−1 + 7

8
ci − 1

8
ci+1 + 1

8
di−1 + 3

8
di + 1

24

⌊
di−2

4

⌋
− 7

24

⌊
di−1

4

⌋
− 7

8

⌊
di
4

⌋
+ 1

8

⌊
di+1

4

⌋
,

f2i = 2
3
ci + 1

3
ci+1 − 2

3

⌊
di
4

⌋
− 1

3

⌊
di+1

4

⌋
,

f2i+1 = 1
3
ci + 2

3
ci+1 − 1

3

⌊
di
4

⌋
− 2

3

⌊
di+1

4

⌋
.

(4.46)

Here we care about a 4-sample neighbourhood because for the given decomposition filter

vector a, wa = 4.

Next, we reconstruct the first fine integer boundary sample f1 based on the construction

of c1 in (4.26) as follows:

−f1 + 2f1 = c1 −
⌊
d1
4

⌋
⇒ f1 = c1 −

⌊
d1
4

⌋
. (4.47)

Finding c1 this way is equivalent to solving a 1× 1 system of linear equation. The right-hand

side of equation (4.47) can be rewritten via two sample split operations as follows:

f1 =
1

3
c1 +

2

3
c1 −

1

3

⌊
d1
4

⌋
− 2

3

⌊
d1
4

⌋
, (4.48)

yielding the use of half-sample symmetric extensions for the corresponding boundaries of C

and D to be able to only use regular reconstruction filters used in (4.46) for reconstruction

purposes (more specifically, compare the definition of f1 from equation (4.48) with the

definition of f2i+1 in (4.46)). Furthermore, the reconstruction of the next two fine integer

boundary samples, f2 and f3 requires symbolically solving the following 2× 2 system of linear

equations like that in (4.44), formed based on the construction of d1 and d2 in (4.26): 3f2 − f3 = d1 − 3f1 + 5f1,

−f2 + 3f3 = d2 − 5f4 + 3f5.
(4.49)
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In (4.49), f1 is known from equation (4.48), and f4 and f5 are known as follows, based on

the general recipe for the perfect reconstruction of interior fine integer samples in (4.46): f4 = 2
3
c2 + 1

3
c3 − 2

3

⌊
d2
4

⌋
− 1

3

⌊
d3
4

⌋
,

f5 = 1
3
c2 + 2

3
c3 − 1

3

⌊
d2
4

⌋
− 2

3

⌊
d3
4

⌋
.

Then by symbolically solving the 2× 2 system in (4.49), we obtain f2 = 3
4
c1 + 7

24
c2 − 1

24
c3 + 3

8
d1 + 1

8
d2 − 3

4

⌊
d1
4

⌋
− 7

24

⌊
d2
4

⌋
+ 1

24

⌊
d3
4

⌋
,

f3 = 1
4
c1 + 7

8
c2 − 1

8
c3 + 1

8
d1 + 3

8
d2 − 1

4

⌊
d1
4

⌋
− 7

8

⌊
d2
4

⌋
+ 1

8

⌊
d3
4

⌋
,

(4.50)

and rewrite them via sample split operations as f2 = −1
8
c1 + 7

8
c1 + 7

24
c2 − 1

24
c3 + 3

8
d1 + 1

8
d2 + 1

8

⌊
d1
4

⌋
− 7

8

⌊
d1
4

⌋
− 7

24

⌊
d2
4

⌋
+ 1

24

⌊
d3
4

⌋
,

f3 = − 1
24
c1 + 7

24
c1 + 7

8
c2 − 1

8
c3 + 1

8
d1 + 3

8
d2 + 1

24

⌊
d1
4

⌋
− 7

24

⌊
d1
4

⌋
− 7

8

⌊
d2
4

⌋
+ 1

8

⌊
d3
4

⌋
,

(4.51)

to only use regular reconstruction filters used in (4.46).

In a similar manner, we can determine last three fine integer boundary samples, namely,

f2n−2, f2n−1, and f2n at the other boundary of F . Putting them all together with the

findings from (4.46), (4.48), and (4.51), provides the following general recipe for the perfect

reconstruction of F from C ′ =

[
c1 c1 c2 . . . cn cn

]T
and detail integer samples D′ =
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[
d1 d1 d2 . . . dn dn

]T
:



f1 = 1
3
c1 + 2

3
c1 − 1

3

⌊
d1
4

⌋
− 2

3

⌊
d1
4

⌋
,

f2 = −1
8
c1 + 7

8
c1 + 7

24
c2 − 1

24
c3 + 3

8
d1 + 1

8
d2 + 1

8

⌊
d1
4

⌋
− 7

8

⌊
d1
4

⌋
− 7

24

⌊
d2
4

⌋
+ 1

24

⌊
d3
4

⌋
,

f3 = − 1
24
c1 + 7

24
c1 + 7

8
c2 − 1

8
c3 + 1

8
d1 + 3

8
d2 + 1

24

⌊
d1
4

⌋
− 7

24

⌊
d1
4

⌋
− 7

8

⌊
d2
4

⌋
+ 1

8

⌊
d3
4

⌋
,

...

f2i−2 = −1
8
ci−2 + 7

8
ci−1 + 7

24
ci − 1

24
ci+1 + 3

8
di−1 + 1

8
di + 1

8

⌊
di−2

4

⌋
− 7

8

⌊
di−1

4

⌋
− 7

24

⌊
di
4

⌋
+ 1

24

⌊
di+1

4

⌋
,

f2i−1 = − 1
24
ci−2 + 7

24
ci−1 + 7

8
ci − 1

8
ci+1 + 1

8
di−1 + 3

8
di + 1

24

⌊
di−2

4

⌋
− 7

24

⌊
di−1

4

⌋
− 7

8

⌊
di
4

⌋
+ 1

8

⌊
di+1

4

⌋
,

f2i = 2
3
ci + 1

3
ci+1 − 2

3

⌊
di
4

⌋
− 1

3

⌊
di+1

4

⌋
,

f2i+1 = 1
3
ci + 2

3
ci+1 − 1

3

⌊
di
4

⌋
− 2

3

⌊
di+1

4

⌋
,

...

f2n−2 = −1
8
cn−2 + 7

8
cn−1 + 7

24
cn − 1

24
cn + 3

8
dn−1 + 1

8
dn + 1

8

⌊
dn−2

4

⌋
− 7

8

⌊
dn−1

4

⌋
− 7

24

⌊
dn
4

⌋
+ 1

24

⌊
dn
4

⌋
,

f2n−1 = − 1
24
cn−2 + 7

24
cn−1 + 7

8
cn − 1

8
cn + 1

8
dn−1 + 3

8
dn + 1

24

⌊
dn−2

4

⌋
− 7

24

⌊
dn−1

4

⌋
− 7

8

⌊
dn
4

⌋
+ 1

8

⌊
dn
4

⌋
,

f2n = 2
3
cn + 1

3
cn − 2

3

⌊
dn
4

⌋
− 1

3

⌊
dn
4

⌋
.

(4.52)

For another example of perfect reconstruction following a balanced decomposition using

given Haar decomposition filters [Haa10, SDS96], see the second and third columns of

table C.1.

General construction. Now we describe our general approach to achieve perfect recon-

struction. Carry out the following steps to perfectly reconstruct the column vector of 2n fine

samples F as in equation (4.28) from its prior balanced decomposition into column vectors

of n coarse integer samples C as in equation (4.39) and n detail integer samples D as in

equation (4.40).

1. Assume that F =

[
Fl

T Fm
T Fr

T

]T
, where Fl

T and Fr
T respectively contain zero or more

samples at the left and right boundaries of F T , and Fm contains the remaining interior

samples of F . Provided wa = k, to devise a general recipe for the perfect reconstruction

of a k-sample neighbourhood of Fm:
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(a) Form the following m ×m system of linear equations based on how a local neigh-

bourhood of m coarse integer samples was constructed in equation (4.38) during the

balanced decomposition process:
α11fj+k−m + . . .+ α1mfj+k−1

...

αm1fj+k−m + . . .+ αmmfj+k−1

 =


ci
...

ci+m−1

−
λ


di
...

di+m−1


. (4.53)

Solving the m×m system in equation (4.53) will provide a general recipe for perfectly

reconstructing the m fine samples, fj+k−m, . . . , fj+k−1 from a representative k-sample

neighbourhood of Fm.

(b) To devise a general recipe for perfectly reconstructing the remaining k − m fine

samples, fj, . . . , fj+k−m−1 in a representative k-sample neighbourhood of Fm, form

and symbolically another (k − m) × (k − m) system of linear equations based on

the prior construction of k −m detail samples from k −m consecutive, overlapping

k-sample neighbourhood of F :
β11fj + β12fj+1 + . . .+ β1kfj+k−1

...

βm1fj+2m−2 + βm2fj+2m−1 + . . .+ βmkfj+2m+k−3

 =


di
...

di+m−1

. (4.54)

While forming the (k − m) × (k − m) system of linear equations, substitute the

symbolic solution for each fine sample for which the general recipe is already known

from either step 1(a).

(In the example above, we had Fl =

[
f1 f2 f3

]T
, Fm =

[
f4 f5 . . . f2n−3

]T
, and

Fr =

[
f2n−2 f2n−1 f2n

]T
. The 2 × 2 systems in (4.41) and (4.44) were formed and

symbolically solved as per steps 1(a) and 1(b), respectively.)

2. Provided Fl is not empty, to reconstruct the samples in Fl:
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(a) Form and symbolically solve one or more square systems of linear equations based on

the prior construction of some coarse and detail boundary integer samples, to which

the fine samples in Fl made some contributions during the decomposition process.

While forming these square systems of linear equations, substitute the symbolic

solution for each fine sample for which the general recipe is already known from either

step 1 or the already completed part of this current step.

(For example, see the 1×1 system in equation (4.47) and the 2×2 system in (4.49).)

(b) Solving the systems formed in step 2(a) symbolically will evaluate each sample in Fl

as a symbolic solution in terms of some boundary samples from C and D.

(For example, see equation (4.47) and the two equations in (4.50).)

(c) Rewrite the symbolic solution(s) referred to in step 2(b) using the regular recon-

struction filters used in the general recipe obtained for a representative k-sample

neighbourhood of Fm in step 1. Such rewriting here correlates to performing sample

split operations. This will reveal the following two pieces of information applicable to

the left boundaries of C and D for a perfect reconstruction: (i) the type of symmet-

ric/antisymmetric extension that must be used and (ii) the number of extra samples

that must be to introduced to avoid the use of extraordinary boundary reconstruction

filters and operators.

(For example, see equation (4.48) and the equations in (4.51).)

3. Use an approach similar to that in step 2 to reconstruct the samples in Fr if Fr is not

empty.

Note that steps 2-3 above allow the generation of C ′ and D′ respectively from C and D,

such that condition (iv) of the problem definition given in section 4.1 is satisfied.
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4.2.3 Error Metric

The error caused by the use rounding operator in our proposed balanced decomposition

process can be characterized by the column vector of scalars

E =

[
e1 e2 . . . en

]T
= AF ′ − C,

where |ei| < 1 with i ∈ {1 . . . n} for a suitably large n ∈ Z+. Here, ei = cri − ci, is a vector

representing the difference between the coarse real sample cri (an element of AF ′) and the

obtained coarse integer sample ci.

4.3 Discussion

In this section, we explain how our presented decomposition and reconstruction processes

differ from those in a conventional multiresolution framework governed by equations (2.6),

(2.7), and (2.8). If we disregard the effect of rounding operator in our presented balanced

decomposition and perfect reconstruction processes applicable to BIWTs, we end up with a

multiresolution framework represented by the following three equations, like those for our

balanced multiresolution framework in section 3.1, analogous to equations (2.6), (2.7), and

(2.8), respectively:

C = AF ′, (4.55)

D = B∗F ′, (4.56)

F = P∗C ′ + Q∗D′. (4.57)

Note that in equations (4.55) and (4.56), C and D are columns vectors of coarse and detail

real samples, respectively, due to disregarding the effect of rounding operator.

The nonzero entries in a representative row of the analysis filter matrix A in equation (4.55)

is represented by the given symmetric/antisymmetric filter vector a. However, our presented

framework forms and uses a new analysis filter matrix B∗ in equation (4.56) and new synthesis
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filter matrices P∗ and Q∗ in equation (4.57). The B∗, P∗, and Q∗ filter matrices are still of

banded, repetitive, and slanted structure but each of them will require two filter vectors to

represent the nonzero entries in their alternating representative columns. Let us demonstrate

that by example. For the balanced decomposition example in section 4.2.1, equations (4.55)

and (4.56) with the corresponding values of each filter matrix and column vector of samples

substituted will look like



c1

c2
...

cn


=


−1

4
3
4

3
4
−1

4
0 0 0 · · ·

0 0 −1
4

3
4

3
4
−1

4
0 · · ·

...
...

...
...

...
...

...
. . .





f1

f1

f2
...

f2n−1

f2n

f2n


and



d1

d2
...

dn


=


3 −5 3 −1 0 0 0 · · ·

0 0 −1 3 −5 3 0 · · ·

...
...

...
...

...
...

...
. . .





f1

f1

f2
...

f2n−1

f2n

f2n



, (4.58)

respectively, where the decomposition filter vectors are as follows:

a =

[
−1

4
3
4

3
4
−1

4

]
,

bodd = b =

[
3 −5 3 −1

]
,

beven = bR =

[
−1 3 −5 3

]
.

(4.59)
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Here, the nonzero entries in alternating representative rows of B∗ are represented by decom-

position filter vectors bodd = b and beven = bR, meaning that b and bR represent the nonzero

entries in the odd and even numbered rows of B∗, respectively. On the other hand, for the

perfect reconstruction example in section 4.2.2, if we disregard the rounding operations in

(4.52), we obtain

f1 = 1
3
c1 + 2

3
c1 − 1

12
d1 − 1

6
d1,

f2 = −1
8
c1 + 7

8
c1 + 7

24
c2 − 1

24
c3 + 1

32
d1 + 5

32
d1 + 5

96
d2 + 1

96
d3,

f3 = − 1
24
c1 + 7

24
c1 + 7

8
c2 − 1

8
c3 + 1

96
d1 + 5

96
d1 + 5

32
d2 + 1

32
d3,

...

f2i−2 = −1
8
ci−2 + 7

8
ci−1 + 7

24
ci − 1

24
ci+1 + 1

32
di−2 + 5

32
di−1 + 5

96
di + 1

96
di+1,

f2i−1 = − 1
24
ci−2 + 7

24
ci−1 + 7

8
ci − 1

8
ci+1 + 1

96
di−2 + 5

96
di−1 + 5

32
di + 1

32
di+1,

f2i = 2
3
ci + 1

3
ci+1 − 1

6
di − 1

12
di+1,

f2i+1 = 1
3
ci + 2

3
ci+1 − 1

12
di − 1

6
di+1,

...

f2n−2 = −1
8
cn−2 + 7

8
cn−1 + 7

24
cn − 1

24
cn + 1

32
dn−2 + 5

32
dn−1 + 5

96
dn + 1

96
dn,

f2n−1 = − 1
24
cn−2 + 7

24
cn−1 + 7

8
cn − 1

8
cn + 1

96
dn−2 + 5

96
dn−1 + 5

32
dn + 1

32
dn,

f2n = 2
3
cn + 1

3
cn − 1

6
dn − 1

12
dn,

(4.60)

74



leading to



f1

f2
...

f2n


=



1
3

2
3

0 0 0 0 · · · 0 0 0 0

−1
8

7
8

7
24
− 1

24
0 0 · · · 0 0 0 0

− 1
24

7
24

7
8
−1

8
0 0 · · · 0 0 0 0

0 0 2
3

1
3

0 0 · · · 0 0 0 0

0 0 1
3

2
3

0 0 · · · 0 0 0 0

0 0 −1
8

7
8

7
24
− 1

24
· · · 0 0 0 0

0 0 − 1
24

7
24

7
8
−1

8
· · · 0 0 0 0

...
...

...
...

...
...

. . .
...

...
...

...

0 0 0 0 0 0 · · · 1
3

2
3

0 0

0 0 0 0 0 0 · · · −1
8

7
8

7
24
− 1

24

0 0 0 0 0 0 · · · − 1
24

7
24

7
8
−1

8

0 0 0 0 0 0 · · · 0 0 2
3

1
3





c1

c1

c2
...

cn

cn



+



− 1
12
−1

6
0 0 0 0 · · · 0 0 0 0

1
32

5
32

5
96

1
96

0 0 · · · 0 0 0 0

1
96

5
96

5
32

1
32

0 0 · · · 0 0 0 0

0 0 −1
6
− 1

12
0 0 · · · 0 0 0 0

0 0 − 1
12
−1

6
0 0 · · · 0 0 0 0

0 0 1
32

5
32

5
96

1
96
· · · 0 0 0 0

0 0 1
96

5
96

5
32

1
32
· · · 0 0 0 0

...
...

...
...

...
...

. . .
...

...
...

...

0 0 0 0 0 0 · · · − 1
12
−1

6
0 0

0 0 0 0 0 0 · · · 1
32

5
32

5
96

1
96

0 0 0 0 0 0 · · · 1
96

5
96

5
32

1
32

0 0 0 0 0 0 · · · 0 0 −1
6
− 1

12





d1

d1

d2
...

dn

dn


,

(4.61)

for equation (4.57) with the corresponding values of each filter matrix and column vector of
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samples substituted. For P∗ and Q∗ in equation (4.61), the reconstruction filter vectors are

podd = p =

[
7
24

7
8

2
3

1
3
−1

8
− 1

24

]
,

peven = pR =

[
− 1

24
−1

8
1
3

2
3

7
8

7
24

]
,

qodd = q =

[
5
96

5
32
−1

6
− 1

12
1
32

1
96

]
,

qeven = qR =

[
1
96

1
32
− 1

12
−1

6
5
32

5
96

]
.

(4.62)

Therefore, the nonzero entries in alternating representative columns of P∗ are represented by

reconstruction filter vectors podd = p and peven = pR, meaning that p and pR represent the

nonzero entries in the odd and even numbered columns of P∗, respectively. Likewise, q and

qR represent the nonzero entries in the odd and even numbered columns of Q∗, respectively.

Note that only a in (4.59) is symmetric; b in (4.59) and p and q in (4.62) are neither

symmetric nor antisymmetric. However, still the alternating representative row setup for

B∗ in equation (4.58) and the alternating representative columns setup for P∗ and Q∗

in equation (4.61) managed to use symmetric extensions for extending C, D, and F to

offer a balanced decomposition and subsequent perfect reconstruction without the use of

any extraordinary boundary filters. This constitutes an important finding with regards to

extending the family of multiresolution filter vectors for which we can consider devising

balanced multiresolution schemes without introducing extraordinary boundary filters.

On a separate note, in our presented general construction for a balanced decomposition,

it is possible to set the m consecutive, intermediate integer samples in equation (4.32) to m

consecutive fine integer samples i.e.
c′i
...

c′i+m−1

 =


fj+k−m

...

fj+k−1

. (4.63)

Such a setup requires symbolically solving m 1 × 1 systems instead of one m ×m system

in step 1(a) of the general construction for devising the recipe for perfect reconstruction we
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presented in section 4.2.2. The general recipe for a balanced decomposition under such a

setup for the give decomposition filter vector in equation (4.1) will look like

c1 = f1 +

1
4

(−f1 − f1 + 3f2 − f3)︸ ︷︷ ︸
d1

,
c2 = f4 +

1
4

(−f2 + 3f3 − f4 − f5)︸ ︷︷ ︸
d2

,
...

ci = f2i +

1
4

(−f2i−2 + 3f2i−1 − f2i − f2i+1)︸ ︷︷ ︸
di

,
ci+1 = f2i+1 +

1
4

(−f2i − f2i+1 + 3f2i+2 − f2i+3)︸ ︷︷ ︸
di+1

,
...

cn−1 = f2n−3 +

1
4

(−f2n−4 − f2n−3 + 3f2n−2 − f2n−1)︸ ︷︷ ︸
dn−1

,
cn = f2n +

1
4

(−f2n−2 + 3f2n−1 − f2n − f2n)︸ ︷︷ ︸
dn

,

(4.64)
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with the corresponding general recipe for a perfect reconstruction as follows:

f1 = c1 −
⌊
d1
4

⌋
,

f2 = 3
8
c1 + 3

8
c1 + 1

8
c2 + 1

8
c3 + 3

8
d1 + 1

8
d2 − 3

8

⌊
d1
4

⌋
− 3

8

⌊
d1
4

⌋
− 1

8

⌊
d2
4

⌋
− 1

8

⌊
d3
4

⌋
,

f3 = 1
8
c1 + 1

8
c1 + 3

8
c2 + 3

8
c3 + 1

8
d1 + 3

8
d2 − 1

8

⌊
d1
4

⌋
− 1

8

⌊
d1
4

⌋
− 3

8

⌊
d2
4

⌋
− 3

8

⌊
d3
4

⌋
,

...

f2i−2 = 3
8
ci−2 + 3

8
ci−1 + 1

8
ci + 1

8
ci+1 + 3
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(4.65)

In (4.64) and (4.65), i is an even index in {2, . . . , n} for a suitably large n ∈ Z+.

4.4 Summary

In this chapter, we presented our general construction for devising an integer-to-integer BMR

scheme for a given symmetric/antisymmetric decomposition filter vector of width less or

equal to four. Our proposed methodology for achieving a balanced decomposition involves

rewriting the linear combination of fine samples suggested by the given decomposition filter

vector as the translation of an intermediate integer sample, which is represented by an

affine integer combination of some of the involved fine samples. This allows us to obtain an

intended coarse integer sample by applying a rounding operator on the associated translation

vector. Next, to obtain the corresponding detail integer sample, the un-rounded translation

vector is rewritten as the product of a scalar and the intended detail integer sample. Our

presented methodology algebraically devises the recipe for a subsequent perfect reconstruction
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by solving some square systems of linear equations formed based on the prior construction of

coarse and detail integer samples. Like our original BMR framework presented in chapter 3,

here also we used a compatible combination of symmetric/antisymmetric extensions near

fine image, coarse image, and detail boundaries, which correlate to performing sample split

operations. Furthermore, we included the general recipes for two example BMR schemes

devised by our method and discussed how our presented framework for devising BIWTs differ

from a conventional multiresolution framework.
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Chapter 5

Application in Multilevel Focus+Context Visualization

In this chapter, we present the construction of an interactive multilevel focus+context

visualization framework for the navigation and exploration of large-scale 2D and 3D images.

The presented framework utilizes a balanced multiresolution (BMR) technique supported by

an underlying balanced wavelet transform (BWT). It extends the mode of focus+context

visualization, where spatially separate magnification of regions of interest (ROIs) is performed,

as opposed to in-place magnification. Each resulting visualization scenario resembles a tree

structure, where the root constitutes the main context, each non-root internal node plays the

dual roles of both focus and context, and each leaf solely represents a focus. Our developed

prototype supports interactive manipulation of the visualization hierarchy, such as addition

and deletion of ROIs and desired changes in their resolutions at any level of the hierarchy on

the fly. We describe the underlying data structure that efficiently supports such operations.

Changes in the spatial locations of query windows defining the ROIs trigger on-demand

reconstruction queries. We explain in detail how to efficiently process such reconstruction

queries within the hierarchy of details (wavelet coefficients) contained in the BWT in order

to ensure real-time feedback. As the BWT needs only be constructed once in a preprocessing

phase on the server-side and robust on-demand reconstruction queries cause minimal data

communication overhead, our presented framework is a suitable candidate for efficient web-

based visualization of complex large-scale imagery. We also discuss the implications of

using a balanced integer wavelet transform (BIWT) in place of an underlying BWT and the

performance characteristics of our proposed framework from various aspects, such as time

and space complexities and achieved frame rates.

We support our multilevel focus+context visualization framework using an underlying
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BWT constructed by a BMR scheme for two reasons. Firstly, a BWT provides straightforward

access to details corresponding to a ROI in a multilevel hierarchy. Secondly, a BMR scheme

does not require any extraordinary boundary filters, the use of which leads to irregular

reconstruction of ROI sub-regions near image boundaries. Additionally, we present an

efficient technique for processing reconstruction queries to ensure real-time feedback and a

sample normalization and quantization method we adopted for rendering purposes. Most of

our work presented in this chapter have been published in [HSJ14, HSJ15].

5.1 Balanced Multiresolution

We utilize a BMR scheme devised according to the construction procedure presented in

chapter 3. Using a given set of regular multiresolution filter vectors a, b, p, and q that are

symmetric/asymmetric in structure, a BMR scheme allows for a balanced decomposition and

a subsequent perfect reconstruction of a dataset. Here, balanced decomposition is defined

such that sizeof(C) = sizeof(D) = sizeof(F )/2, where sizeof(. . .) returns the number of

elements in the argument vector.

A BMR scheme avoids the use of extraordinary boundary filters using an extended version

of the column vector of fine samples F for decomposition and, similarly, extended versions

of the column vectors of coarse samples C and detail samples D for reconstruction. Let F ′

denote the extended version of F , obtained through symmetric extensions at the boundaries.

Also, let C ′ and D′ denote the extended versions of C and D, respectively, obtained through

symmetric/antisymmetric extensions at their boundaries. Then the decomposition and

reconstruction processes of a BMR scheme are governed by the equations

C = AF ′, (5.1)

D = BF ′, (5.2)

F = PC ′ + QD′, (5.3)

81



analogous to equations (2.6), (2.7), and (2.8), respectively.

5.1.1 Multiresolution Filters

The BMR scheme we use is devised using the short local filters of quadratic (third order)

B-spline: 

a =

[
a−2 a−1 a1 a2

]
=

[
−1

4
3
4

3
4
−1

4

]
,

b =

[
b−2 b−1 b1 b2

]
=

[
1
4
−3

4
3
4
−1

4

]
,

p =

[
p−2 p−1 p1 p2

]
=

[
1
4

3
4

3
4

1
4

]
,

q =

[
q−2 q−1 q1 q2

]
=

[
−1

4
−3

4
3
4

1
4

]
.

(5.4)

The filter vectors in (5.4) were constructed by reversing Chaikin subdivision [Cha74] in

[SBO07]. Note that they are symmetric/antisymmetric about their centers, as required for

setting up a BMR scheme.

5.1.2 Balanced Decomposition

Following the general construction for a balanced decomposition presented in chapter 3, for a

column vector of fine samples F = [f1 f2 . . . f2n]T where n ∈ Z+, we obtain

F ′ = [f1 f1 . . . f2n f2n]T

through half-sample symmetric extensions at the two boundaries of F . Then the column

vectors of coarse samples C = [c1 c2 . . . cn]T and detail samples D = [d1 d2 . . . dn]T are
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obtained as follows: 

c1 = a−2f1 + a−1f1 + a1f2 + a2f3,

d1 = b−2f1 + b−1f1 + b1f2 + b2f3,

...

ci = a−2f2i−2 + a−1f2i−1 + a1f2i + a2f2i+1,

di = b−2f2i−2 + b−1f2i−1 + b1f2i + b2f2i+1,

...

cn = a−2f2n−2 + a−1f2n−1 + a1f2n + a2f2n,

dn = b−2f2n−2 + b−1f2n−1 + b1f2n + b2f2n,

(5.5)

for i = 2 . . . (n − 1). Note that (5.5) shows a linear evaluation of C and D using matrix

equations (5.1) and (5.2), respectively.

Balanced decomposition along one or more dimensions of an image for a desired number

of levels creates the corresponding BWT. For the purpose of demonstration, Fig. 5.1 shows

the BWT resulting after two levels of heightwise and widthwise balanced decompositions of a

1024×512 Blue Marble image (data source: Visible Earth, NASA). Note that in practice,

images that require multilevel focus+context visualization are larger in size.

5.1.3 Perfect Reconstruction

According to the general construction for a perfect reconstruction presented in chapter 3, we

obtain

C ′ = [c1 c1 . . . cn cn]T

using half-sample symmetric extensions at the two boundaries of C and

D′ = [−d1 d1 . . . dn −dn]T
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using half-sample antisymmetric extensions at the two boundaries of D. Then the column

vector of fine samples F is reconstructed from C ′ and D′ as follows:

f1 = p2c1 + p−1c1 + q2(−d1) + q−1d1,

...

f2i = p1ci + p−2ci+1 + q1di + q−2di+1,

f2i+1 = p2ci + p−1ci+1 + q2di + q−1di+1,

...

f2n = p1cn + p−2cn + q1dn + q−2(−dn),

(5.6)

for i = 1 . . . (n − 1). Observe that (5.6) shows a linear evaluation of F using the matrix

equation (5.3).

5.2 Reconstruction Queries

In this section, we focus on various aspects of efficiently processing on-demand reconstruction

queries in a multilevel focus+context visualization framework.

5.2.1 On-demand Access to Details

For processing reconstruction queries in our multilevel focus+context visualization framework,

we need to perform on-demand reconstruction of context sub-regions that define the ROIs

from an underlying BWT. To do this, we need to locate the details corresponding to each

ROI. Fig. 5.1 shows a ROI in the coarse approximation of an image and corresponding

details contained within the BWT of a Blue Marble image. Regardless of what level of the

visualization hierarchy a ROI is from, the balanced structure of the BWT makes locating the

corresponding details straightforward. For instance, observe the reconstruction of interior

samples in (5.6) — if the first coarse sample in the reconstruction of a fine sample is ci, then
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Figure 5.1: BWT of a w×h Blue Marble image after two levels of balanced decomposition, with
rectangles enclosing all levels of details corresponding to a ROI in the coarse approximation of the
image (in the top-left corner). Source image dimensions: 1024×512.

di is the first detail sample to use in the reconstruction of that fine sample. Furthermore,

that fine sample is either f2i or f2i+1 depending on which reconstruction filters are used.

5.2.2 L-updating: Avoiding Redundant Reconstructions

Depending on the depth of the multilevel visualization hierarchy where a moving query

window (defining changing ROIs) is located, the triggered reconstruction queries can become

computationally expensive. This negatively affects the ability to provide real-time feedback.

To address this issue, here we describe an L-updating technique we employed to avoid

redundant reconstruction operations. It works in a manner similar to clipmap-update for

terrain rendering performed by Losasso and Hoppe, where they utilized L-like clip regions

[LH04].

We explain the concept of L-updating for 2D images, which is extendable to work with

3D images in a straightforward manner. The ROI in a coarse approximation of a 2D image is

identified by a movable rectangular query window. Fig. 5.2(a) shows four configurations of

how such a query window can move. In each configuration, the rectangles with black and
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(a) L-updating scenarios.

1Q

2Q

(b) L-updating queries.

Figure 5.2: The L-updating technique.

green edges represent the old and new locations of the query window before and after a move,

respectively. The rectangular area shaded in light-blue represents the intersection between

the old and new ROIs for each configuration. The signed dx and dy values represent the

direction and magnitude of the move made by the query window.

In most scenarios, the old and new ROIs intersect. Provided that the high-resolution

approximation of the old ROI has already been reconstructed, that for the intersection region

(shown in light-blue for the each scenario in Fig. 5.2(a)) can be reused directly from the old

enlarged ROI while obtaining the new enlarged ROI. Therefore, for each scenario, we only

need to reconstruct the high-resolution approximation for the L-like polygonal area of the

new ROI shaded in grey.

In order to reconstruct the high-resolution approximation for the L-like polygonal area

of the new ROI, we break it down into two rectangular reconstruction queries, Q1 and Q2,

as shown in Fig. 5.2(b). Note that if either dx or dy is zero, then there will be only one
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reconstruction query instead. From the standpoint of implementation, the same memory

area can be used to update the high-resolution approximation of the old ROI into the

high-resolution approximation of the new ROI. This process involves shifting the reusable

high-resolution approximation of the old ROI to the opposite corner (observe in Fig. 5.2(a))

and copying the results of Q1 and Q2 to the appropriate locations.

The L-updating technique significantly reduces the computational overhead by eliminating

redundant reconstruction operations. While exploiting a 3D query probe for interactive

visualization and exploration of 3D images, utilizing the L-updating technique can result in a

substantial gain in performance. It can also greatly minimize the data communication over-

heads in applications of our presented framework to web-based visualization and exploration

of large-scale imagery.

5.3 Data Structure

Supporting interactive manipulation of the multilevel focus+context visualization hierarchy

mandates efficient hierarchy traversal capabilities of the underlying implementation. For

example, addition and deletion of ROIs at any level of the hierarchy on the fly, changing the

resolution of an enlarged ROI at some level in the hierarchy, and adjusting the visualization

layout changing the locations of enlarged ROIs on the screen – they all require real-time

traversal of the hierarchy. Therefore, we need to keep track of the tree-like structure of

visualization scenarios supported by our presented framework.

Because a context window may contain any number of ROIs, each resulting visualization

scenario resembles an N -ary tree structure (where each node has no more than N children).

In order to allow for efficient traversal of the multilevel hierarchy on-demand and storage

of pertinent information in a 1D array T , Hasan et al. made use of a left-child right-sibling

(LC-RS) binary tree [HSJ14], corresponding to the N -ary tree that represents the layout of a

visualization scenario. However, because t2i and t2i+1 store the two children of the parent
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stored in ti, the array T required O(2x) storage, where x is the maximum number of ROIs

allowed in a visualization scenario. At any instance of time, only a maximum of x of the

O(2x) array locations were useful.

In order to eliminate the waste of storage noted above, we exploit a linked list representation

of the N -ary tree corresponding to a visualization scenario. Each node of the linked list

contains a pointer to an object containing relevant ROI information and four additional

pointers to the tree-nodes containing its parent, first-child, left-sibling, and right-sibling.

The object containing ROI information stores the enlarged ROI for rendering and further

reconstruction purposes, in addition to some pertaining information, such as its location in

the main context, screen coordinates, etc. The main context, which is a part of the BWT, is

not stored separately in such an object for reducing storage requirement.

5.4 Rendering: Sample Normalization and Quantization

When a decomposition filter value is applied to a sample, it is applied independently to each

of its components (such as red, green, and blue). The resulting sample will usually have each

of its components as floating-point values, which must be stored to ensure a perfect (lossless)

reconstruction. These floating-point values may also fall outside the interval of [0, iMax],

where iMax is the maximum integer intensity value. However, for rendering purposes, these

floating-point values must be mapped to the integer range of 0 to iMax. A simple strategy

for normalization is to replace the floating-point values less than the minimum intensity of 0

with 0 and greater than the maximum intensity iMax with iMax. Rounding up or down

according to a preset criterion can quantize the floating-point values between 0 and iMax.

For the purpose of rendering, we obtain an integer intensity value i from a floating-point
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Figure 5.3: Flowchart for the proposed multilevel focus+context visualization framework.

value f as follows:

i =



0 if f ≤ 0,

bfc if 0 < f < iMax ∧ (f − bfc) ≤ 0.5,

dfe if 0 < f < iMax ∧ (f − bfc) > 0.5,

iMax if f ≥ iMax.

(5.7)

The experimental results provided in section 5.6 are rendered using the conditions in (5.7).

Other commonly used approaches involve uniformly mapping either the pre-calculated possible
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interval or the actual interval of the resulting floating-point values to the integer range of 0

to iMax. These approaches have varying impacts on the contrast of the resulting images.

One can avoid the sample quantization step by using BMR schemes that map integer

samples to integer samples, such as those presented in chapter 4.

5.5 Multilevel Focus+Context Visualization Framework

The high-level flowchart in Fig. 5.3 illustrates the pipeline and the important components

of our proposed visualization framework. For simplification purposes, changes in existing

ROIs’ levels of resolution, modification of visualization hierarchy layout (relocating the

enlarged ROIs on the screen), etc. supported by our developed prototype were not taken into

consideration in this flowchart. In case of a web-based implementation, the grey components

of this flowchart should to be performed on the client-side and the rest on the server-side.

The three components with dashed borders constitute the L-updating technique described in

section 5.2.2. Several of the processes in this flowchart use the BD(. . .) and PR(. . .) methods

to perform balance decomposition(s) and perfect reconstruction(s), respectively.

The first process loads a large-scale image F . In the second process, F undergoes l levels

of balanced decomposition to construct the corresponding BWT (as defined in sections 2.5.3

and 5.1.2). The following process relies on the constructed BWT to perfectly reconstruct

the initial set of enlarged ROIs F1, ..., Fm with levels of resolution l1, ..., lm based on the

regions enclosed by the corresponding ROIs r1, ..., rm in C l, respectively. Then C l, F1, ..., Fm

are passed to the following process for rendering a multilevel focus+context visualization

hierarchy. The visualization task may terminate at the end of this process.

Next, if the user moves a ROI ri, and the old and new regions enclosed by ri intersect,

i.e. roldi ∩ rnewi 6= φ, then Q1 and Q2 (as defined in section 5.2.2) are passed to the following

process with their current and expected levels of resolutions, lold and lnew. Taking these,

the following process perfectly reconstructs FQ1 and FQ2 relying on the BWT of image F .
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Provided FQ1 and FQ2 , the next process combines these to the reusable part of Fi (shaded in

ligh-blue in Fig. 5.2), denoted by FQ in the flowchart, to obtain F new
i . F new

i is then passed to

the rendering process to update the previously rendered visualization hierarchy.

On the other hand, if the user moves a ROI ri, and the old and new regions enclosed

by ri do not intersect, i.e. roldi ∩ rnewi = φ, then F new
i is perfectly reconstructed from rnewi ,

lold, lnew and the BWT by a different process as shown in the flowchart. The process also

perfectly reconstructs an enlarged ROI F new
i if the user adds a new ROI rnewi at some level

in the hierarchy. Conversely, if the user deletes a ROI ri from some level in the hierarchy,

then a process deletes ri, it enlarged version Fi, and all dependent ROIs and enlarged ROIs.

5.6 Results

We have developed a visualization tool prototype to validate our presented multilevel fo-

cus+context visualization framework for images. In Figs. 5.4 and 5.5, the associated levels of

decomposition and reconstruction are shown at the bottom-right corner of each main context

and at the top-right corner of each enlarged ROI, respectively.

Fig. 5.4 shows several focus+context visualization and exploration scenarios for 2D images

facilitated by our developed tool. Fig. 5.4(a) and 5.4(b) present multilevel focus+context

visualization of a diseased leaf (data source: S. Fraser-Smith, Wikipedia; used under the

Creative Commons Attribution 2.0 Generic license) and the topography of Long Island

(data source: G. Hanson, Stony Brook University, USA), respectively. Fig. 5.4(c) draws a

comparison between the ice near the coasts of the Prince of Wales Island and the Alexander

Island using a Blue Marble image showing Earth’s topography and bathymetry (data source:

Visible Earth, NASA). Our developed prototype also allows fractional changes in the resolution

of an enlarged ROI through trilinear interpolation between two consecutive integer resolutions

of the ROI; Fig. 5.4(d) shows such a ROI at floating-point resolution 4.15, magnifying a thin

section cut through a bone marrow area in the kneecap of a mouse (data source: Dartmouth
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(a) Plumeria rubra leaf with frangipani rust. Source image dimensions: 10496×3328.

2

6

25 5

(b) Topographic shading of Long Island. Source image dimensions: 18944×4224.
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3

3

(c) Comparison between the ice near the coasts of
the Prince of Wales Island (top) and the Alexander
Island (bottom). Source image dimensions: 21632×
10816.

5

4.15

(d) A thin section cut through a bone marrow area
near the cartilage/bone interface in a mouse kneecap.
Source image dimensions: 9216×6784.

Figure 5.4: Various multilevel focus+context visualization hierarchies for 2D images.
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Figure 5.5: A fly-through focus+context visualization for a 3D image – part of a male’s head.
Source image dimensions: 1056×1528×150.
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Figure 5.6: Focus+context visualization of time-lapse imagery - monthly global images. Source
image dimensions: 5440×2752×12.
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College Electron Microscope Facility, USA).

Our prototype allows focus+context visualization and exploration of a 3D image by means

of interactive depthwise transitions of query windows defining the ROIs. Such transitions

are controlled by the user either through the use of the attached mouse scroll wheel or

the up and down arrow keys on the attached keyboard. Currently, our prototype only

performs widthwise and heightwise decompositions of 3D images, keeping the number of 2D

slices along the depth constant for depthwise volume exploration. Fig. 5.5 presents such a

visualization scenario created in our prototype. For the sake of demonstration, it only shows

the fly-through transition of two query windows through ten of the 150 sequential slices

loaded into our prototype for this visualization task. The dimensions of the original dataset

are 1056×1528×1477 (data source: Male head, The Visible Human Project, U.S. National

Library of Medicine).

In a similar manner, our developed prototype is also suitable for the visualization and

exploration of large-scale time-lapse imagery, constraining the query windows to move back

and forth along the time dimension. For instance, Fig. 5.6 shows 12 unique frames from the

interactive transition through the 12 slices of monthly global images (data source: R. Stöckli,

Monthly Global Images, NASA). The order of frames is shown by directions marked on the

curved-arrow in the middle. The ROI covers most of northwestern North America and shows

the transition from one winter to the following winter.

5.7 BWT versus BIWT

We could alternatively use a balanced integer wavelet transform (BIWT) in place of a balanced

wavelet transform to support the multilevel focus+context visualization framework presented

in this chapter. For comparison purposes, in Fig. 5.7, we present the context image from

Fig. 5.4(a) after 4 levels of balanced decomposition from its BWT and BIWT representations

and their difference, respectively. Similarly, Fig. 5.8 shows the context image from Fig. 5.4(b)
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(a) Coarse image from BWT.

(b) Coarse image from BIWT.

(c) Difference between the coarse samples from BWT and BIWT.

(d) Difference between the coarse samples from BWT and BIWT exaggerated 20 times.

Figure 5.7: Coarse images of Plumeria rubra leaf with frangipani rust from BWT and BIWT after
4 levels of balanced decomposition and their difference. Source image dimensions: 3328×10496.
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(a) Coarse image from BWT.

(b) Coarse image from BIWT.

(c) Difference between the coarse samples from BWT and BIWT.

(d) Difference between the coarse samples from BWT and BIWT exaggerated 20 times.

Figure 5.8: Coarse images of topographic shading of Long Island from BWT and BIWT after 5
levels of balanced decomposition and their difference. Source image dimensions: 18944×4224.

97



after 5 levels of balanced decomposition from its BWT and BIWT representations and their

difference, respectively. The BIWTs for the images in Fig. 5.7 and 5.8 were constructed using

the general recipe from 4.26 that correspond to the same given decomposition filter vector a

for the BMR scheme utilized in this chapter.

Because coarse integer samples in BIWT are close approximations of the coarse real

samples from the corresponding BWT, in Fig. 5.7 and 5.8, a visual comparison of the coarse

images resulting from BWTs and BIWTs does not reveal any noticeable difference. The

difference images included in Fig. 5.7 and 5.8 show samples with near-zero values as expected.

The ripples around the leaf in Fig. 5.7(d) are due to illumination (lighting) effects that exist

in the original source image. Note that no such ripples are observed in Fig. 5.8(d) because

the original source image was computer-generated with more consistent lighting conditions

across the image.

The noteworthy advantages of using a BIWT in place of a BWT for supporting a multilevel

focus+context visualization framework lie in reduced memory requirements for storing the

BIWT compared to that for the equivalent BWT, as well as in saving the computation time

required for sample quantization for coarse images resulting from BWTs as described in

section 5.4. However, the choice and application of rounding operators in BIWTs may add

some computation overhead as discussed in the relevant literature [Ada02].

5.8 Performance Characteristics

The runtimes for the performed decomposition and reconstruction operations are linear on

the number of processed samples. For our implementation, the memory usage is linear on

the total number of samples in the source image and the enlarged ROIs.

On a Dell Precision T7500 desktop computer with two Intel R© Xeon R© E5506 2.13 GHz

processors, NVIDIA Quadro FX 1800 graphics card, and 12 GB of RAM, our experiments

revealed the average frame rates shown in Table 5.1. They were obtained during ROI
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movement for different levels of enlarged ROI resolution. We used the diseased leaf image

shown in Fig. 5.4(a) in these experiments. Each frame rate value in the table is the average

of frame rates from three different sets of user interactions (involving only ROI movement),

keeping the level of enlarged ROI resolution constant. The second and third columns of the

table show the average frames per second (FPS) values achieved with and without the use of

L-updating technique during ROI movement, respectively. The last column shows how many

times higher the average frame rates are while using our proposed L-updating technique.

Table 5.1: Average frame rates during ROI movement at different levels of enlarged ROI resolution

Level
FPS1

(L-updating)
FPS2

(No L-updating)
FPS1/FPS2

2 44.84 40.38 1.11
3 43.24 17.56 2.46
4 20.52 4.62 4.45
5 8.11 1.50 5.41

The functionalities of our presented multilevel focus+context visualization framework is

not dependent on the choice of multiresolution filters (see section 5.1.1). One may choose to

use a different set of symmetric/anti-symmetric multiresolution filters, which will only affect

the balanced decomposition (see section 5.1.2) and perfect reconstruction (see section 5.1.3)

parts of our presented framework. However, the choice of multiresolution filters will affect

the performance. Use of filter vectors with shorter widths will imply faster reconstruction

(due to reduced number of multiplications) and consequently, higher frame rate.

5.9 Summary

In this chapter, we presented the construction of a multilevel focus+context visualization

framework supported by a BMR scheme devised by our proposed BMR framework. In

addition to presenting a set of experimental results, we described the L-updating technique

to avoid redundant reconstruction operations during user-interactions, the underlying data

structure to efficiently support the manipulation of such a multilevel visualization hierarchy,
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and sample normalization and quantization techniques for rendering purposes. We also

explained how our framework can efficiently support web-based multilevel focus+context

visualization of large-scale imagery via progressive transmission with minimal communication

overhead. We concluded the chapter by discussing the implications of using a BIWT in place

of an underlying BWT and the performance characteristics of our multilevel focus+context

visualization framework.
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Chapter 6

Conclusion and Future Work

6.1 Balanced Multiresolution

In this thesis, we first presented a novel method for devising a balanced multiresolution (BMR)

scheme, primarily applicable to images, using a given set of symmetric/antisymmetric filter

vectors containing regular multiresolution filters. A balanced multiresolution scheme resulting

from our method allows balanced decomposition and subsequent perfect reconstruction of

images without using any extraordinary boundary filters. This is achieved by the use of an

appropriate combination of symmetric and antisymmetric extensions at the image and detail

boundaries, correlating to implicit sample split operations. Balanced wavelet transform of an

image constructed through balanced decompositions provides straightforward and efficient

access to details corresponding to a ROI on demand.

In order to support smooth multiresolution representations of images beyond Haar wavelets

and the associated scaling functions, and still exploit the advantages of a balanced decompo-

sition, we used our method to devise balanced multiresolution schemes for some commonly

used sets of local multiresolution filters obtained from higher order scaling functions and

their wavelets. Any such balanced multiresolution scheme can be used to generate a balanced

wavelet transform (BWT) representation of a multidimensional image in a preprocessing

phase, which can then be utilized to support its multilevel focus+context visualization in an

efficient manner.

There is a number of directions for future research. In this thesis, we covered the commonly

used types of symmetric and antisymmetric extensions. It would be useful to investigate

and develop extension types that can be utilized to devise balanced multiresolution schemes

for near-symmetric and asymmetric filter vectors in order to ensure a perfect reconstruction
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solely by the use of regular filters. To start with, the devised balanced multiresolution scheme

given in appendix A for Daubechies’ asymmetric D4 filters may provide some insights.

In addition, further investigations are needed for an in-depth understanding of the relations

between the symmetry/antisymmetry exhibited by the filter vectors, parity of their widths,

and the determined types of symmetric/antisymmetric extensions required at coarse image

and detail boundaries for a perfect reconstruction using only regular filters. For instance,

compare the multiresolution filter vectors containing the inverse powers of two filters of

fourth order B-spline in equation (3.15) and the wide and optimal filters of fourth order

B-spline in equation (A.3). In these two sets, the corresponding filter vectors have the same

widths and they are all symmetric. Now, observe that the two balanced multiresolution

schemes we devised using these two sets of filter vectors suggest exactly the same type of

symmetric extensions for the column vectors of fine, coarse, and detail samples. Therefore,

the determined types of symmetric/antisymmetric extensions are not dependant on actual

filter values. Several other such scenarios are shown in Table A.1.

6.2 Reversible Integer-to-Integer Balanced Wavelet Transform

Next in this thesis, we extended our original BMR framework to construct reversible balanced

integer wavelet transforms (BIWTs) from a given symmetric/antisymmetric decomposition

filter vector of width less or equal to four. In our proposed methodology, we perturb the coarse

real sample suggested by the given decomposition filter vector to obtain a coarse integer sample.

The desired perturbation is achieved by adjusting the linear combination of contributing fine

integer samples via optimal sample split operations and by the application of a rounding

operator. Such adjustments obtain integer coarse samples closely approximating the coarse

real samples suggested by the given decomposition filter vector by translating an affine integer

combination of some of the contributing fine samples. The detail samples are constructed from

the associated translation vectors that may be different for every other coarse integer sample
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in order to support local perfect reconstruction. Devising the associated perfect reconstruction

scheme involves symbolically solving some square systems of linear equations that are formed

based on how coarse and detail integer samples were constructed during the prior balanced

decomposition. If applicable, we make use of symmetric/antisymmetric extensions at fine

image, coarse image, and detail boundaries to avoid the use of extraordinary boundary filters

and rounding operators during balanced decomposition and perfect reconstruction.

In comparison to their integer-to-real counterparts, the resulting reversible BIWTs are

less memory-intensive, highly compressible, and do not require sample quantization for

rendering purposes. Integer-to-integer BMR schemes devised by our framework facilitate

straightforward, on-demand, random-access to the coarse and detail integer samples corre-

sponding to fine integer samples of interest, which makes them notably suitable for use in

applications supporting interactive multilevel focus+context visualization for the navigation

and exploration of large-scale 2D and 3D images.

Similar to that with our BMR framework presented in chapter 3, directions for future work

include developing reversible BIWTs for given decomposition filter vectors that are either near-

symmetric or asymmetric, while gaining a deeper understanding of the relationship between

the symmetry/antisymmetry exhibited by filter vectors, the parity of their widths, and types

of extensions utilized at fine image, coarse image, and detail boundaries to avoid the use of

extraordinary boundary filters during balanced decomposition and perfect reconstruction.

In that regard, the detail construction and perfect reconstruction only by the use of regular

filters in equations(4.58) and (4.61), respectively, provide some important insights because

the associated b filter vector in (4.59) and the p and q filter vectors in (4.62) are neither

symmetric nor antisymmetric. Another important venue for future work is extending our

presented framework for devising reversible BIWTs to support wider symmetric/antisymmetric

decomposition filter vectors to facilitate further generalization of our presented approach.
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6.3 Application in Multilevel Focus+Context Visualization

Further in this thesis, we presented a multilevel focus+context visualization framework for

effective and manageable navigation and exploration of large-scale 2D and 3D images. Our

presented framework extends the discontinuous and undistorted mode of focus+context

visualization based on an underlying BWT, utilized by means of a BMR scheme. The

BMR scheme we used is devised based on the local multiresolution filters of quadratic B-

spline. Unlike preexisting multiresolution approaches to focus+context visualization, our

use of a BMR scheme facilitates straightforward access to details required for on-demand

reconstruction of enlarged ROIs and allows us to avoid the use of extraordinary boundary

filters.

We also described an L-updating technique that ensures real-time feedback by avoiding

redundant reconstruction operations in processing reconstruction queries, triggered by a

moving query window defining changing ROIs. Our developed prototype allows real-time

exploration of large-scale images through interactive manipulation of the visualization hierar-

chy. We described the data structure that efficiently supports such user interactions. Finally,

we discussed the implications of using a BIWT instead of an underlying BWT as well as

various performance characteristics of our presented multilevel focus+context visualization

framework.

With the growth of data size, the increasing depth of a multilevel visualization hierarchy

supported by a multilevel focus+context framework may cause user disorientation. To address

this issue, an important direction for future work involves augmenting enlarged ROIs with

supplementary textual and visual information in order to reduce user disorientation. This

direction for future work is also aligned with the scalability and multilevel hierarchy challenge

identified in [WSJ∗12], that highlights the navigation of deep multilevel hierarchies and

identifying optimal resolutions (for ROIs, in our context) as major challenges.

Last but not the least, a more flexible multilevel focus+context visualization framework
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for large-scale 3D images is achievable through an extension of our developed prototype to

support their depthwise balanced decompositions and exploration using 3D ROIs that do not

need to be axis-aligned.
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Appendix A

Balanced Wavelet Transform Recipes

for Various Symmetric/Antisymmetric Filter Vectors

Further to the examples in chapter 3, this appendix demonstrates our general approach for

devising a balanced multiresolution scheme described in section 3.2 by means of three more

examples.

Our first example here involves the multiresolution filter vectors containing the local

regular filters of second order B-spline,

a =

[
−1

6
1
3

2
3

1
3
−1

6

]
,

b =

[
−1

2
1 −1

2

]
,

p =

[
1
2

1 1
2

]
,

q =

[
−1

6
−1

3
2
3
−1

3
−1

6

]
,

(A.1)

derived by Sadeghi [Sad11] by reversing Faber subdivision [Fab09] based on the construction

procedure presented by Samavati and Bartels in [SB99, BS00]. For the filter vectors in

equation (A.1), the matrix equations for a balanced multiresolution scheme we devised using
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our method for n ∈ Z+ are


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...

cn
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−1

6
1
3

2
3

1
3
−1

6
0 0 0 · · ·

0 0 −1
6

1
3

2
3

1
3
−1

6
0 · · ·

...
...

...
...

...
...

...
...

. . .


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f1

f2
...

f2n−1

f2n

f2n−1

f2n−2
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,



d1

d2
...

dn


=


−1

2
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2
0 0 0 · · ·
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2

1 −1
2

0 · · ·
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...
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. . .
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

f2

f1

f2
...

f2n


,

and



f1

f2
...

f2n


=



1
2

1
2

0 · · · 0 0

0 1 0 · · · 0 0

0 1
2

1
2
· · · 0 0

...
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...
. . .
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2

1
2

0 0 0
... 0 1


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c2
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cn
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+
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−1
6

2
3
−1

6
0 · · · 0 0 0

0 −1
3
−1

3
0 · · · 0 0 0

0 −1
6

2
3
−1

6
· · · 0 0 0
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...

...
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0 0 0 0 · · · −1
6

2
3
−1

6

0 0 0 0 · · · 0 −1
3
−1

3





d2

d1

d2
...

dn

dn


,

analogous to equations (2.6), (2.7), and (2.8), respectively.

The next example involves the following multiresolution filter vectors containing the local
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regular filters of cubic (fourth order) B-spline from [SBO07]:

a =

[
−1

2
2 −1

2

]
,

b =

[
1
4
−1 3

2
−1 1

4

]
,

p =

[
1
8

1
2

3
4

1
2

1
8

]
,

q =

[
1
4

1 1
4

]
.

(A.2)

The filter vectors in equation (A.2) are called the short filters of cubic B-spline. For these

filter vectors, the matrix equations for a balanced multiresolution scheme we devised using

our method for n ∈ Z+ are



c1

c2
...
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,
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and



f1
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...
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,

analogous to equations (2.6), (2.7), and (2.8), respectively.

Our last example uses the following multiresolution filter vectors containing the local

regular filters of cubic B-spline from [SBO07]:

a =

[
23
196
−23

49
9
28

52
49

9
28
−23

49
23
196

]
,

b =

[
13
98
−26

49
39
49
−26

49
13
98

]
,

p =

[
1
8

1
2

3
4

1
2

1
8

]
,

q =

[
− 23

208
−23

52
− 63

208
1 − 63

208
−23

52
− 23

208

]
.

(A.3)

The filter vectors in equation (A.3) are known as the wide and optimal filters of cubic B-spline.

For these filter vectors, the matrix equations for a balanced multiresolution scheme we devised
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using our method for n ∈ Z+ are
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and



f1

f2
...

f2n


=



1
2

1
2

0 · · · 0 0 0 0 0

1
8

3
4

1
8
· · · 0 0 0 0 0

...
...

...
. . .

...
...

...
...

...

0 0 0 · · · 0 1
8

3
4

1
8

0

0 0 0 · · · 0 0 1
2

1
2

0

0 0 0 · · · 0 0 1
8

3
4

1
8





c1

c1

c2
...

cn−1

cn

cn−1



+



−23
52

1 −23
52

0 · · · 0 0 0 0 0

− 23
208
− 63

208
− 63

208
− 23

208
· · · 0 0 0 0 0

...
...

...
...

. . .
...

...
...

...
...

0 0 0 0 · · · − 23
208
− 63

208
− 63

208
− 23

208
0

0 0 0 0 · · · 0 −23
52

1 −23
52

0

0 0 0 0 · · · 0 − 23
208
− 63

208
− 63

208
− 23

208





d2

d1

d2
...

dn−1

dn

dn

dn−1



,

(A.4)

analogous to equations (2.6), (2.7), and (2.8), respectively.

In Table A.1, we summarize all the balanced multiresolution schemes presented in this

thesis so far, in addition to six other sets of symmetric/antisymmetric regular multiresolution

filters. The biorthogonal and reverse biorthogonal filters [CDF92, Dau92] we referred to in

the table are available in MATLAB [MAT14].

In the first column of In Table A.1, qR denotes the reversed filter vector q. The second

through fifth columns specify the symmetric (S)/antisymmetric (A) structure of the a, b, p,

and q filter vectors, respectively, for each set of filters in the table. The next column mentions

the parity of wa and wb, based on which we decide on the type of symmetric extension to use
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for F .

For n ∈ Z+, the second-to-last column of Table A.1 illustrates the proposed extended

vector of fine sample F ′ and the construction of the first coarse sample c1 and detail sample

d1, applicable to one possible balanced multiresolution scheme for each set of filters in the

table. Here, we only give the construction of c1 and d1 because the remaining pairs of coarse

and detail samples can be obtained by subsequent shifts of the filter vectors a and b by

two fine samples along F ′ (as shown in Fig. 3.6, for example). Finally, the last column

shows the corresponding extended vectors of coarse samples C ′ and detail samples D′, in

addition to the reconstruction of the fine samples in Fl and Fr as defined in section 3.2.2.

In this column, filter vectors of odd and even width are assumed to have formats similar to[
. . . v−2 v−1 v0 v1 v2 . . .

]
and

[
. . . v−2 v−1 v1 v2 . . .

]
, respectively.

Although providing a recipe for choosing the appropriate set of filters for a particular

application is not the focus of this thesis, here we provide a high-level guideline. To decide

which set of filters is more suitable for a particular application, a number factors such as

smoothness of results, widths of filter vectors, the number of vanishing moments of the

associated wavelet function, and the support of underlying basis function are taken into

consideration. Firstly, when the visual quality of results is important, a set of filters that

provides higher level of smoothness is preferred. Secondly, shorter widths of filter vectors imply

faster implementation and if applicable, higher frame rate. An interactive focus+context

visualization application like the one demonstrated in this thesis performs more efficiently if

the filter vectors are not too wide. For instance, only one level of balanced decomposition of a

512× 512× 512 image using a width-7 a filter vector in place of a width-4 a filter vector will

take 21× 2563 more multiplications, incurring a 75% increase in the number of multiplications

required. Next, higher number of vanishing moments of the associated wavelet function

implies wider filter vectors and lesser smoothness of results. However, higher number of

vanishing moments allows better approximation of scaling functions, which is desirable in
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compression applications. Finally, filter vectors that provide compact support lead to better

local effects, usually required for applications allowing multiresolution editing.

Daubechies proposed a family of orthogonal wavelets with the highest number of vanishing

moments for some expected support but it does not allow for the best smoothness [Dau88].

The filter vectors resulting from this work are asymmetric (see equation (B.1), for example).

Using a similar idea for construction, Cohen el al. proposed the first family of biorthogonal

wavelets, which leads to filter vectors that are symmetric or antisymmetric about their centers

[CDF92,Dau92]. The biorthogonal and reverse biorthogonal filters we refer to in Table A.1

resulted from this work. On the other hand, the B-splines filters in Table A.1 are developed

by Samavati et al. based on reverse subdivision [SB99, BS00, SBO07]. Filters of higher

order B-spline produce smoother results. The associated construction procedure starts by

setting the width of the decomposition filter vector a, where wider a results in better coarse

approximations. Constraints can be set in the construction procedure such that the resulting

coarse approximations are smoother. For instance, Sadeghi and Samavati proposed smooth

reverse subdivision for obtaining smooth coarse data through decomposition [SS09, SS11].
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Table A.1: Balanced multiresolution schemes.

Filters a b p q wa, wb Decomposition: F ′, c1, d1 Reconstruction: C ′, D′, fi ∈
[
Fl

T Fr
T
]T

Filters of second order
B-spline (A.1)

S S S S Odd F ′ = [f2 f1 . . . f2n f2n−1 f2n−2]
T,

c1 = a−2f2 + a−1f1 + a0f2

+ a1f3 + a2f4,

d1 = b−1f2 + b0f1 + b1f2.

C ′ = [c1 c1 . . . cn]T, D′ = [d2 d1 . . . dn dn]T,
f1 = p1c1 + p−1c1 + q2d2 + q0d1 + q−2d2,

f2n−1 = p1cn−1 + p−1cn + q2dn−1 + q0dn + q−2dn,

f2n = p0cn + q1dn + q−1dn.

Biorthogonal 2.2 filters
(a,b,p, and q in
[MAT14])

Short filters of
quadratic B-spline
(3.1)

S A S A Even F ′ = [f1 f1 . . . f2n f2n]T,{
c1 = a−2f1 + a−1f1 + a1f2 + a2f3,

d1 = b−2f1 + b−1f1 + b1f2 + b2f3.

C ′ = [c1 c1 . . . cn cn]T, D′ = [−d1 d1 . . . dn −dn]T,{
f1 = p2c1 + p−1c1 + q2(−d1) + q−1d1,

f2n = p1cn + p−2cn + q1dn + q−2(−dn).Biorthogonal 3.1 filters
(a,b,p, and qR in
[MAT14])

Reverse biorthogonal
3.1 filters
(a,b,p, and qR in
[MAT14])

Wide filters of
quadratic B-spline
(a,b,p, and q in
[SBO07])

S A S A Even F ′ = [f3 f2 f1 f1 . . . f2n f2n f2n−1 f2n−2]
T,

c1 = a−4f3 + a−3f2 + a−2f1 + a−1f1

+ a1f2 + a2f3 + a3f4 + d4f5,

d1 = b−2f1 + b−1f1 + b1f2 + b2f3.

C ′ = [c1 c1 . . . cn cn]T, D′ = [−d2 −d1 d1 . . . dn −dn −dn−1]T,

f1 = p2c1 + p−1c1 + q4(−d2) + q2(−d1) + q−1d1 + q−3d2,

f2 = p1c1 + p−2c2 + q3(−d1) + q1d1 + q−2d2 + q−4d3,

f3 = p2c1 + p−1c2 + q4(−d1) + q2d1 + q−1d2 + q−3d3,

f2n−2 = p1cn−1 + p−2cn + q3dn−2 + q1dn−1 + q−2dn + q−4(−dn),

f2n−1 = p2cn−1 + p−1cn + q4dn−2 + q2dn−1 + q−1dn + q−3(−dn),

f2n = p1cn + p−2cn + q3dn−1 + q1dn + q−2−dn + q−4(−dn−1).

Biorthogonal 3.3 filters
(a,b,p, and qR in
[MAT14])

Short filters of cubic
B-spline (A.2)

S S S S Odd F ′ = [f2 f1 . . . f2n f2n−1 f2n−2]
T,

c1 = a−1f2 + a0f1 + a1f2,

d1 = b−2f2 + b−1f1 + b0f2

+ b1f3 + b2f4.

C ′ = [c2 c1 . . . cn cn]T, D′ = [d1 d1 . . . dn]T,
f1 = p2c2 + p0c1 + p−2c2 + q1d1 + q−1d1,

f2n−1 = p2cn−1 + p0cn + p−2cn + q1dn−1 + q−1dn,

f2n = p1cn + p−1cn + q0dn.

Reverse biorthogonal
2.2 filters
(a,b,p, and q in
[MAT14])

Inverse powers of two
filters of cubic B-spline
(3.15)

S S S S Odd F ′ = [f3 f2 f1 . . . f2n f2n−1 f2n−2 f2n−3]
T,

c1 = a−3f3 + a−2f2 + a−1f1 + a0f2

+ a1f3 + a2f4 + a3f5,

d1 = b−2f3 + b−1f2 + b0f1

+ b1f2 + b2f3.

C ′ = [c1 c1 . . . cn cn−1]
T, D′ = [d2 d1 . . . dn dn dn−1]

T,

f1 = p1c1 + p−1c1 + q2d2 + q0d1 + q−2d2,

f2 = p2c1 + p0c1 + p−2c2 + q3d2 + q1d1 + q−1d2 + q−3d3,

f2n−2 = p2cn−2 + p0cn−1 + p−2cn + q3dn−2 + q1dn−1 + q−1dn + q−3dn,

f2n−1 = p1cn−1 + p−1cn + q2dn−1 + q0dn + q−2dn,

f2n = p2cn−1 + p0cn + p−2cn−1 + q3dn−1 + q1dn + q−1dn + q−3dn−1.

Wide and optimal
filters of cubic B-spline
(A.3)



Appendix B

Balanced Wavelet Transform

using Asymmetric Filter Vectors: An Example

An attempt to apply our general approach for devising a balanced multiresolution scheme

described in section 3.2 to Daubechies’ asymmetric D4 filters [Dau88, SDS96],
a = p =

[
1+
√
3

4
√
2

3+
√
3

4
√
2

3−
√
3

4
√
2

1−
√
3

4
√
2

]
,

b = q =

[
1−
√
3

4
√
2
−3+

√
3

4
√
2

3+
√
3

4
√
2
−1−

√
3

4
√
2

]
,

(B.1)

produces the balanced decomposition setup shown in Fig. B.1 and the perfect reconstruction

setup shown in Fig. B.2. Note that it introduces two extraordinary boundary filter values,

−2+
√
3√

2
and 2+

√
3√

2
in the reconstruction of f1 and f8, respectively. Because the filter vectors

in equation (B.1) are not symmetric/antisymmetric, the rewriting task suggested in step

2(c) and that of step 3 in our general construction given in section 3.2.2 were not entirely

successful. Therefore, our approach could not ensure a perfect reconstruction using only the

regular filters from equation (B.1).

As we observe in Fig. B.2, this particular example does not require any extraordinary

boundary filters for the subdivision matrix P. This may not always be the case while using

other asymmetric filter vectors.
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Figure B.1: Balanced decomposition of 8 fine samples using the decomposition filter vectors a and
b from equation (B.1).
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Figure B.2: Perfect reconstruction of 8 fine samples using the reconstruction filter vectors p and q
from equation (B.1).
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Appendix C

Balanced Integer Wavelet Transform Recipes

for Various Symmetric/Antisymmetric Decomposition Filter Vectors

Further to the examples in chapter 4, this appendix demonstrates our general approach for devising general recipes for balanced

decomposition and perfect reconstruction described in section 4.2 by means of two more examples. As the first example, we

present two possible general recipes in the second and third columns of table C.1 when the given decomposition filter vector

a =

[
1
2

1
2

]
(C.1)

is of width two and a part of the Haar multiresolution filters [Haa10, SDS96].

Table C.1: Balanced multiresolution schemes for Haar filters

Process Our Recipe (i) Our Recipe (ii) Recipe from [SP96] Recipe from [Haa10]

Decomposition ci = f2i +

1
2 (f2i−1 − f2i)︸ ︷︷ ︸

di

. ci = f2i−1 +

1
2 (f2i − f2i−1)︸ ︷︷ ︸

di

.
 ci =

⌊
f2i−1+f2i

2

⌋
,

di = f2i−1 − f2i.

 cri = 1
2f2i−1 + 1

2f2i.

dri = 1
2f2i−1 −

1
2f2i.

Reconstruction


f2i−1 = f2i + di

= ci + di −
⌊
di
2

⌋
,

f2i = ci −
⌊
di
2

⌋
.


f2i−1 = ci −

⌊
di
2

⌋
,

f2i = f2i−1 + di

= ci + di −
⌊
di
2

⌋
.

 f2i−1 = ci +
⌊
di+1
2

⌋
,

f2i = f2i−1 − di.

 f2i−1 = cri + dri ,

f2i = cri − dri .



For the sake of comparison, the fourth and fifth columns of table C.1 show preexisting

general recipes for balanced multiresolution using Haar filters. In this table, f2i−1 and f2i

represent fine integer samples and ci, di, c
r
i , and dri represent a coarse integer sample, a

detail integer sample, a coarse real sample, and a detail real sample, respectively, where

i ∈ {1 . . . n} for a suitably large n ∈ Z+. Note that because the given decomposition filter

vector in equation (C.1) is of width two, the use of symmetric/antisymmetric extensions was

not required for achieving a balanced decomposition and subsequent perfect reconstruction,

and alternating definitions of detail integer samples were not required to ensure local perfect

reconstruction.

The second example involves the following decomposition filter vector containing the local

regular filters of cubic (fourth order) B-spline from [SBO07]:

a =

[
−1

2
2 −1

2

]
. (C.2)

The decomposition filter vector in equation (A.2) is a part of the short multiresolution filters

of cubic B-spline. Given this decomposition filter vector, following is a general recipe for

balanced decomposition under our proposed framework:

c1 = f2 +

1
2

(−f2 + 4f1 − 3f2)︸ ︷︷ ︸
d1

,
...

ci = f2i +

1
2

(−f2i−2 + 4f2i−1 − 3f2i)︸ ︷︷ ︸
di

.
(C.3)

The corresponding general recipe for perfect reconstruction is

f1 = 1
2
c1 + 3

4
c1 + 1

4
d1 − 1

4

⌊
d1
2

⌋
− 3

4

⌊
d1
2

⌋
,

f2 = c1 −
⌊
d1
2

⌋
,

...

f2i−1 = 1
2
ci−1 + 3

4
ci + 1

4
di − 1

4

⌊
di−1

2

⌋
− 3

4

⌊
di
2

⌋
,

f2i = ci −
⌊
di
2

⌋
.

(C.4)
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In (C.3) and (C.4), i ∈ {1 . . . n} for a suitably large n ∈ Z+. Note that because the

given decomposition filter vector in equation (C.2) is of width three, the use of symmet-

ric/antisymmetric extensions was required for achieving a balanced decomposition and

subsequent perfect reconstruction, but alternating definitions of detail integer samples were

not required to ensure local perfect reconstruction. However, the general recipes for balanced

decomposition and perfect reconstruction presented for a given decomposition filter vector

of width four in (4.26) and (4.52), respectively, as well as in (4.64) and (4.65), respectively,

made use of symmetric/antisymmetric extensions for achieving a balanced decomposition

and subsequent perfect reconstruction, and alternating definitions of detail integer samples

to ensure local perfect reconstruction.
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Appendix D

Balanced Integer Wavelet Transform

using Reverse Chaikin Filters: An Example

In this example, we show a balanced decomposition and subsequent perfect reconstruction of

a column vector of 16 fine integer samples

F =

[
f1 f2 . . . f15 f16

]T
(D.1)

for the given decomposition filter vector

a =

[
−1

4
3
4

3
4
−1

4

]
. (D.2)

The decomposition filter vector a in equation (D.2), is a part of the short, local, regular

multiresolution filters of quadratic (third order) B-spline [SBO07, SB04], obtained by reversing

Chaikin subdivision [Cha74].

Following the general recipe for a balanced decomposition in equations (4.21) and (4.23)

leading the generalization in (4.26), we obtain the column vector of 8 coarse integer samples

C =

[
c1 c2 . . . c7 c8

]T
and the column vector of 8 detail integer samples

D =

[
d1 d2 . . . d7 d8

]T
from an extended column vector of fine integer samples

F ′ =

[
f1 f1 f2 . . . f15 f16 f16

]T
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as follows: 

c1 = (−f1 + 2f1) +

1
4

(3f1 − 5f1 + 3f2 − f3)︸ ︷︷ ︸
d1

,
c2 = (2f4 − f5) +

1
4

(−f2 + 3f3 − 5f4 + 3f5)︸ ︷︷ ︸
d2

,
c3 = (−f4 + 2f5) +

1
4

(3f4 − 5f5 + 3f6 − f7)︸ ︷︷ ︸
d3
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c4 = (2f8 − f9) +

1
4

(−f6 + 3f7 − 5f8 + 3f9)︸ ︷︷ ︸
d4
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c5 = (−f8 + 2f9) +

1
4

(3f8 − 5f9 + 3f10 − f11)︸ ︷︷ ︸
d5

,
c6 = (2f12 − f13) +

1
4

(−f10 + 3f11 − 5f12 + 3f13)︸ ︷︷ ︸
d6

,
c7 = (−f12 + 2f13) +

1
4

(3f12 − 5f13 + 3f14 − f15)︸ ︷︷ ︸
d7

,
c8 = (2f16 − f16) +

1
4

(−f14 + 3f15 − 5f16 + 3f16)︸ ︷︷ ︸
d8

.

(D.3)

Next, following the general recipe in (4.52), we perfectly reconstruct F from equation (D.1)

from an extended column vector of coarse integer samples

C ′ =

[
c1 c1 c2 . . . c7 c8 c8

]T
and an extended column vector of detail integer samples

D′ =

[
d1 d1 d2 . . . d7 d8 d8

]T
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(D.4)

Note that as desired, no extraordinary boundary filters were used in (D.4) for the perfect

reconstruction of fine boundary integer samples.
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